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1. INTRODUCTION

After the introductio.n of fuzz y sets by Zadeh [26], there
have been a number of generalizations of this
funda mental concept. The notion of intuition.istic fuzzy
sets introduced by Atanassov [2-3] is one among them.
Fuzzy sets give a degree of memb ership of an ele ment
in a given set, while intuitionistic fuzzy sets give both
degrees of membership and of nonmembership. Both
degrees belong to the inte rval [a; 1], and their sum should
not exceed 1. BCK-algebras and BCl-algebras are two
importa nt classes of logical algebras introd uced by Imai
and Iseki [12,13]. It is known that the class of BCK-
algebra is a proper sub class of the class of BCl-algeb ras.

In 1991, Xi [25] applied the concept of fuzzy sets to

BCK-alge bras. In 1993, Jun [14] and Ahmad [1] applied

it to BCl-algebras. After that Jun, Meng, Liu and several

researchers investigated further properties of fuzzy

subalg.ebras and ideals in BCK=BCl-algebras (see [15-

18]). In [ 27], Zhan and Tan disc.ussed characteri zation

of fuzzy H-ideals and doubt fuzzy H-ideals in BCK-

algebras. Recently, Satyanarayana et al. [21-22]

introd.uced intuitionistic fuzzy H-ideals in BCK-

algebras. The concept of fuzzy translations in fuzzy
subalgebras and ideals in BCK/BCl-algebras has been
discussed respectively, they investigated relations among
fuzzy translations, fuzzy extensions and fuzzy
multiplications. Motivated by this, in [19], the auth ors
have studied fuzzy translations of fuzzy H-ideals in

BCK/BCl-algebras. They also extend this study from

fuzzy multiplication to intuitionistic fuzzy multipl.ication

in BCK=BCl-algebras.

BZ-ideals and fuzzy BZ-ideals in BZ-algebras was
defined by A.T. Hameed and S.H. Ghabue. They were
introduced the notion of fuzzy BZ-ideal, intuitionistic fuzzy
subalgebra and in tuitionistic fuzzy BZ-ideal on BZ-algebras
and a lot of properties are investigated of its.

In this paper, the concepts of multiplicat.ions intuitionistic
of fuzzy subalgebras and fuzzy BZ-ideals on BZ-algebras are

introduced. The notion of extensions of intuitionistic fuzzy
and multiplications intuitio nistic of fuzzy subalgebras and
fuzzy BZ-ideals with several related properties are
investigated. Also, the relationships between multiplications
intuitionistic fuzzy subalgebras, extensions intuitionistic and
multiplications intuitionistic fuzzy BZ-ideals are investigated.
The image (pre-image) of fuzzy subalgebra and fuzzy BZ-
ideal on BZ-algebra, and investigate some of these properties.
Moreover, we introduce the notion of Cartesian product of
multiplications intuitionistic of fuzzy BZ-ideal on BZ-
algebras, and investigate some related properties.

2. 2. PRELIMINARIES

In this section, some definitions are recalled which are
used in the later sections. The BZ-algebra is a very important
branch of a modern algebra, which is defined.

Definition 2.1. ([18,19]). Let (X;*, a) be an algebra with
operation (+) and constant («). X is called a BZ-algebra if it
satisfies the following identities: for any x,y,z € X,
BZN)((xx2) * ¥y x2)) * (x *y) = «a;

(BZ-2)x * a = «x;

(BZ-3)x * y = aandy * x = aimpliesthatx = y.

Remark 2.2. ([18,19]). On BZ -algebra (X,*, a), we
defined a binary relation < on X by putting x < y ifand
onlyifx x y = a.

Proposition 2.3. ([1-3,18,19]).  Let (X;*,a) be a BZ-
algebra, then (X, <) is a partially ordered set. It is easy to
show that the following properties are true for a BZ -algebra.
Forany x,y,z € X:

(P-Dx * ((x *y) *y) = a;

(P-2)x * x = a;

(P-3)0 < yimpliesy * z
(P-7)x < yimpliesz * x

X * Z,

<
< zZxy.
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Definition 2.4. ([19]). Asubset S of a BZ-algebra X is
called subalgebra of X if x = y € S whenever x,y € S.

Definition 2.5. ([1-3]). A non-empty subset I of a BZ-
algebra (X,*, @) is called BZ-ideal of X if it satisfies the
following conditions: for any x,y,z € X

(I-1) a el

(I-22) (x * y)xz € Ilandy € Iimplyxxz € I.

Proposition 2.6. ([18,19]). Every BZ-ideal of BZ-algebra
(X,*, @) is a subalgebra of X.

Proposition 2.7. ([18,19]).  Let {li| ie A} be a family of
ideals of BZ-algebra (X,*, a). The intersection of any set of
BZ-ideals of X is also an BZ-ideal of X.

Definition 2.8. ([23]). Let (X, @) be a nonempty set, a
fuzzy subset u of X isamapping u: X - [a,1].

Definition 2.9. ([23]). Let p be a fuzzy subset of a set .
Fort € [a, 1], the set

pr = U(wt) = {x € X |p(x) = t},iscalled upper
level cut (level subset) of p and the set L(w,t) = {x €
X | u(x) < t}iscalled lower level cut of p.

Definition 2.10. ([9]).  Letf: (X;%,a) - (Y;+',a’) bea
mapping nonempty sets X and Y respectively.

If i is a fuzzy subset of X, then the fuzzy subset § of Y
defined by:

fWw»)

_ {Suz’{u(x):x EfTTOY if ) =EXfX)=y}#0

a otherwise

is said to be the image of p under f.

Similarly if g isa fuzzy subset of Y , then the fuzzy
subset

u=(Bof) of X (i.ethefuzzy subsetdefinedby u (0)=
B(f (0)) forall x € X) is called the pre-image of S under

f.

Definition 2.11. ([9]). A fuzzy subset u of a set X has
sup property if for any subset T of X, there exist t, €T
such that u(t,) = sup {u(t)|t € T}.

Definition 2.12. ([1,18]). Let (X,*, a) be an BZ-algebra, a
fuzzy subset u of X is called a fuzzy subalgebra of X if for
allx,y € X, p(x*y) = min{u(x),pn()}.

Proposition 2.13. ([1,19]).  Let u be a fuzzy subset of BZ-
algebra (X,*,a) . If u is a fuzzy subalgebra of , then for any
t € [a,1], u; is a subalgebra of X .

Definition 2.14. [5]. Let (X; @) be an BZ-algebra. A
fuzzy subset p of X iscalled a fuzzy BZ-ideal of X if it
satisfies the following conditions: for all

x,y € X,

1) w(@)=2p).

(2) pxz)>2min{pu((x=*y)*z),u M}k

Proposition 2.15. [5].  Every fuzzy BZ-ideal of BZ-
algebra is fuzzy subalgebra.

Proposition 2.16. ([5]). Letf:(X; *,a) —» (V; *,a)
be a homomorphism between BZ-algebras X and Y
respectively.

1- For every fuzzy subalgebra g of Y, f~1 (B) is a fuzzy
subalgebra of X.

2- For every fuzzy subalgebra p of X, f (w) is a fuzzy
subalgebra of Y.

3- For every fuzzy BZ-ideal g of Y, f~1 (B) is a fuzzy BZ-
ideal of X.

