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product.

1. Introduction

K. Is’eki and S. Tanaka [22] studied ideals and congruences
of BCK-algebras. S. M. Mostafa and et al. [26] were
introduced a new algebraic structure which is called KUS-
algebras and investigated some related properties. The
concept of a fuzzy set, was introduced by L.A. Zadeh [30].
O.G. Xi [28] applied the concept of fuzzy set to BCK-algebras
and gave some of its properties. Y. B. Jun and et al. [23] were
introduced the notion of cubic ideals in BCK-algebras, and
they discussed some related properties of it. In [21], A.T.
Hameed and et al. introduced the notion of cubic KUS-ideals
of KUS-algebra and they were studied the homomorphic of
cubic KUS-ideals. In [1], A.T. Hameed and et al. introduced
the notion of cubic AT-ideals of AT-algebra and they
discussed some related properties of it. In this paper, we
introduce the notion of cubic ideal s of BZ-algebra and we
study the homomorphic image and inverse image of cubic
ideal s of BZ-algebra.

2. Preliminaries

In this section, we give some basic definitions and
preliminaries proprieties of ideal s and fuzzy ideal s in BZ-
algebra such that we include some elementary aspects that
are necessary for this paper.
Definition 2.1([2-4]) Let X be a set with a binary
operation * and a constant 0. Then (X;*, 1) is called an
BZ-algebra if the following axioms satisfied: for all
k,y,zeX,
(BZ-1) (k*2z) *(y*2) * (k*y)= 2
(BZ-2)k = 2 =k;
(BZ-3)k * y = 2andy * k = 21impliesthatk = y.
Example 2.2([2-4]) Let X = {2, 1, 2, 3, 4} in which (¥) is
defined by the following table:

*x2 1 2 3 4
212 (2 |2 |2 |2
1 1 |2 1 (212
2 2 2 (2 ]2 ]2
3 3 B [ |2]2
4 4 B 4 B |2

Then (X;*, 2) isan BZ-algebra.

Remark 2.3([2-4]) Define a binary relation < on BZ-

algebra (X; ,2) by letting k < y ifandonlyif k =
= 0.

Proposition 2.4([2-4]) In any BZ-algebra (X;*, 1), the

following properties hold: for all k,y,z € X,

(P-Dk x ((k*xy)xy) = 3

(P-2)k * k = 2

(P3)k *x (yxz) =y (k*2),

(P-4)((k xy) xy) xy =k *xy;

(P-5)(k *y)* 2= (k* 2= (yx* )

(P-6) (k * y) x (z*x k) * (z*xy) = I
Proposition 2.5([2-4]) Let (X; *, 2) be an BZ-algebra.

X is satisfies for all k,y,z € X,

(P-Yk < yimpliesy x z < k * z;

(P-8)k < yimpliesz « k < z * y.

Definition 2.6([2-4]). Let (X; *,2) be an BZ-algebra and let
S be a nonempty subset of X. S is called a subalgebra of
Xifk xy € Swheneverx € Sandy € S.

Definition 2.7([2-4]). A nonempty subset I of an BZ-
algebra (X; *,2) is called an ideal of X if it satisfies the
following conditions: for any x,y,z € X,

()2 e,

() (k +y) € landk € I imply ye€e I

Proposition 2.9 ([2-4]). Every ideal of BZ-algebra is a
subalgebra.

Proposition 2.8 ([2-4]). Let {li| ieA} be a family of ideal s
of BZ-algebra (X; *, 2). The intersection of any set of ideal
s of X is also an ideal.

Definition 2.9 ([13,14]). Let (X;*,2)and (Y;*",2") be
nonempty sets. The mapping f:(X;*,2) — (Y;*,2)Iis
called a homomorphism if it satisfies:

flkxy) =f(k) ~f (y),forall k,y € X. The set {
keX| f (k) = 2'}is called the kernel of fdenoted by ker

f.

Theorem 2.10 ([2-4]). Let f: (X;*2) — (Y;*',2)bea
homomorphism of an BZ-algebra X into an BZ-algebra Y,
then:

A, f(2)= 2.
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B. fisinjective if and only if ker f ={ 2}.
C. k< yimpliesf ( k)< f (y).
Theorem 2.11 ([2-4]). Let f: (X;*,2) = (Y;*,2) bea
homomorphism of an BZ-algebra X into an BZ-algebra Y,
then:
(F1) IfS isan subalgebra of X, then f (S) isan
subalgebra of Y.
(F2) IfIisan ideal of X, then f (1) isan ideal of Y , where
f is onto.
(Fs) If H isan subalgebra of Y, then f~1 (H) is an
subalgebra of X .
(Fs) IfJisan ideal of Y,then f~1 (J) isan ideal of X .
(Fs) ker f is anideal of X.
(Fs) Im(f) is a subalgebra of Y.
Definition 2.12([30]). Let (X; *,2) be a nonempty set, a
fuzzy subset pu of X isafunctionu: X — [3,1].
Definition 2.13 ([29]). Let X be a nonempty setand u be a
fuzzy subset of (X; x,2), for t €[2,1],theset L(u,t) =
U ={k € X|u(k) = t}iscalled a level subset of u .
Definition 2.14([5]). Let (X; *,2) be an BZ-algebra, a
fuzzy subset p of X is called a fuzzy subalgebra of X if for
allk,y € X,
u(k*y) = minfu (k),u(y)}.