4- For every fuzzy BZ-ideal p of X with sup property,

f (u) is a fuzzy BZ-ideal of Y, where f is onto.

Definition 2.17.([3,6]).  An intuitionistic fuzzy subset A
in a nonempty set X is an object having the form A =
{(0,1a(0),v5 (0))| @ € X} where the functions

pa: X = [a,1] and vu: X — [a, 1] denote the degree of
membership and the degree of non-membership respectively,
and o < pa (0) + va (@) < 1foralloeX.

Remark 2.18.([ 3,6]). If an intuitionistic fuzzy subset A in
a nonempty set X , then

Ha(@) + va(@) = 1,ie,whenvy () =1 — pa(@)
= pg (0) forall that 0 €X . Now p, is named fuzzy subset
while vy= p§ is the complement of ,.

Definition 2.19.([3,6]). Let A =

{(0,1a(0),v4 (@) | @ € X}be anintuitionistic fuzzy
subset of BZ-algebra (X;*, &) . Ais said to be an
intuitionistic fuzzy subalgebra of X if; forall 0, y €X,
(IFS1) pa(@ *y) = min {pa(0), a(y)}-

(IFS2) vo(@ *y) < max {va(d),va(y)}-

That mean p, is a fuzzy subalgebra and v, is a doubt fuzzy
subalgebra.

Proposition 2.20.([3,6]). Every intuitionistic fuzzy
subalgebra A= {(8,1a(8),va(8))| 8 € X} of BZ-algebra X
satisfies the inequalities

Ha(a) = pa(@) and va(a) < vu(0),forall 9 € X.

Definition 2.21.([3,6]). Forany t € [«, 1] and a fuzzy subset
W inanonempty set X, theset U(p,t) ={0 € X|pn@) =
t} is called an upper t-level cut of p, and the set

L(wt) ={0 € X| (@) <t}iscalled a lower t-level cut
of p.

Theorem 2.22.([3,6]). An intuitionistic fuzzy subset A =
{(0,1a(0),v4 (@) | 0 € X}isan intuitionistic fuzzy
subalgebra of BZ-algebra (X;*, «) if and only if, for all that,
t € [a, 1], the set U(u,, t) and L(v,, s) are subalgebras of X.
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Definition 2.23.([3,6]). Let A =
{(0,1a(0),v4 (0))| 0 € X} be an intuitionistic fuzzy
subset of BZ-algebra (X;*, @) . Ais said to be an
intuitionistic fuzzy BZ-ideal of X if : forall that 0, y, z
EX,
(IFl) pa(0) = pa(@) and va(a) < v4(9).
(IF12) pa(0 *z) = minfua((9 *y) * 2), ua(y)} and

va(0 *z) <max{va (0 *y) *2), va(y)}

That mean p is a fuzzy BZ-ideal and v, is a doubt fuzzy

BZ-ideal.

Theorem 2.24. ([3, 6]).  An intuitionistic fuzzy subset

A = {(@,p1a(@),v4 (0))| @ € X}isan intuitionistic
fuzzy BZ-ideal of BZ-algebra (X;*, ) if and only if, for all
t €[a,1], the set U(pu,, t) and L(v,,s) are an BZ-ideal of X.

Proposition 2.25.[3,6]. LetA =

{(0,1a(0),va (0))| @ € X} Dbe an intuitionistic fuzzy BZ-
ideal of BZ-algebra X, then A is an intuitionistic fuzzy
subalgebra of X.

Theorem 2.26.([3,6]).  An intuitionistic fuzzy subset A =
{(0,1a(0),v4 (0))| 0 € X}anintuitionistic fuzzy BZ-
ideal of BZ-algebra (X;*, ) if and only if, the fuzzy sets p,
is a fuzzy BZ-ideal of X and v, is a doubt fuzzy BZ-ideal of
X.

3. L-MULTIPLICATION INTUITIONISTIC OF Fuzzy
SUBALGEBRA.

We study the notion of multiplication intuitionistic of
fuzzy subalgebra of BZ-algebra and we give some properties
of it.

Definition 3.1. ([9]). Let p be a fuzzy subset of a set X
and Be (o, 1). A multiplication of y, denoted by ,uﬁM is
defined to be a mapping pj': X—[a,1] define by uj'(x) =
B.ulx),forallo € X.

Definition 3.2. ([9]).Let A = {(x, pa(x),v4 (%)) | x eX}be
an intuitionistic fuzzy subset of BZ-algebra (X;*, «) and let
B € (a,1) an object having the form AY =

{0, ()", (va)'§)| x eX} is called a B-multiplication
intuitionistic of fuzzy subset of A if (pA)% (@)=

B .pua(0)and (VA)“g(a) = B.v,(0), foralloe X.

Definition 3.3. Let AM =
{(@,(1a)"%, (va)'3 )| x €X} be a B-multiplication
intuitionistic of fuzzy subset of A and 8 € (a, 1), A% is
said to be fuzzy subalgebra of X if: forall 6,y €X,
(IFS1) B .ua(@ *y) = min{B.ps(d), B-ua(M}
(IFS2) B.va(@ *y) < max{B.va(0), B.va(y)}.
That mean p, is a fuzzy subalgebra of X and v, is a
doubt fuzzy subalgebra of X.

Theorem3.4.  IfA = {(x,pa(x),v4 (x)) | x eX}isan
intuitionistic fuzzy subalgebra of BZ-algebra (X;*, &), then
the B-multiplication intuitionistic AY =

{(@,(1a)%, (v)'3 )| x €X} of A is a fuzzy subalgebra of X,
forall B € (a,1).

Proof: LetA = {(x,p (x),v4 (x))|x €X} bean
intuitionistic fuzzy subalgebra of X and g8 € (a, 1), then for
all o, ye X.
(a5 @ *y) = B.ua(@ *y) 2

B -min{pa(9), pa(y)}

=min{f.ps(9), B.ua(y)}

= min{(ua)'s (@), (1a) ()}
and (va)'3 (@ *y) = B.va(@ *y)

< B.max{va(0),va(y)}

=max{ f.va(0), B .va(y)}
max{(va)'s (@), (va)'s )}

Hence, the B-multiplication intuitionistic of A is a fuzzy

subalgebra of X. &

Proposition 3.5.  Every S-multiplication intuitionistic
A% = {0, (a5, (va)'8) x €X} of A is fuzzy subalgebra
of BZ-algebra (X;*, a) satisfies the inequalities
B.pala) = B.pa(@) and B.va(a) < B.va(0), for
all 0 e X.
Proof. B.us(a) = B.ps(@ x0) >
B .min{ps(@),pa(0) }
=min{ S .ua(@), B.1a(0)}
= B.pa(d)and
B .va(@) = B.vp(0 x0)< B.max{va(d),vs(0)}
=max{ f.va(d), B.va(d)}
= B.vu(0). N1
Theorem 3.6. LetA = {(x,us(x),v4 (x)) | x €eX} bean
intuitionistic fuzzy subset of BZ-algebra (X;*, @) such that
the B-multiplication intuitionistic AY =
{@, (a8, (va)'3)| x eX} of A'iis a fuzzy subalgebra of X,
forsome B € (a,1),then A = {(x,pa(x),v4 (x)) | x €X}
is an intuitionistic fuzzy subalgebra of X.
Proof:  Assume that A% = {(@,(1a)s, (va)'§)| x €X}
is an B-multiplication intuitionistic of fuzzy subalgebra of X,
forsome B € (a,1). Letd,ye X,
B.ua@ xy) = (a5 (@ *y) =
min{(ua)" (@), (a)s )}
=min{ B .1a(9), B -1a(y)}
= B .min{u,(9), ua(y)} and
B.va@) = (v (9) < max{(vp)' (9), (va)'s ()}
=max{ S .va(0), B.va(y)}
= B .max{va(9),va(y)}
which implies that p, (0 *y) = min{u, (9 ), ua(y)}and
Vao(0) < max{va(0),va(0)}, forall o,y e X.
Hence, A = {(x, pua(x),v4 (x)) | x X} is intuitionistic
fuzzy subalgebra of X. &
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Definition 3.7.[6]. Foranyte€ [a,1], B € (a,1)anda
fuzzy subset W in a nonempty set X, the set Ug (u,t) =

{0 €eX|p.u@) = t}iscalled B - multiplication of upper
t-level cut of p, and the set Ly (,t) = {0 € X|B.pn(0) <
t} is called B - multiplication of lower t-level cut of p.