Definition 2.15([5]). Let (X; %,2) be an BZ-algebra, a
fuzzy subset u of X is called a fuzzy ideal of X if it satisfies
the following conditions, for all x,y € X,

(FBZ) u(2) = p(k),

(FBZy) p(y) = min{u(k*y),u(k)}.
Proposition 2.17([5]).
1-  The intersection of any set of fuzzy ideal s of BZ-
algebra is also fuzzy ideal.
2-  The union of any set of fuzzy ideal s of BZ-algebra is
also fuzzy ideal, where is chain.
Proposition 2.18([5]). Every fuzzy ideal of BZ-algebra is a
fuzzy subalgebra.
Proposition 2.19(]5]).
1- Let u be a fuzzy subset of BZ-algebra (X; *,2) . If pisa
fuzzy subalgebra of X if and only if for every t € [ 2,1],
is a subalgebra of X .
2- Letu beafuzzy ideal of BZ-algebra (X;+,2),uisa
fuzzy ideal of X if and only if for every t e [ 2,1], u; is an
ideal of X .
Lemma 2.20([5]). Let u be a fuzzy ideal of BZ-algebra X
and if < y,then u(x) = p(y), forallxyeX
Definition 2.21 ([33]). Letf:(X;*2) — (¥;*",2)bea
mapping nonempty sets X and Y respectively. If u is a fuzzy
subset of X, then the fuzzy subset S of Y defined by:

fW) =

{SUP{M(k):x €EfTON} if O =tkeX fl)=y}+0

[ ) otherwise
is said to be the image of p under f.

Similarly if g is a fuzzy subset of , then the fuzzy
subset u = (B °f) of X (i.ethe fuzzy subset defined by

u(x) = B(f (x)), forall
k € X)is called the pre-image of B under f.

Definition 2.22 ([29]). A fuzzy subset u of a set X has sup
property if for any subset T of X , there exist to €T such
that u(ty) = sup {u(t)|teT}
Proposition 2.23 ([5]). Letf:(X;*,2) — (YV;*",2) bea
homomorphism between BZ-algebras X and Y respectively.
1- For every fuzzy subalgebra g of Y, f~1 (B) is a fuzzy
subalgebra of X.
2- For every fuzzy subalgebra u of X, f (u) is a fuzzy
subalgebra of Y.
3- For every fuzzy ideal g of Y, f~1 (B) is a fuzzy ideal
of X.
4- For every fuzzy ideal p of X with sup property, f (u) is
a fuzzy ideal of Y, where f is onto.
Now, we will recall the concept of interval-valued fuzzy

subsets.
Remark 2.24[1,8]. An interval numberisd =[a~,a*],
where

2<a <a*<1l Letlbeaclosed unitinterval, (i.e., | =[ 2,
1.
Let D[ 2, 1] denote the family of all closed subintervals of |
=[3,1],thatis,D[2,1] ={a@ =[a",at]jla <a*, for
a",atel}.
Now, we define what is known as refined minimum (briefly,
rmin) of two element in D[ 2,1].
Definition 2.25[1,7]. We also define the symbols () , (X),
(=), min and rmax in case of two elements in D[ 1,
1] . Consider two interval numbers (elements numbers )
d=[a",a*] ,b=[b7,b*]inD[2,1] : Then
(1) @=bifand only if, a~=b~ and a*=b",
(2) a<bifand only if, a~<b~ and a*<b*,
(3) a=bif and only if, a~=b~ and a*=b",
(4) rmin {d, b}= [min {a~,b~}, min {a*,b*}],
(5) rmax {a, b}= [max {a~,b~}, max {a*,b*}],
Remark 2.26 [1,7]. Itis obvious that (D[ 2,1],<,V,A)isa
complete lattice with 3 = [ 2, 2] as its least element and 1 = [1,
1] a sits greatest element. Let @;€ D[ 2, 1] where ieA \We
define rinficp\@= [r infiepa™ , rinficpat],
rsupjead@= [rsupiepa™ , rsupjepa’].

Definition 2.27[1,7]. An interval-valued fuzzy subset
7i,0n X is defined as
7, < KL K f( K1>] ke X} Where (k)
Su;;( k), forall ke X. Then the ordinary fuzzy subsetss,
X—[2,1]and x}:X »[2,1] arecalled a lower fuzzy
subset and an upper fuzzy subset of i respectively.
Let7, ( K)=[u( K),5( K], Z,:X > D[2,1], then A
={< k@, ( K> kex}.
Definition 2.28([1,7]). Let (X ;*, 2) be a nonempty set. A
cubic set Q inastructure 2 ={< K, fig ( K),Aq ( K)>|
ke X }, which is briefly denoted by 2 =<fi, , Ao>, where
fq X - D[], 1], fig is an interval-valued fuzzy subset of
X and Ag: X - [ 23, 1], Aq is a fuzzy subset of X.
Definition 2.29([1,7]). For a family Q; =
{{ kfi,,( K) ke X} onfuzzy subsets of X, where ie A

R S N S N N S S S ———————————————
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and A is index set, we define the join (V)and meet (A)
operations as follows:
ViEA Qi = (ViEA ﬁgi)( k) = Sup{ﬁgi( k)|l € A}r
Niea @ = (Nieafigy) ( 1 = inf{fi, ( Wi € A},

3. 6-dot Cubic Subalgebras of BZ-algebra

In this section, we will introduce a new notion called
cubic subalgebra s of BZ-algebra and study several
properties of it.

Definition 3.1[19]. Let (X ;*, 2) be an BZ-algebra. A cubic
set

Q =<y ( k),2q( k) > of X iscalled cubic

subalgebra of X if, forall x,y € X:

fig (k *y) = rmin{fig (k), i (¥)},and Ao (k *y)
< max{Ao(k), Ao(¥)}-

Definition 3.2, Let (X ;*, 1) be an BZ-algebra. A cubic set
Q8 =<8 ( k),A3( k) > of X iscalled 8-dot cubic
subalgebra of X if

€ (1], forallxe X, fil =jiqp (x) -6 and A} =
Aok) - 6.

Example 3.3. Let X = { 1,1,2,3} in which the operation as in
example = be define by the following table:
2(1 (2 |3

*

222|232
1 |1 2] 2
2 |2 |2 )
3 13 13 |3

(U

Then (X;*,2) is an BZ-algebra. Define a cubic set Q =<
Wa ( K),Aq( k) > of X is fuzzy subset u: X— [ 2,1] by:

[ 03, 09] ifk={21}

Ao k):{[ 0.1, 0.6] otherwise and

Ao | 01 ifx={21)
U 06 otherwise

Define a cubic set 08 =< {id ( k),A4( k) > of X and
6= 0.5 asfollows:

. ( k)_{[ 0.15, 0.45] ifx={21}
Ho [ 0.05 03] otherwise
{ 0.05 ifx={21}

0.3 otherwise

and A3 (x)=

The 8-dot cubic set 08 =< {id ( k),A&( k) >isa d-
dot cubic subalgebra of X.

Remark 3.4. Let (X ;*, 1) be an BZ-algebra, then it is
clearly that

Q! =<in ( KA K > =0 =<f ( K,A( k) >

Proposition 3.5. Let (X ;*, 1) be an BZ-algebraand Q =<
o ( kK),Aq( k) >isacubic subalgebra of X such that

08 =< 18 ( k),A%( k) > is 8-dot cubic subalgebra of X,
where § € (2,1],thenforall x,y € X, figp (k*y)-8 =
rmin{fio (k),flq (M}-6, and Ap(k*y)-8 <
max{Ao(k), 1o(y)}- 8.

Proof. Forall k,y € X, we have

Qe *y) = fig (x x¥) -8 > rmin{ig (1), @0 N} 8,
rmin{ilg (x) -8, g (y)-8}

rmin{f, (), 1 )}

and

Mx*y) = 2o (x*y) -8 < max{An(x),A0(y)} - 8
max{d(x) - 8, 1o(y) - 6}

max{A(x), A,(»)}. o

It is clear that 8-dot cubic subalgebra of an BZ-algebra
(X ;*, 1) is a generalization of a cubic subalgebra of X and
a cubic subalgebra of X is special case, when § = 1.

Proposition 3.6. Let 08 =< {i ( k),A&( k) >be a §-dot
cubic subalgebra of BZ-algebra (X ;+, 2), then {id (2) =
id () and A8 (2) <A]( k), forall

xXEX.
Proof. Forall x € X, we have
5 () = fig (2%x)-8

= rmin{i, ((2+x) * 2), i)} - 8

= rmin {[2,((2*x) * 2), 15 ()], [ ((2 * x) =
2), 15 ()]} -8
rmin {[1,(2), 1, (O], [ (2), 15 ()]} - 8
= [ @, ()] -8
fig (x) -6

=i ().

Similarly, we can show that

2 (2) < max {A4 (2,28 (O =23 (). ©

Proposition 3.7. If a 3-dot cubic set Q8 =<

id ( k),28( k) > of BZ-algebra (X ;*, 2) is a 5-dot cubic
subalgebra, then Q% ( k*y) = Q3 ( k= ((y * 2) * 2)),
forall kye€EX.

Proof.

Let X be an BZ-algebraand x,y € X, then we know that
y=(@=* 2+ 0.Hence iig( k* y)=f( k*((y* )+
) and A3( k= y)=28( k* ((y * 2) * 2)). Therefore
QP (xxy)= Q8 (x*((r* D= 2.0
Proposition 3.8.

Let (X ;%, 2) be an BZ-algebraand Q =<
o ( K),Aq( k) > isacubic subset of X such that Q% =<
id ( k),2A8( k) > is 5-dot cubic subalgebra of , for some
6 €[3,1],then Q =< W ( k),Aq( k) > isacubic
subalgebra of X .
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Proof.

Assume that Q8 =< {id ( k),A3( k) > isa 5-dot cubic
subalgebra of X for some 8 € (2,1]. Letx,y € X, then
fa(x*y) -8 = Ed(x *y)

> min{fid (x), iy ()}

= min{ fig(x) - 8 , Aq(y) - 6}

= min{fig(x), Ao(y)} - 6.
Aa(x *y) = min{fig(x), Za(y)} and so
Aoxxy) -8 = A(x *y)

< max{3§,(x), 2}

= max{Ao(x) -8 , Ao(y) -8}

= max{Ao(x), u(y)} - 8.
Ao(x *y) < max{Ao(x), 1a(¥)}

Hence Q =< fig ( k),Ao( k) >isa cubic subalgebra

of X.o

Proposition 3.9.
Let (X ;*, 2) be an BZ-algebraand Q =<

fio( K),Ao( k) > isa cubic subset of X such that 0% =<
i ( k),A3( k) > is &-dot cubic subalgebra of X , for
some § € [ 3, 1], then then the cubic Q of X is a fuzzy S-
extension of the 3-dot cubic Q3 of X.
Proof:

Since fig(x) = u(x).8 = fid (x), and Aq (x) =
Ao (x).8 = A3 (x) then
Q( k) is a fuzzy S-extension of Q%( k), forall ke X and
since (1 is a fuzzy subalgebra of X, then Q% of p is a 3-dot
cubic subalgebra, by Proposition (3.8). o

Definition 3.10[19].