Theorem 3.8. If a f-multiplication intuitionistic AY =
{@,(1a)"%, (va)'3)| x €X} of Aliis fuzzy subalgebra of BZ-
algebra (X;*, a), then for any t, s € [a, 1], the set
Up (ma,t)and Lg (va, s) are subalgebras of X.
Proof.  Let A% = {(2, (1), (va)3)| x €X} be fuzzy
subalgebra of X and Ug (ua,t) # @ # Lg (va,s) and
follow for every @,y € X such as
0 € Ug (Mo, ),y € Ug (pa,t), then B.ps(9) = tand
B .ua (y) = t, so therefore
B-ua(@ xy) = min{B.ps(@), B.pa(y) } = t, s0asso
(@ *y) € Ug (ua,0). thus Uz (g, t) this a subalgebra
from X.
In a similar way, we can prove that L (v4,s) isa
subalgebra of X. &
Theorem 3.9. A S-multiplication intuitionistic A"f; =
{@,(1a)"%, (va)'3 )| x €X} of A of BZ-algebra (X;, a). If
for all that, t,s € [a, 1], the set Uz (ua, t)and Lg (va,s) are
subalgebras of X, then Al‘f; is fuzzy subalgebra of X.
Proof.  Assume that for each,t,s € [a, 1], the sets
Up (ma,t) and Lg (va, s) are subalgebras of X.
| found @ ',y" € X be such that
B-ua(@ *y) < min{ B.us(@"), B.ua (y)} then by
taking
te =5 {B.-(ma (@' +y) +
min{ B.pus (0, B.pua(y')}}, we get
B-ua(@ *y) <ty <min{ B.ps (@7, B.ua(y")}
and hence
(@' *y) €Ug (Hate), 0" EUg (Mata) Y €
Up (Hasto),
i.e., Ug (ma, tq), is not a subalgebra of X, which make a
contradiction.
Hence Uz (ua, to)is a subalgebra of X.
Finally, assume B.v, (0'* y") >
max { f.va (0"), B.va (y')}. then by taking
s =3 {(Bva@ *yD) +
max { B.va (@), B.va (y')}}, we get
max { B.va (@), B.va (¥} >s4> B.(va (@' * y")
and hence
(0"%y') €L (Va,Sa). 0" € Lg (Va,sa), ¥ € Lg (Va,Sa),
i.e., Lg (va,Sq), Is not a subalgebra of BZ-algebra X,
which make a contradiction.
Therefore, Lg (v4, sq) Is a subalgebra of X.
Hence A% = {(9, (a)s, (va)'5)| x €X} is fuzzy
subalgebra of X. W

Theorem 3.10. Let g-multiplication intuitionistic A%, =
{(@,(ua)", (va)'3 )| x €X} of A. If there exists as sequence
{0 .} in Xsuchthat B.p, (9 ,)=1and B.v,(9) =a, then
B.ua()=1and B.v,(a)=a.

Proof. By Proposition (3.6), pa(a) = pa(0) forall 6 €
X, therefore, B.pa(a) = B.ua(0 ) for every positive
integer n.

Consider, 1= B.u(0 ) =1. Hence B. pys (a)=1.

Again by Proposition (3.6), va(a) < va(0),thuso €

X, thus
B.vala) < B.va(8 ), for every positive integer n.

Now, a < B.va(a) < B.va(0 4)=a. Hence B.v,(a)=a.
|

Proposition 3.11.  If the g-multiplication intuitionistic
A% = {0, ()", (va)'§) x eX}of A is fuzzy
subalgebra, then for all 6 € X,
B-ualax0) = pB.pa(@)and B.va(a*d) < B.va(0).
Proof. Forall 0 € X,
B-uaaxd) =min{B. ua(a), B. ua(9)}
=min{B.ua(0@ *0),B.pa(9)}
= min{min{B.ps(9),B-1a(9),B-1a(9)}
=B.ua(9) and
B.vala*0d) <max{B.va(a),B.va(d)}
=max{B.va(@ *3),B.va(0)}
< max{max{B.va(0),B.va(3),B.va(0 )}
=B.va(0). 1
Definition 3.12.  LetAY =
{0, (1), (Va)'§)| x €X} of A and
BY% ={(@,(us)"%, (v8)3)| x X} of B be two -
multiplication intuitionistic of fuzzy subsets of X, then
the intersection of A)f and B} are denoted by A} n Bj' and
is given by
A N BY = (min{(ua)}, (ue)}}, max{(va)}f, (v 1
Also, the complement of A denoted by A} and is
defined by
AN ={@, D}, ()10 €X}.
The intersection of two S-multiplication intuitionistic of
fuzzy subalgebras, which proved in the following theorem.

Theorem 3.13.  Let A and B be two g-multiplication
intuitionistic of fuzzy subalgebras of BZ-algebra (X;*, @),
then A n B is B-multiplication intuitionistic of fuzzy
subalgebra of X.
Proof. Leto,ye AnB,thend,y € A and B, then
() (@ *y) = min{(ua) (@ *y), (up)p (@ *y)}

>

min{min{
(1) (@), (1a)f (1}, min{(up) (), (e)F ()}

min{min{
(1) (@), () (M}, min{(1a) ' (@), (ue)f 33}
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= min{(ane)y (@), (Rane)y ()} and
(Vanp) (@ *y) =max {(va)§' (@ *y), (vg)§ (@ *y)}

<max{max

{(va)p (), (va)p )}, max{(ve)y (), (ve)§ &)}
= max {max
{(va)§ @), (ve)f (1}, max{(va) (), (Ve (3}
=max {(vane)f (@), (Vans)f ()}
Hence A n B is B-multiplication intuitionistic of fuzzy
subalgebra of X. B

Theorem 3.14. The B-multiplication intuitionistic AY =
{(@,(ua)"s, (v)'§)| x eX} is B-multiplication intuitionistic
of fuzzy subalgebra of X if and only if, the fuzzy sets (uA)"g
and (VA)I‘; are fuzzy subalgebras of X.
Proof. Let A% ={(@, ()%, (va)'3)| x €X} be B-
multiplication intuitionistic of fuzzy subalgebra of X.
Cleary(uA)l‘g is a fuzzy subalgebra of X, foreveryd,y €
X, we have
@%@ *y) =1 = D} @ *y)
> 1-max{(va)'} @), (va)'§ W}
=min{1 - (va)'§ (0), 1 = ) 1)}
=min{(¥x)'s (@), W) M}
Hence (V)" g Isafuzzy subalgebra of X.
Conversely, assume that (1,)";  and (v4)'s are two -
multiplication intuitionistic of fuzzy subalgebras of X.
Forevery 0,y € X,(va)'s (@ *y) =
min{(VA)'s (@), (¥a)'§ (y)} and
1= ()5 *y) = T3 *y)
> min{(Va)'§ (3), W)’ )
= min{1 — (va)}§ (9,1 = (va)'s 3}
= 1 — max{(va)'§ (@), (V)" &)}.
Thatis, (Va)'5 (9 *y) < max{(¥p)'; (9), Fa)s (M}
Hence A% = {(@, (ua)s, (va)'§ )| x €X} be B-
multiplication intuitionistic of fuzzy subalgebra of X. W

For any element 0 and y of X, let us write I1" 0 * y for 0
*(--*(0 * y))), where 0 occurs n times.