For a fuzzy subset u of an BZ-algebra (X; «,2), 6 € (2,1], € D[

2, 1]ands€[2, 1], witht<§, letU (2;£,5) =
{ keX|fo( k) >E( k) < s}

Proposition 3.11.

Let (X ;*, 2) be an BZ-algebra. A §-dot cubic subset Q% =<
id ( k),A8( k) >of X If Q8 isa 5-dot cubic subalgebra of X, then
forall 6 € (2,1] , te D[2,1]ands € [ 2, 1], witht < §, then the

set U (£2;%,5s) is a subalgebra of X.
Proof.

Assume that % =< fi§ ( k),A3( k) > isad-dot
cubic subalgebra of X and let € D[ 2, 1] and s €[ 2, 1], be
such that U (Q; £, 5)#0 .

Letk,y € Xsuchthat ,y € U (;,5s), then i ( k)
=t i3 (y)=t and
28 (k) <s, A8 (y)<s. Since Q3 is a 5-dot cubic subalgebra
of X, we get
S ( kxy) = rmin{ fi§ ( k)i ()} =T and A3 ( kxy) <
max {2 ( KA ()} <s.

Hence the set U (2; £, s)is a subalgebra of X. o

Proposition 3.12. Let (X ;*, 2) be an BZ-algebra. A -dot
cubic subset

Q8 =<8 ( k),A3( k) >of .Iftheset U (2;%,5s) is asubalgebra
of X,forall§ € (2,1] , £ € D[2,1]ands € [2,1], witht < &,

then Q2 is a 8-dot cubic subalgebra of X.

Proof.

Suppose that T (£2; £, s)is a subalgebra of X and let
x,y € X besuchthat fi§ ( kxy) < rmin {fi ( k)i (v)}
and A3 ( ksy) > max {23, ( K).A3 ()}

Consider 8= 1/2 {fi ( kxy) +rmmin{{id ( k), fi
y)} } and

§=1/2 {2 ( kxy) +max{Ag ( k), A4 (
)32

We have §€ D[ 2, 1]and § € (2, 1], and
RO key) <8< rmin (KL W)} ong
A kry) >8> max A8 KA (v) } -
It follows that x,y € U (2;f,s), and ( kxy) ¢
U (2;£,5). This is a contradiction and therefore Q8 is a 8-dot
cubic subalgebra of . o

Theorem 3.13. Let (X ;*, 1) be an BZ-algebra. A 5-dot
cubic subset

Q% =<8 ( k),A8( k) >ofX isad-dot cubic
subalgebra of X if and only if, =5,  and p+g are fuzzy
subalgebras of X and A%, are anti-fuzzy subalgebra of X.
Proof. Let u_g ,u+g and A3, be fuzzy subalgebras of X and
x,y €X, then

- . - - 8

o ( kxy)>min{u=p ( ku oM} wfg ( kxy)z

min{uto, (k)i (y)¥and
2( kxy)<maxdd ( k)25 ()} Now,
18 ( kxy)=[5( kxyhuto( kxy)l
= [min{u=3( KLu oM},

min{u*3( K).uty (3]
= ming[ud 1,1t ( K] [W5 O), 1wo0]}
= rmin{jig, ( k),fig, ()},

therefore Q is a 6-dot cubic subalgebra of X.

Conversely, assume that .9 is a 5-dot cubic subalgebra

of X, forany k,y € X,

[W=3 ( kxy),uty ( kxyI=pd( k+y) = rmin{i,

( k)RS ()} 5 5
=min{[p7¢ ( k), ptg ( 0] 073 )1 o1}
= [min{u3

( 1,170,( k), min{u* o (v), 1 W}

Thus
_ . _ _ 8
wo ( kxy)zmin {u=9 (), n 3( Whp', (( kxy)
>min{ 1*o( K, u*, (K} and

25 ( kxy)<max{A3( K)AS()}-

Therefore, M_g and u+g are fuzzy subalgebras of X

and A3 are anti-fuzzy subalgebra of X. o
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Proposition 3.14.

Let (X ;*, 2) be an BZ-algebraand Q0 =<
o ( kK),Aq( k) >isacubic subalgebra of X and
61,8, (2,1].1f 5, = &, then the 3-dot cubic subalgebra
052 is a fuzzy S-extension of the Q%! §-dot cubic
subalgebra of X.

Proof: Forevery ke X and 8;,8,¢(2,1] and &, >
6,,we have

iy (k) = fq(k).8; » fig(k).8; = &' (k), and

22 (k) = 2q(k). 8, = Ao(k).8; = A8t (k), then

(82 (k) » @d! (k), and A& (k) = A& (k), therefore (52
is a fuzzy S-extension of Q5.

Since Q is a cubic subalgebra of X, then Q% is a §-dot
cubic subalgebra of u, by Proposition (3.8). Hence Q52 of
X is a fuzzy S-extension of the 3-dot cubic subalgebra Q5!
of X.o

4. 6-dot Cubic Ideals of BZ-algebra

In this section, we shall define the notion of 8-dot cubic
of ideals, and we study some of the relations, theorems,
propositions and examples of 3-dot cubic of ideals of BZ-
algebra.

Definition 4.1.

Let (X ;*, 1) be an BZ-algebra. A cubic set O =<
fao( k), 2q( k) > of X iscalled cubic ideal of X if, for
allx,y e X:

(1) Ao () > fo (¥) and 15 () < Anp(K)},
() fia (y) = rmin{fiq (k *y), g (k)} and

Ao (y) = max{dg(k *y), Ao(k)}.
Definition 4.2.

Let (X ;*, 2) be an BZ-algebra. A cubic set Q% =<
il ( k),A3( k) > of X is called -dot cubic ideal of X
if it satisfies the following conditions: for all x,y € X:

(1) () > i) () andAg () < B},
2) QW) = rmin{fi, (k)i (k)} and
2 (1) < max{A§(k * ), 23 (K)}.

Example 4.3. Let X = { 21,1,2,3} in which the operation as in
example = be define by the following table:
* 2 1 2 3

] 2
1 1
2 2
3 3

l

l
2
3

)

)

)
3

JJ{J|J

Then (X;x,2) is an BZ-algebra. Define a cubic set O =<
o ( K),Aq( k) > of X is fuzzy subset u: X— [ 2,1] by:

[ 03, 09] ifx={32}

Ao k):{[ 0.1, 0.6] otherwise and

01 ifx={32}

A —
Q_{ 0.6 otherwise

Define a cubic set Q5 =< {id ( k),A3( k) > of X and
§= 0.4 asfollows:

3 ([ 012, 032] ifx={32} 5
o ( k)'{[ 004, 024] otherwise oM *aT
( 0.04 ifx={32}

0.24 otherwise

The 8-dot cubic set Q% =< {i8 ( k),A5( k) >is a 5-dot
cubic ideal of X.

Theorem 4.4.
If (X;*, 1) beanBZ-algebraand Q =<
fia( k), Ao( k) > is acubic ideal of X, then Q% =<
i ( k),A5( k) > is &-dot cubic ideal of X, where § €
(2,1].
Proof :
Assume that Q is a 3-dot cubic ideal of X and let 6 < (
1,1]. Then for all x,y € X.
o(2) = Wa(2).8 > Wa(k). 8 = fig(k) and so i3(2) >
~8
figy (k).
A3(2) =20(2).8 <Aq(k).6 = A5 (k) and so A8(2) <
28, (k).
iY) = fia().8
7 min{fig( k*y),fig(k)}.8
=min{fig( k*y).8,q(k).5}
= min{fiy( k*y),fi3(k)}. And
M) =2A(y).8
< max{Ao( k*y),Ao(k)}. 6
=max{Ao( kK*y).8,Aq(k).8}
= max(A3( k*y), 2500}
Hence 08 =< {id ( k),A&( k) > isa 5-dot cubic ideal
of X.o

Proposition 4.5.

Let (X ;*, 2) be an BZ-algebraand Q =<
fio( k), Ao( k) > isa cubic subset of X such that Q% =<
id ( k),2A3( k) > is 8-dot cubic ideal of , for some & €
[2,1],then Q =< fig ( k),Aq( k) >isa cubic ideal of X

Proof.

Assume that Q8 =< {id ( k),A3( k) > isa 5-dot cubic
subalgebra of X for some 6 € (2,1]. Let k,y,z € X, then
15(2) = Wa(2).8 > Ka(x).8 = fid(x)and so i5(2) >
i3, (k).

28(2) =2(2).8 <Aqk).8 = A5 (k)andso A3 (2) <
A3, (k).
o) -8 = i3
= min{fi( k*y), i§(k)}
= min{fio( k*y) -6 ,fa(k) 6}
= min{fig( k*y), fq(k)} - 6.
fa(y) = min{ig( k*y), da(k)} and so
o) -8 = ()
< max{A,( k*y), (k)
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= max{Ao( kxy) -8 , Ao(k) 8}
= max{Ao( k*y),1o(k)} - 8.
Ao(y) = max{do( k*y), Ao(x)}
Hence Q =< fig ( k),Aq( k) >isacubicideal of X .
[m]

Proposition 3.6.
Let (X ;*, 2) be an BZ-algebraand Q0 =<

fia( k),Aq( k) > is a cubic subset of X such that Q% =<
id ( k),A3( k) > is 5-dot cubic ideal of X , for some & €
[ 2, 1], then then the cubic Q of X is a fuzzy S-extension of
the §-dot cubic Q8 of X.
Proof:

Since fig (k) » u(k).8 = i (k), and A, (k) =
Ao (k). 8 = AS (k) then
Q( k) is a fuzzy S-extension of Q3( k), forall ke X and
since Q is a fuzzy ideal of X, then Q% of y is a 5-dot cubic
ideal, by Proposition (4.4) . o

Proposition 4.6.

Let (X ;*, 2) be an BZ-algebra. A 3-dot cubic subset Q% =<
id ( k),A3( k) >of . If Q8 isa d-dot cubic AB- ideal of X, then
forall 6 (2,1], te D[2,1]ands €[ 2, 1], witht < §, then the

set U (12;£,s)isan ideal of X.
Proof.