Theorem3.15.  LetA'% = {(@, (1a)'s, (Va)3)| x €X}
be p-multiplication intuitionistic of fuzzy subalgebra of BZ-
algebra (X;*, &) and let n€ N (the set of natural numbers)
then for all 0 € X.

() (% (x*a )= ()} (@), for any add
number n,

(i) (vA) (I"x*9d ) < (vA) (9 ), for any add number
n,

(i) ()% (9 ) = ()% (3), for any even
number n,
(iv) (va)'g (IT'x @) = (va)'3 (9), for any even
number n.

Proof. Letd € X and assum that n is odd, then n=2p-1,
for some positive integer p.
We prove the theorem by induction. Now,

()% @ ) = ('} (00 = ()% () and (va)'§ (@ »
0)= (va)'§ (@< (va)'3 (). Suppose that
()% (IPP1s0) = (1a)'§ (0) and (vp)'f (IP¥ix#0) <
(va)'3 (@), then by assumption,
(1) (PP IDG %0 ) = (a)' (12P*1x%0 )

= (1a)'5 (M2 2x(0 * (@ % 0)))

=(ua)' (x50 )

> (uA) p (@) and
(VA (TP Ixx0 )= (v4)'g (ITP*xx0)

= (va) (1% 1X*(6 *(0 0)))

=(va)' (121X

> (VA)B(é) which proves (i) and (ii).
Proofs are similar to the cases (iii) and (iv). &
Remark 3.16. Theset I,, ={0 €X|(1y)'3 () =
(1a)"% (@)} is subset of X and the set I,,, ={0 €X|(v4)'; (0)
= (va)'§ (o)} is subset of X.

Theorem3.17.  Let A% ={(@,(1a)"%, (va)'3)| x €X}
be g-multiplication intuitionistic of fuzzy subalgebra of X,
then the sets 1, and I, are subalgebras of X.
Proof.

Leto,ye€[,,,then
(1) @) =B 1a(@) = B-pal@) = (a)'5 (o) =
ﬁ-uA(y) = (1a)'3 (v) and 50, (1a)' (@ * ¥)=B. (@ *
y) = min{B. uA(a ).B-1a(Y) }=B- na(a), by Proposition
(3.6), we know that (i)' (0 * y)=(1a)"s () or
equivalently 0 xy € I,

Again, let o, y€ I, then
(a3 (8)= B-va(@) = B-va(@) = (Vo) (0)=B.va(y) =
(vA)M(y) and so,(va)'g (@ *y) = B.va(d *
y) <max{B.va(0), ﬂ-vA(y) }= B.va(0).

Again by Proposition (3.5), we know that (v4)' (0 *
y)= (vA) (o) or equivalently 0 xy € I,

Hence the sets 1, and [,, are subalgebra of X. W

4, B-MULTIPLICATION INTUITIONISTIC OF FUzzY BZ-
IDEALS.

We study the notion of g-multiplication intuitionistic of
fuzzy BZ-ideal of BZ-algebra and we give some properties
of it.
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Definition4.1.  Let A" =
{(@, (1), (va)'3)| x €X} be B-multiplication
intuitionistic of fuzzy subset of BZ-algebra (X;*, a). Al‘g is
said to be B-multiplication intuitionistic of fuzzy BZ-ideal
of X ifforall 0,y, z €X,
(IFBZ1) (12)'5 (@) = B-pa(0) = (ua) (@) = B.1a(d)
and
(Va5 (@) = B.va(0) < (va)5 (@) = B-va(d).
(IFBZ2) (114)'5 (9 *2) = B.pa(@ * z)= min{B. ps((@ *
y) *2), B-ua(y)} and
(A (@ *2) = B.va(@ *2) <max{B.va (( *

y) *2), B.va (V)}-

That mean (ua)'s is a fuzzy BZ-ideal of X and (v4)' isa
doubt fuzzy BZ-ideal of X.

Theorem4.2. IfA = {(x,pa(x),v4 (x)) | x eX}isan
intuitionistic fuzzy BZ-ideal of BZ-algebra (X;*, «), then the
B-multiplication intuitionistic AI‘;‘; =
{@, ()%, (va)'§)| x €X} of Ais an intuitionistic fuzzy
BZ-ideal of X, forall 8 € (a, 1).
Proof: LetA = {(x,pua(x),v4 (x)) | x €X} bean
intuitionistic fuzzy BZ-ideal of X and g € («, 1), then
()5 (@) = B.pa(c) = B.pa(9) = (a)' (9) and
(a5 (@) = B-va(e) < B.vp(@)=(va)'5 (9) , forall 0
e X.
(1) (@ *2) = B-ua(@ *2) = B.minfp, ((@ *y) *
z), ua ()}
= min{B.us((@ *y) *z), 8. 1a(®)}
= min{(ua)' ((@ *y) *
2), ()} )} and
(Va)'} (0 *7) = B.va(@ *2)
< B.max{v((0 *y) *2),va(M)}
= max{B.va((9 *y) *2), B-va(y)}
= max{(vp)'s ((@ *y) *z), (va)§ ()}, for
allo,y,ze X.
Hence, the B-multiplication intuitionistic A'; of Ais an
intuitionistic fuzzy BZ-ideal of X. B
Theorem 4.3. LetA = {(x,ps(x),v4 (x)) | x €X} bean
intuitionistic fuzzy subset of BZ-algebra (X;*, &) such that
the B-multiplication intuitionistic AY =
{@, (1), (va)'3)| x €X} of A isan intuitionistic fuzzy
BZ-ideal of X. for some 8 € (a, 1), then A is an
intuitionistic fuzzy BZ-ideal of X.
Proof:  Assume that AT = ((ua)T, (va)T) is an
intuitionistic fuzzy BZ-ideal of X for some . € [o, §].  Let
0,Y€E X,
B-ma(@) = () () = (1a)'5(9) = B-1a(@)
B-va(@) = (va)'s (0) < (va)'3 (3) = B.va(d).
which implies pa(a) = pa(d) and va(a) < va(0).
Now, we have

B-ua(@ xz) = (MA)D[/[; 0 x2z)
> min{(uA)l\f; (@ xy) xz), (HA)I\E’ ()}
= min{[z’. uA((a *y) * Z),ﬁ- HA(Y)}
= ﬂ.min{uA((B *y) * Z). HA(Y)}}
and B.v,(0 *z) = (va)'s (@ *z) < max{(vy)' ((@
y) *2), (va)'s ()}
= max{,B.vA((a *y) * Z).,B-VA(Y)}
=p. max{ VA((B *y) * Z).VA(Y)},
which implies that 11,(9 *z) = min{u,((@ *y) *
z), () }
and va(@ *2z) < max{va((d *y) =

2),va( } -
forallo,y,z€e X

Hence, A ={(0,pa(@),va(0))]| 0 €X}isan
intuitionistic fuzzy BZ-ideal of X.H
Theorem 4.4 If the B-multiplication intuitionistic Al‘g =
{(@,(1a)%, (va)'3)| x €X} of Alis an intuitionistic fuzzy
BZ-ideal of BZ-algebra (X;*, ), for all § € (a, 1), then
Al‘g must be an intuitionistic fuzzy subalgebra of X.
Proof: Let the B-multiplication intuitionistic A% =
{@,(1a)", (va)'3)| x eX} of A be intuitionistic fuzzy BZ-
ideal of X .

We have forall d,y,z € X,

(1a)% (@ *z) = min { (ua)'% ((@ *y) *
z), (1a)'§ ()} and
(va)'s (@ *2z) < max{(va)'g ((@ *y) *z), (va)'§ (1)}, then
(1) (@ *2) =2 min{()'5 (@ *y) *z), (1a)'5 (M}
= min{(ua)'s (@ * @), (ua)'s ()}
= min{(a)’§ (@), (1) (v)} and
(A (@ *2z) <max{(va)'g (0 * (v *2)), va)'s ()}
= max{(va)'§ (@ * a), (va)'§ ()}
= max{(va)'§ (3), va)'§ ()
Hence, A"fg is of intuitionistic fuzzy subalgebra of X. &

Theorem4.5. IfA ={(@,ua(@),va(@))]| 0 €X}is

an intuitionistic fuzzy subset of BZ-algebra (X;*, a) such

that the g-multiplication intuitionistic AM =

{@,(a)", (va)'§)| x eX} of A'iis an intuitionistic fuzzy

BZ-ideal of X, for 8 € («a, 1), then the sets I, and I, are

BZ-ideals of X.

Proof: Let A% ={(9, (1), (va)'3)| x €X} isan

intuitionistic fuzzy BZ-ideal of X, so(uA)“g is fuzzy BZ-

ideal of X and (v,)"; is doubt fuzzy BZ-ideal of X.
Clearlya €1,,,1,,, suppose 0, Y, z € X such that

((@ *y)*z) €1, andy € I,,, hence (ua)' (8 *y) *

2) = ()% () = ()} (v) and

(1) (@ *2) = min{(ua)s (@ *y) *

2), (1a)'s 3} = (1) (@)
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Since, (uA)“g is fuzzy BZ-ideal of X, then
(IJ-A)I\; (0 x2) = (MA)I\; (o).

Hence, B.ua(0 *z) = B.pa(a) or pa(0 xz) = pa(a)
and (0 *z) €1, then I, is BZ-ideal of X.

Also, suppose that u, v, w, € X such that ((u * v) * w) €
I,,andv €1,,. Hence
a5 ((uxv) xw) = (va)'§ () = (va)'§ (v) and
(NA)'E (ux w) < max{(va)g ((u*v) *w), (va)'g (W)}

= (v’ (@).

Since, (v4)' is fuzzy BZ-ideal of X, then (v,)"; (u *
w) = (va)'§ ().

Hence B.va(u *w) = B.va(a), va(u *v) = vu(a) and
(u=*v) €l,,, then I, isBZ-ideal of X. W
Proposition 4.6. Let the S-multiplication intuitionistic
A% ={(@, (1), (va)'8)| x €X} of A be intuitionistic
fuzzy BZ-ideal of BZ-algebra (X;*, ) for 8 € (o, 1).

Ifo <ythen ()% (@) = (1a)'5 () and (vp)' (x) <

(va)' (v), that is, (ua)'s is order-reversing and (v,)' is
order-preserving.

Proof: Supposethato,ye Xand d < y,thend *y =
a and

(1) () = (1'% (@ * @) = min{(pa)'3 ((@ *y) *
), (ua)'s 0}

= min{(1a)' (@ *y), (1) )}

= min{(ua)"s (@), (ua)'s N} =(1a)'% (v) and
a3 (@) = (v (@ * )

< max{(va)'} ((@ *y) * «), (va)'§ N}
= max{(va)'s @ *y), vA)'s )
= max{(va)} (@), V)5 M} = (V)5 (). W

Theorem 4.7. The g-multiplication intuitionistic A"f; =
{@, (1), (vA)'§)| x €X} of A is a fuzzy BZ-ideal of BZ-
algebra (X;*, «), then forall t,s € [a, 1] , the set Ug(pa, t)
and Lg(vy, s) are BZ-ideals of X.
Proof. Let A" ={(9,(1a)"s, (va)'§)| x €X} be fuzzy
BZ-ideal of X and Uz (s, t) # @ # Lg(vy,s).

Since B.pp (@) =t and B.vy (@) < s, letd,y,z €
X besuchthat (0 *y) *z) € Ug(pa,t), (y) € Ug(pa, D),
then
B-1a((@ *y) *z) = tand B.pa(y) = t, it follows that
B-1a(@ *z) = min {B.us((0 xy) x2z),B.ua(y) } = t, 50
that (0 *z) € Ug(ua,b).

Hence Ug(pa , t) is an BZ-ideal of X.

In a similar way, we can prove that Lg(v,, s) is BZ-ideal
of X. H
Theorem 4.8. The g-multiplication intuitionistic A"g =
{0, ()8, (va)'3)| x €X} of A is a fuzzy subset of BZ-
algebra (X;*, @) such that for all t,s € [o, 1], the set
Ug(ia,t) and Lg(va, s) are BZ-ideals of X, then A} isa
fuzzy BZ-ideal of X.

Proof. Assume that for each,t,s € [a, 1], the sets
Up(pa, t) and Lg(v,, s) are BZ-ideal of X. Forany € X, let
B.ua(@) =tand f.va(@) =s,then 9 € Ug(ua, ) N
Lg(va,s) andso Ug(py ,0) # @ # Lg(va,s).

Since Ug(ua,t) and Lg(vy, s) are BZ-ideals of X,
therefore a € Ug(pa, t) N Lg(va,s).

Hence B.pup (@) =t = pa(@) and Bvy (@) < s =
va(@),foralld €X.

If there exist @ ', y’,z’ € X be such that
B-ma(@' *2') < min { B.ua((@' *¥) *2), B.ua (D},
then by taking
te = >{B-1a(@" *2) + min {B.ua((@" ¥Y') +
z),B-pa (y)}}, we get
B-a (@' *2") <ty < min{B.ps(@" *'(y"

z"), B.-ua (y") } and hence

(@ *2) € Uglha ta), (@' *'y") x2) € Up(ha, ta),
(") € Up(a,ta).

i.e.,, Ug(ka , to), is not an BZ-ideal of X, Leading to
contradiction.