Assume that 08 =< fi8 ( k),A5( k) > isad-dot
cubic ideal of X and let e D[ 3, 1] and s € [ 2, 1], be such
that U (12; £, 5)#0 .

Letx,y € X suchthat kxy € U (2;,5), then
i ( kxy) =t f8( K=t and AS( k*y)<s,A8 ( K)
<s. ,

Since .8 is a 8-dot cubic ideal of X, we get
S (v) > rmin{ i3 ( k+y).id ( k)3 >Eand
A8 (y) <max A8 ( kxy)AS ( K} <s.

Hence the set U (2; £, s)is an ideal of X. o

Proposition 4.7.

Let (X ;*, 2) be an BZ-algebra. A 3-dot cubic subset
Q% =< i ( kK,AS( k) >of .Iftheset U (2;%,s)isan
ideal of X,forall 6§ € (2,1], £ € D[3,1]ands € [2,1],
witht < §, then Q9 isa §-dot cubic ideal of X.

Proof.

Suppose that T (2; £, s)is an ideal of X and let x ,y € X
be such that
i3 (v) < rmin {53 ( k*y).id (1)} and A3 (y) > max {A3
( k*y)AS( K.

Consider 8= 1/2 {3 (y) +min{i3 ( k*y), i3 (
K)} } and

5=1/2 {28 (y) +max{Ad ( k*y), A3 (
K3}

We have e D[2,1]and € (2,1],and
i3 (y) <8< rmin {fid( k*y),id ( k) 3 and
AS(y) > 6> max {A5( k*y)A3 ( K}

It follows that x * y,x € U (2;£,5), and (y) & U (2; £, s).
This is a contradiction and therefore Q 8 is a §-dot cubic
ideal of . O

Theorem 4.8. Let (X ;*, 2) be an BZ-algebra. A 5-dot
cubic subset

Q% =<8 ( k),A3( k) > of X isa d-dot cubic ideal of
X if and only if, u‘g and u+£ are fuzzy ideal s of X and
A3 are anti-fuzzy ideal of X.

Proof.
Letp=2 ,;ﬁg and A3 be fuzzy ideal sof X and x ,y € X,

then
p= 2 (y)=min{u~ 3 ( kxy)u 3( K},
Htg (zmin{uty ( kxy)uo (K} and
AS(y) <max{Ad ( k*y),A8 ( K} Now,
i3 () = [ 30 1t )]

2 [min{u3( kxy)u3( K}, min{ut 5( ko
ate (Y

. _ 8 —

= min{[u”3C k*y),uty ( kxy)][u"d
( 1,10 W}

=rmin{fid ( k*y),ii ( Kk)}, therefore Qisa §-
dot cubic ideal of X.

Conversely, assume that Q8 is a 8-dot cubic ideal of X,
forany k,y € X,
[1=3 &), ute MI=AZ(Y) = rmin{id ( k+y).id ( K}
= min{[u=3 ( kxy),ut s ( key)] w8
( ,u*a( K}
=[min{u= 3 ( kxy),po( k*
)} min{ut (), utg (W}
Thus
p=d (y)=min {p=3 ( kxy),u"3( K},
W o () Zmin{ 1t o kxy),ut S ( K}and
AS (7)< maxiAd( k*y)AS( K},
Therefore, u= 8 and u*g are fuzzy ideals of X and A3

Q
is anti-fuzzy ideal of X. o

Proposition 4.9.

Let (X ;%, 2) be an BZ-algebraand Q =<
fo ( K),Aq( k) > isacubic ideal of X and
81,8,€ (2,1].1F8, > §&,, then the §-dot cubic ideal Q%2
is a fuzzy S-extension of the Q3 §-dot cubic ideal of X.
Proof:

Forevery ke X and &;, 6, (23,1] and &, >&;,we

have
i3 (x) = gg(x).8, ¥ fig(x).8; = i3 (x), and
A2 (X)) = A(0).8, = Ao(x).8; =AJ! (x), then
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id% (x) » S (x), and A$% (x) = AS! (x), therefore
082 s a fuzzy S-extension of (51,

Since Q is a cubic ideal of X, then Q.8 is a 5-dot cubic
ideal of u, by Proposition (4.4).

Hence 032 of X is a fuzzy S-extension of the §-dot cubic
ideal Q% of X. o

Theorem 4.10.
Every 3-dot cubic ideal of BZ-algebra (X; *, 2) isa -
dot cubic subalgebra of an BZ-algebra (X ;*, 2) .
Proof: Let (X ;*, 1) be an BZ-algebraand Q =<
fio ( k),Aq( k) > isacubicideal of X and Q% =<
fid ( k),AS( k) > isa &-dot cubic subset of .

Since Q% is an 5-dot cubic ideal of X, then by Proposition
(4.6), forevery 8 (2,1], teD[2,1]and se[2,1],
U;Es)={ keX|fo( k) »i15( k) < s},is ideal
of X .