Finally assume that there exist 9 ',y’,z’ € X such that
B.va (@' * z') > max {B.va((@"*"y") x2") ,B.ua (¥},
then by taking
Sa = {B-Va(@' *7) + max{B.vs (@' *'y") *

z) ,B-ua (v') 3}, we get max {B.va((@" *"y") *

z") ,B.va (¥} > s, >Va (@' * 2") and hence (' * z') €
Upvarsa) (@' *Y) %2) € Ly(va,s0), (V') €
Lg(Va,Sqo)-

i.e.,, Lg(va,sq), is not an BZ-ideal of BZ-algebra X,
Leading to contradiction.

Hence A% = {(0, (1), (va)'p)| x €X} is fuzzy BZ-
ideal of X.H
Theorem 4.9.  Let A and B be two g-multiplication
intuitionistic of fuzzy BZ-ideals of BZ-algebra (X;*, a).
Then A n B is g-multiplication intuitionistic of fuzzy BZ-
ideal of X.

Proof. Leto,ye AnB, thend,ye A and B. Now,
(UAnB)l[\s/[((x) = (UAnB)l[\s/[(a *0)
> min{(iang)p (@), (Hanp)p (@)}
= (tans)p (@) and
(Vane)p (@) = (Vanp)§ (@ *0)
< maX{(VAnB)gl(a ), (VAnB)ng(a )}
= (Vang)p (9 ).
Also,
(UAnB)g[(a *7) = min{(HA)?(a * 7), (HB)?}A(a *7)}
> min{min{(1a)} ((@ *y) *
2), () ()} min{(up) ' (@ *y) *2), (up)f N}
= min{min{(ua)y (@ *y) *2), (up)y (@ *y) *
2)}, min{(ua) g (v), (up)§ ()3}
=min{(ians)p (@ *y) *2), (Manp)f ()} and
(Vanp)p (@ *y) = max {(va)§ (@ *z), (vg)j (@ *2)}
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< max{max {(va) (@ *y) *
z) , (Va)§ ()}, max{(vg) (9 *y) *2), (ve) (")}}
=max{max{(va)§ (9 *y) *z), (vg)§ (@ *y) *
2)}, max{(va)§ (), (ve)§ ()}}
= max {(VAOB)I(\S/I((a *y) *2), (Vms)}‘;"(y)}
Hence, A N B is B-multiplication intuitionistic of fuzzy
BZ-ideal of X. B

Theorem 4.10.  The g-multiplication intuitionistic of
fuzzy A% ={(9,(1a)"s, (va)'§) x €X} of Alis fuzzy BZ-
ideal of BZ-algebra (X;x, @) if and only if, the fuzzy

sets () and (V) are fuzzy BZ-ideals of X.

Proof. LetA%; ={(9,(1a)", (va)'s)| x €X} be B-
multiplication intuitionistic of fuzzy BZ-ideal of X.

Cleary, p, is a fuzzy BZ-ideal of X, for every 0,y €X,
we have

@a)R (O=1-(vp)§ (@) =1-(va)§ (9)=(Va)§' (@) and
(VAR (@ *2)=1-(va)§' (@ *2) =1 —max{(va)§'((@ *
y) *2), (Va)§ ()}
=min{1-(va)§ ((@ *y) *2),1 —
(VAE MI=MIn{(@a) (@ *y) * ), TAF M}
Hence, (V) is a fuzzy BZ-ideal of X.
Conversely, assume that(ju,)§ and (V) are two B-

multiplication intuitionistic fuzzy BZ-ideals of X, for every
0, YEX, we get

(kg (@ = (1a)g (@) and (o) (@) = (Ta)E ()

This implies,l—(\)A)gl (o) > 1—(\)A)gl (0), that is, (\)A)gI (o)
< (va)g ().

Also, (vp)§' (@ *z) =min{(vp)y (@ *y) *2) ,(Va)'
(y)}and
1=(va)§'(@ *2) = (Va)' (3 *2)
>min{(Ta)§' (0 *y) *2),(Ta)§ (y)
=min{1 — (va)§ ((@ *y) *2), 1 — (va)§ (N}
=1-max{(va)§'((0 *y) *z), (vA)§ ()}, that
IS,
(VAR (@ *2) < max{(va)g ((@ *y) *2), (Va)p (N}-
Hence A% = {(9, (1), (va)'8)| x eX} is fuzzy BZ-
ideal of X. W

5- HOMOMORPHISM OF
INTUITIONISTIC OF BZ-ALGEBRA.

Definition 5.1.[7]. Let (X;*, ) and (Y;*',a") be two
nonempty sets. A mapping f:X — Y is said to be a
homomorphism if f(8 *y) = f(8) *' f(y),forall 0,y €
X.

Note that if f: X — Y is a homomorphism of sets,

then f(a) = a'.

S-MULTIPLICATION

Definition5.2. Letf : (X;x,a) = (Y;*',a’) bea
homomorphism of BZ-algebras for any Al‘é‘ =

(&, (k) ), (Va)g () |y € Y}in'Y and B € (o, 1) we
define new (A})/ ={(2, ((ma)p), ((va)g) )| 8 € X}in X
by

((ma)g)" = (ma)F'(f(@)) and ((va)g) (9) =

(va)g (f(2)), for all

d eEX.

Theorem 5.3. Letf: (X;x,a) » (Y;*',a') bea
homomorphism of BZ-algebra X into BZ-algebra Y.

IFAR = {(@, (L)F'@), VWF @)1 8 €X} is p-
multiplication intuitionistic fuzzy subalgebra in X, then the
image of A"é‘ is B-multiplication intuitionistic fuzzy
subalgebra in'Y.

Proof. We show that the image of Al‘é‘ is B-multiplication
intuitionistic of fuzzy subalgebra in Y, since AIE;" is B-
multiplication intuitionistic of fuzzy subalgebra in X and for
any a,b € X there exist d,y € Y such that

f@ =0 ,f(b) = y,then

(1) @ ¥ y) = (ua)p (f @) # f(b))
>min{ (ua)g' (f (@), (m (f ()}
= min{(ua)g' (@), (k) ()}, and

@ #'y) = (va)p (f @)+ f(b))
<max{(va)§ (f (@), va)§ (f (b))}
= max{ (va)§' (@), VA§ 3}

Hence the image of AIL‘;I is fuzzy subalgebrain Y. l

Theorem 5.4, Letf: (X;*x,a) » (Y;*',a') bea
homomorphism of BZ-algebra X into BZ-algebra Y.