By Proposition (2.9), for every § € (2,1], t€ D[ 2, 1]
ands € [2,1], U (©2;,s) is subgalgebra of X . o

Hence u is a 3-dot cubic subalgebra of X by Proposition
(3.12). o
Remark 4.11. The converse of proposition (4.10) is not
true as the following example:

Example 4.12. LetX ={12,1, 2, 3,4} in which (x) is
defined by the following table:

*2 1 2 3 4
22 |2 (2|2 |32
1 1 (2 |2 ]2 |2
3 2 (2 (22|32
3 3 2 [1 |2|2
4 4 B 4 B |2

Then (X;*,2) is an BZ-algebra. Define a cubic set Q =<
fao( kK),2q( k) > of X is fuzzy subset u: X— [ 2,1] by:

i,( K= {[ 0.3, 09] ifx={212}
Ha [ 0.1, 0.6] otherwise
{ 01 ifx={312}

0.6 otherwise ’

and A=

Define a 8-dot cubic set 0% =< i ( k),A3( k) > of
Xand &= 0.4 asfollows:

i8¢ k):{[ 0.12, 0.32] ifx={3,12}
Q [ 0.04, 0.24] otherwise
{ 0.04 ifx={312)

0.24 otherwise '

and A=

The §-dot cubic set 0% =< {i5 ( k),fid( k) > isnot
a 6-dot cubic subalgebra of X.
Note that A is not an anti-fuzzy ideal of X since
Ao (4%2)=20(8) = 0224
> 0.04 = max{Aq((4 * 1) * 2),20(1)}
= max{Aq(3 * 2),Ao(1)} =
max{Aq (1), Ao(1)} = 2o(1).

Hence Q8 is not 8-dot cubic ideal of X.

5. Homomorphism of 8-dot Cubic ideals ( subalgebras) of
BZ-algebra

In this section, we will present some results on images
and preimages of

d-dot cubic ideal s of BZ-algebras.

Definition 5.1[3].

Let : (X;%,2) — (Y;*',2") be a mapping from the set
Xtoaset Y. If Q% =< i3 ( k),A8( k) > isad-dot cubic
subset of X, then the cubic subset § =<{ig , Ag>0f Y defined

by:

FEH )
3 { T}f_lgz() )ﬁé’(k)iff‘l(y) ={keX,f(k)y=y}+¢
= {x€ y

2 otherwise
fAH)
3 { ]l]l[( )&?(k)iff'l(Y) ={xeX f(k)y=y}+¢
= {xef~(y

1 otherwise

is said to be the image of 2 under f.

Similarly if 3 =< fig ( k),l[?( k) > isa d-dot cubic
subset of Y , then the cubic subset Q3= (B2 °f) inX (i.e.,
the 3-dot cubic subset defined by
i3 (K =fg (F( K), A8 ( K =28 (f ( k), forall k
eX) is called the preimage of B under f).

Theorem 5.2. A homomorphic preimage of 5-dot cubic
subalgebra is also

3-dot cubic subalgebra.
Proof. Let f: (X;*, 2) —(Y;* ', 2") be homomorphism from
an BZ-algebra X into an BZ-algebra Y.

If B% =<pg ( k),A$( k) > is a cubic subalgebra of Y
and Q% =< i3 ( k),AS( k) >the preimage of 8 under
f, then
B3 K =HS(F ( k). A8 ( K= (F( k). forall K
eX .

Let keX,then
A3 =g (F (2)) =Tg (F ( k)= ( k), and
A=A (F (M= 28 (F( K) =23 ( k).

Now, let x,y € X, then
i3 ( key) = HE(f ( key)) = RE(F ( K)* " f(y))
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=min {id(f ( K.iig (f ) }
=rmin {id ( k)i ()}, and

AS( key) =A8(F ( key)) =28(f ( K+ f(y))
<max (A8 (f ( KA (f W)}
=max {A3 ( K)A3 W)} o

Definition 5.3. Let f: (X;*,2) — (Y +',1") be a mapping
fromaset X intoasetY. 0% =< i ( k),A3( k) >isa
d-dot cubic subset of X has sup and inf properties if for
any subset T of X, there exist t, s € T such that

AS(6) = rsup(¢0) and A3(s) = infA3(50).
S

Theorem 5.4. Let : (X;%,2) - (¥;+,2") bean

epimorphism from an BZ-algebra X into an BZ-algebra Y.

For every 6-dot cubic subalgebra

0% =< ( k),A3( k) > of X with sup and inf
properties, then f (Q%) is a

d-dot cubic subalgebra of Y.
Proof. By definition fig(y) = f(E) ) =

rsup fid(k) and
x €f71(y)

M) =fADO) = inf Aj(x)forally €Y and
x €f 1)
rsup(@) =[ 2, 2] and inf (@) = 2. We have prove that
fig ( k+y) > rmin {fig ( K) fig ()}, and
Af ( Kxy)<max{Ag ( k) ,)\65 (y)}, forall k,y €Y.
igCk'*y) = rsup fid(t) = i3(ka*y2)
tef-l(x'*yo
rmin {ﬁg (k2), ﬁg v}
rmin{ rsup p3(t) , rsup i3},
tef~1(x) tef ()
= rmin { fig (k). 1§ () Yand
U xy) = inf A3(0)
tef1(x*y")
< max {A3(k2), A3(v2) }
=max { inf AS(®), inf A3()}
tef~ 1(969 tef 1y
Hence, Q5 =< i3 ( k),A8( k) > isa s-dot cubic
subalgebra of .
Theorem 5.5.

A homomorphic pre-image of -dot cubic ideal is also 8-
dot cubic ideal.
Proof.

Let f: (X;%,2) - (¥;+',2") be homomorphism from an
BZ-algebra X into an BZ-algebra Y.