IFAY = {(8, () (@), (W)} (8)) | @ € X} s B-
multiplication intuitionistic of fuzzy subalgebra in Y, then
the pre-image of All‘;l is B-multiplication intuitionistic of
fuzzy subalgebra in X.
Proof. We show that (A"é[)fis B-multiplication
intuitionistic of fuzzy subalgebra in X, since A“é‘ is B-
multiplication intuitionistic of fuzzy BZ-ideal in Y and let
J,yeX,
()@ *y) = (R (F(@ *y))
= (ma)g (f )+ F()
>min {(ua)' (£(9)), (mad g (f )}
=min {((ta)§)” (@), ((madg)’ ()}, and
(E) (@ *y) = (A (f(@ *y))
= (vaF (F@) * f()
<{OF(F(@)), VF(F3)}
={(va)) (@), (V)Y 3} -
Hence (A})/ is fuzzy subalgebra in X. l
Theorem 5.5. Letf: (Xxa) - (V;+',a’) bea
homomorphism of BZ-algebras. If
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BY% ={(0,(up)'s, (v8)')| x eX} is B-multiplication
intuitionistic of fuzzy BZ-ideal of Y, then the preimage
FHBE = F((e)E), £ ((ve)§)) of By' under £ in X
is B-multiplication intuitionistic of fuzzy BZ-ideal of X.
Proof. Forall 0 € X,

UM @) = MR @)

< (1)} (0 = ()} (@)

= £ ((up) ) (@) and
FHIRIN@) = (p)N(f(@))

> () (@) = W)} (f(«))
= () (@.
Letd,y,ze X, then

F @ *2) = )Y (F@ *2))

= min{(u)f ((F0) = 'F () *

F@), W) FO))
> min{(up)g (f ((@ *y) *2), ((us)§ (f )}
= min{(f " (u)}) (@ *¥) *
2), (F ()} ()} and
FH )0 *2) = ()Y (f(@ *2)
< max{(va)} ((F(@) «'F®)) *
F@), V) FON}
> max{(ve)} (£ (0 *y) *2), V)Y (fF ()}
= max{f 1 (va)}) (@ *)
+2), F (VR 3}
Hence, f*(B)Y = (f 7 ((ua)}), f~H ((veDY)) is -

multiplication intuitionistic of fuzzy BZ-ideal of X. W

Theorem5.6. Letf: (X;x,a) —» (Y;*',a’) bean
epimorphism of BZ-algebras. If

A% ={@, (1), (va))| x €X} is B-multiplication
intuitionistic of fuzzy BZ-ideal of X, then

FARD=(f (AR, F((va)§)) of Ais a fuzzy BZ-ideal of
Y.

Proof. Forany a€ X, there exists y € Y such that f(a) =
y, then

F(DPY® = () (f(@)

= 7 (f((a)g) @

= (ma)p @) < (ma)p (@)

=f 1 (f ((1a)) (@

= f(()B) (f (@) = F((ma)F) () and
F(RH ) = F(vR(f(@)

= (f(vaR) @

= (va)p @) = (Vo) (@

= (f () (@

= F(vADD (@) = F((vaEH (@) .

Letd,y,z€ Y, then f (a)=0 and f (b)=y and f (c) =z for

some a, b, ¢ € X, thus

FADI@ *2) = F(DH(F@ * £(0)
= F(F ()@ o)
= ()} (a*0)
> { (¥ (@ *b) = ), (L)F ()}
= () (G *b) »
o), fH(f ((ua)§) (02}
= ((F(@R) ((F@ = 'f ) =

F©), (F () (f 0))}

FII(@ ' y) * 2), ()Y ()} and
FIDI@ *2) = FD(f@ + £()

= (D)@ *0) = (vaYi(a *c)

< { @ (@xDb) xc), v )}

= (7 (FvD¥) (@ b)
#0), fH(F () ()}

= (SN ((F@ ' F ) +
F©), fF (R (F®))}

= (F(ODF(@ 'y * '), FDF D}

Hence f(AR)=(f((ma)p), f((va)R)) is a fuzzy BZ-
ideal of Y. H

6- CARTESIAN PRODUCT OF f-MULTIPLICATION
INTUITIONISTIC OF FUZZY BZ-IDEALS.

In this section, we will discuss, investigate a new notion
called Cartesian product of a-translation of intuitionistic
fuzzy BZ-ideals and we study several basic properties which
related to a-translation of intuitionistic fuzzy BZ-ideals.

Definition 6.1.[1] . Let§ and A be are two fuzzy subsets
in the set X. the Cartesian product § X A : X X X — [a, 1] is
defined by,

SXA,y) ={6(0),A(y)} foralld,yeX.

Definition 6.2. LetAf =

{(@,(8a)F (@), M) (@) | @ €X}and B =
{(0,(8p)F' (@), Ap)E (9)) | @ € X} are two B-
multiplication intuitionistic of fuzzy subsets of X, and €
(a, 1), the Cartesian product

AR x B = (XXX, (84 X 8p)§, (Aa X Ag)g') such that
(Ba X B)p:X x X = [a, 1] is defined by (8, x

53)}\3/[(6 y) ={ (5A)'§[(6 ), (513)][\34(}’)} =
{B.64(0),B.65(0)} and (A4 X AB)g‘:X XX - [a,1] is
defined by

(Aa % }\B)I[\s/l(a y) = { (?\A)'EI(B ), (7\13)1(\34(}’)} =
{B.Aa(0),B.2g(0 )} forall 6,y eX.

Remark 6.3.  Let (X;* ) and (Y;* ', a") be BZ-algebras,
we define " ¢ " on X X Y by: For every (@,y), (u, v)X X
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Y,(@,y) ¢ (u,v) = (0 *u,y ' v) then clearly (X X Y,o
, (0, a)) is a BZ-algebra.

Proposition 6.4.[3].  Let Aj =
{@,(6A)F (@), M) (@) ] 0 €X}and
By' = {(9,(8p)E (@), Ae)§ (@) | 0 € X} are -
multiplication intuitionistic of fuzzy subalgebras of X,
then A}’ x By' is fuzzy subalgebra of X x X.
Proof. Let (04,0,), (y1,v2) € XXX, then
(8a X 58)1[\34((6 10 2) * (Y1,¥2))
= (85 X 58)1&4(0 1*Y1,0 2 xy>)
:{(‘SA)EA(B 1*Y1) (BB)?}A(G 2 *¥2)}
> {min{(85 X 8,)5' (9 1), (8 X 8)f (y1)}, min{(8p X
8p)p (0 2), (B X 8p)§ (v2) 1}
= {min{(84 X 82)§'(9 1), (85 X 8p)§ (@ 2)}, min{(55 %
8a)p (y1), (85 X 8p)§ (v2) 1}
= {min{(8, X 88)1(\34(6 1,0 2),(8a X 83)1[;4(}’1:}’2)} and

(Aa X 7\3)11\3/[((6 102) * (y1,¥2))
=5 X 7\3)1[\34(3 1*Y1,02%Yy;)
= {(AA)EA(a 1*Y1), (AB)I[;/I(O 2*y2)}
< max{ (Ay X }\A)I[\S/[(a D} A % AA)EA (y1)} max{(Ag X
7\13)1[\54(6 2), (Ag % )\B)EA(YZ)}}
= max{(Ay X 7\3)1[\34(3 1,02),(Ag X 7\3)1;\34(3/1» y2)} W

Proposition 6.5. [3].  Let Af =
{@,(6A)F (@), M) (@) ] 0 €X}and
BE' = {(0,(8p)§ (@), (Ag)f (3)) | 0 € X} are B-
multiplication intuitionistic of fuzzy BZ-ideals of X,
then A x BR' is fuzzy BZ-ideal of X x X.
Proof. Foralld €X,
(84 X SB)EA(‘X' o) = { (SA)EA(‘X)' (BB)EA(O()}
> { (8a)F (@), Be)p )}
= (8a X 88)1(\34(6 ,y)and
(Aa X Ap)p (o, 0) = { AW (@), Ap)g (W)}
< { QWF @), Ce)F 0}
=(Aa X 7\3)1[;4(6 ) Y)-
Now, let(d 1,0 ,), (v1,V2), (z1,2,) € X X X, then
(64 X 58)?34((6 1,0 2) * (21,73))
= (8a X% 58)1[\;4(6 1%721,0 5 %2Z3)
:{(SA)E/I(6 1%71), (BB)E/I(a 2 *73)}
> {min{(85 X 8,5 (@ 1 *y1) * 21), (B X
8a)p (1)}, min{(8g X 8) (0 2 * y2) * 25), (8 X
8p)p (v2) 1}
= {min{(85 % SB)E/I(((a 1% Y1) * Z1), ((6 2% Y2) *
Zz))}' min{(8, X 88)11;4(}’1’}’2)}}