IfB8 =< ﬁB ( k), Ag( k) > isa &-dot cubic ideal of Y
and Q% =< i3 ( k), A8( k) >the pre- |mage of B8 under
f then fig ( k) g (F C k), A8 ( =28 (f ( k), for
allx e X. Let keX,then

=
=

() =g (f (=hs (f ( k) =H3 ( k), and (A3)(3)
=28 (F (=2 (F( K)=23 ( k).

Now, let x,y € X, then
i3 (v) = (F (y)=rmin {fig (f (k * y).iig (f ( K)}
=rmin {id( k+ (y*2)),i&3 ()}, and
A8 ) =28 (f M= max {Ag (f (x*y)Ag (f ( k)3
= max {A3(x * y)A3 ( K)}. o

Theorem 5.6.

Let : (X;%,2) - (¥;+',2") be an epimorphism from an
BZ-algebra X into an BZ-algebra Y. For every §-dot cubic
ideal Q% =<{id ( k),AS( k) > of X with sup and inf
properties, then f (Q%) is a 8-dot cubic ideal of Y.
Proof.

By definition fif(y) = f(Aid)(y) = rsup fij(x)and
xef~1(y)

MO =FADHO) = ;T_l{( )lg(x) foral y'€Y and
X € y

rsup(®) =[2, 2] and inf (@) = 2. We have prove that
ig (v >rmin {i ( K'=y) @ ( K)}, and
AP ( kxz)< max{Ag (K +y) 7;\5( k')} forall K, y'e
Y.

Let f: (X;%2) — (Y;+',2") be epimorphism of BZ-
algebras,
Q% =< ( kK,A8( k) >isas- dot cubic ideal of X has
sup and inf properties and B3 =< ji flg 5( k), AB( k) > the
image of Q under f

Since Q% =< i3 ( k),AS( k) > isa &-dot cubic ideal
of X, we have
[ () = id ( k) and A5 (2) <A ( k), forall keX

Note that, 2 €f~1 (2) where 2, 2'are the zero of X and
Y, respectively.
Thus

ﬁﬁ(39= rsup ﬁn(t)=ﬁn(l)
>.UQ( k)— Tsup un(t) = fig(x"), and

tef1
lg(l)—t mf AQ(t) A5(D)
<Ag(k)— inf A3() =A5(k)  forall keX,
tef~1(xr)
which implies that “
fig (2) > fAg(kDand AF(2) <AJ(k),forall KEeY.

Forany Kk',y' €Y, letxoef~1( k') and yoef~1(y") be
such that
7\38(3") =) = lnf A3(x)

x€f 1)

rsup  fid(t), and
tef~ 1(x*y?)

lo(yz) = rsup fg(t) . then
tef~1(y"

ﬁgaz()’:) =g S(f(ya)

ﬁg(xn*)’:) =
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= géﬁ €2 [10]A.T. Hameed and N.H. Malik, (2021), Magnified translation of
_ ~ 8 intuitionistic fuzzy AT-ideals on AT-algebra, Journal of
= rsup fig(ya) ; ; ;
WDEF1(Y) Discrete Mathematical Sciences and Cryptography, (2021), pp:1-
= rsup fid(t).Also, 7.
tef (9 [11]A.T. Hameed and N.J. Raheem, (2020), Hyper SA-
Mkaxy) = inf A0 (Kk2) = lnf AS@® algebra, International Journal of Engineering and
and tef ey ) 1k Information Systems (IJEAIS), vol.4, Issue 8, pp.127-
136.
M) =2 ») [12] A.T. Hameed and N.J. Raheem, (2021), Interval-
=28 (f(y’)) valued Fuzzy SA-ideals with Degree (A,x) of SA-
_ inf A3(ys) algebra, Journal of Physics: Conference Series (IOP
ety S Publishing), 2021, pp:1-13. _
= inf A3(t). Then [13]AT. Hameed, F. F. Kareem and S.H. Ali, 2021, Hyper
tef- 1(y’) Fuzzy AT-ideals of AT-algebra, Journal of Physics:
flg SN = rsup (S = iS(y-) Conference Series (IOP Publishing), pp:1-15.
tef1) [14] A.T. Hameed, H.A. Faleh and A.H. Abed, (2021),
=rmin {i3 (ko yo) i3 (ko)}, Fuzzy Ideals of BZ-algebra, Journal of Physics:
— ; Conference Series (I0OP Publishing), 2021, pp:1-7.
rming te,crf}ff,’*y,)”"(t) ekt i3 (0} [15] A.T. Hameed, I.H. Ghazi and A.H. Abed, (2020), Fuzzy
= rmin { fig S(x"*y"), i fig 5(x") Yand a—tra}nslation ideal of I_BZ—aIgebras,_Jo_urnaI of
Mon = inf A3 Physws. Conference Series (0P Publishing), 2020,
tef-1(y" pp:1-19.
< max {AS(x1*y1), AS(x) } [16] A.T. Hameed, N.J. Raheem and A.H. Abed, (2021),
=max{ inf Ay(t), inf ()} Anti-fuzzy SA-ideals with Degree (A,k) of SA-
tEf 1(x*y? tef~1(x) algebra, Journal of Physics: Conference Series (IOP
Hence, B% =< {i Mg S( k), )\B( k) > is a d-dot cubic ideal of Publishing), 2021, pp:1-16.
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