=min{(8x x 8p)} (((01,02) * (y1,¥2)) *
(21,25)), (84 X 85)} (v1,y2)} and

(Aa % AB)IE;A((G 1,0 2) * (21,23))
= % AB)EA(a 1%721,0 5 % Z3)
= {(AA)I(\;/I(a 1%74), (AB)IEI(a 2 *73)}
< max{ (A, X AA)EA(((? 1*y1) *21)} (A X
7\1;)1[\3/l (y1)} max{(Ag X )\B)EA((a 2 *Y2) *72), (A X
}\B)EA(YZ)}}
= max{{ (Ay X AB)IE;A(((G 1*Y1) *Z1), ((6 2 %Y2) *
Zz))}: max{(Ag X }\B)I[\SA(YPYZ)}}
=min{(a x 2D} (91,0 2) * F1,y2)) *

(22,72)), O X M) (71,2} - W

Definition 6.6.  LetA} =

{(0,(8a)F (), () (@) | @ €X}and By =

{(@, (SB)E"(G ), (AB)}‘;" (0))| 0 € X}are B-multiplication
intuitionistic of fuzzy subsets of BZ-algebra X, for s, t €
[o,1] and B € («, 1) the set

Up( 84 % 85,8) ={(8,y) € XX X|B. (84 x 85(0,y)) =
t } is called g-multiplication of upper level of Ug( 6, X
Sg, t) and

Lg(Aa X Ag,5) = {(2,y) € XX X|B.(Aa X A(3,y)) < s}
is called g-multiplication of lower level of Lg (A, X
}\B, S).

Proposition 6.7. Let A} =
{(0,(8a)F' (), Ra)g (@) | @ €X}and By =
{(@,(8s)F (D), Ap)g (8))| @ €X} are B-multiplication
intuitionistic of fuzzy subalgebras of X, then the nonempty
set Ug(( 84 X 6g,s) and the nonempty set Lg (A4 X Ag, t) are
subalgebras of X, forany t,s € [a, 1].
Proof. Let AR and Bg' are g-multiplication intuitionistic of
fuzzy subalgebras of X, therefore (3 1,9 ,), (y1,V2) € X X X,
t,s € [a, 1], such that
(01,02), (y1,y2) € Ug( 84 X 8g,t) that mean {f.(8, X
8)(01,0,)} = tand {B. (8o X 8p)(y1,y2)} = t, then
B- (84 x8p)((01,02) * (y1,¥2)) = PB. (84 x 8p)(0 1 *

Y1,0 2 *¥2)

= B.-min{ 5,(0 1 *y1),85(0 ; xy,)} = t.

Therefore (9 1 *y;,0 , *y,) € Ug( 84 X 8g,t) . Hence
Up((65 X 8g,t) is subalgebra of X x X.

In a similar way, we can prove that Lg (A4 X Ag, s) is
subalgebra of X x X. W

Proposition 6.8.
Let AF = {(@,(8A)5(9), Aa)g (@))| @ €X}and

Bg' = {(9,(88)§ (@), (Me)§ ()| 0 €X} are -
multiplication intuitionistic of fuzzy BZ-ideals of X, then

L./
www.ijeais.org/ijamsr

76



International Journal of Academic Management Science Research (IJAMSR)
ISSN: 2643-900X
Vol. 7 Issue 1, January - 2023, Pages: 67-77

the nonempty sets Ug( 8, X 8p,t) and Lg (A4 X Ag,s) are [5] Hameed, AT, 2016., AT-ideals and Fuzzy AT-
BZ-ideals of X, for any t,s € [a, 1]. ideals of AT-algebra, LAP LEMBRT Academic
Proof. Let A} and B} are g-multiplication intuitionistic Publishing, Germany.

[6] Hameed, A.T., 2019, Intuitionistic Fuzzy AT-ideals
of AT-algebras , LAP LEMBERT Academic
Publishing , Germany.

of fuzzy subalgebras of X,
Let A} and Bp' are g-multiplication intuitionistic of fuzzy

BZ-ideals of X, therefore for any (9,y) € X x X, forall [71  Mostafa, S.M. Abd-Elnaby M.A. and Elgendy, ,O.R. ,
ts € [a,1] 2011, intuitionistic fuzzy KU-ideals in KU-algebras
{B- (84 x 8p)(a, @)} = { B.85(c), B. 5p(c)} , Int. J. of Mathematical Sciences and Applications,
> {B.84(0),B.65(y) }=B.(84 x 85(0,y) and 1(3), 1379-1384.
[8] Senapati, T., M. Bhowmik, and M. Pol, 2015,

{B-(Aa x Ag) (0, )} = {B.Aa (), B.Ag ()} } Atanassov’s intuitionistic fuzzy translations of

< {B-2a(0),B-As (1)} = B- (Aa X A) (0, ¥). intuitionistic fuzzy subalgebras and ideals in

BCK/BCl-algebras, Journal EURASLIAN
Let (04,0 2), (v1,¥2), (21,22) € X XX, such that MATHMATICAL, Vol. 6, No. 1, 96-114.
(((0 1,0 2) * (y1,¥2)) * (21,2;)) € Ug (84 X 8p,t) and [9] Senapati, T., M. Bhowmik, and M. Pol, 2013,
(y1,¥2) € Ug(84 X 8g,1) , then Atanassov’s intuitionistic fuzzy translations of
B.(8a % 8p)((01,02) * (21,2,)) intuitionistic fuzzy H-ideals in BCK/BCl-algebras
= B.(84 % 8p)(01%21,0 2 *2,) Vol.19, No. 1, 32-47.

> B. min{( 84 X 85)((@ 1,8 5) * (y1,v2)) * (21, 22)), (84 X [10] BZagggsl)_s? ,1965, Fuzzy sets, Inform. And Control,

88) (Y1, y1)}
= B. min {min{8,((91 * y1) *21), 8a(y1)}, min{8g (0 , *
Y2) * Z3),85(y2)}}
= B.min{min{ ¢, t}, min{¢, t}} = B.t.
Thus (01,0 2) * (21,2,) € Ug( 84 X 85, 1), then Ug (15, X
8p, t) is subalgebra of X. And
(((01,0 2) * (y1,¥2)) * (21,2;)) € Lg(Aa X Ag,s) and
(y1,¥2) € Lg(Aa X Ag,s) ,then
B. O X 25)((01,05) * (21,2,))

= B.(Aa X2Ag)(0 1 24,0 5 % 2,)
> B. min{( A, X 7\3)((6 1,02) * (Y1’Y2)) *(21,72)), (Aa X
Ag)(y1,y1)}
= B. min {min{25((0 1 * y1) * 21), Aa(y1)}, min{Ag (3  *
y2) *72), A (y2)}}
= B.min{min{ s, s}, min{s, s}} = B.s.
Thus (01,0 2) * (21,2,) € Lg(As X Ag,s), then Lg(A, X
Ag, s) is subalgebra of X. W
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