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Abstract: The main goal of this research is to study convex sets and convex functions and learn the properties and applications of 

each of them, know the importance and properties of each of them, give examples of convex sets and functions, then mention their 

code in the MATLAB language, then show the applications of each of the sets and convex functions in multiple specializations. 

Keywords: sets convex, convex function, properties of convex Sets and Functions ,Applications of convex sets and functions. 

1. Introduction 

       Convex sets and convex functions are fundamental concepts in mathematics and optimization theory. They play a crucial role 

in various fields, including mathematics, economics, engineering, and computer science. 

The study of sets and convex functions is of utmost importance in various fields of mathematics, science, engineering, and 

optimization for several reasons, including optimization theory, where sets and convex functions are a fundamental element of 

optimization theory. It provides a rich framework for addressing a wide range of real-world optimization problems. The importance 

of convexity lies in the fact that it guarantees the existence of a global minimum or maximum, which simplifies the optimization 

process. As well as its role in global optimization, where convex functions have a unique global minimum, which is a very important 

feature in the optimization process. This ensures that the optimization algorithms converge to the best possible solution, and there 

are no concerns about stumbling upon the local optimal solution. Its importance in machine learning and data science is that many 

machine learning algorithms rely on convex loss functions and regularization techniques, ensuring that training models converge to 

the globally optimal solution. Examples include linear regression, logistic regression, and support vector machines. In general, the 

study of sets and convex functions is essential due to their widespread applications, their guarantee of global optimality, and their 

role in making complex optimization problems solvable. It provides a unified framework for addressing a wide range of problems 

in diverse disciplines, and is an essential tool for researchers, engineers, and analysts in various industries ;[1,5]. 
 
2.Convex Sets 

Let .nS  If the line segment between any two points in S lies in S i.e 

   1 2 1 21 ,     , , 0,1x x S x x S          

then S is said to be convex set . It can be shown that a set .nS  is convex if  and only if for any 1,..., nx x S  the convex 

combination [1]. 
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2.1 Examples of convex sets  
1. The entire space of real numbers, . 

2. A closed interval [a, b] in . 

3. A convex polygon in Euclidean space. 

4. The set of all non-negative vectors in 
n

. 

 

2.2.convex hull 
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The convex hull of a set 
nS  is denoted conv(S) and is the smallest convex set that contains S. The convex hull of a set S is 

the set of all convex combinations of points in S;[1]; that is, 
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Figure 1: Convex set and nonconvex set 

 

 

 

2.3. Code Convex Set in MATLAB 

% Define the vertices of a convex polygon 

vertices = [1, 1; 2, 3; 4, 2; 3, 1.5; 1.5, 1]; 

% Check if the polygon is convex (optional) 

I Convex = is polycw (vertices(:,1), vertices(:,2)); 

if is Convex 

    % Plot the convex polygon 

    figure; 

    fill(vertices(:,1), vertices(:,2), 'b'); % Fill the polygon with blue color 

    xlabel ('x'); 

    ylabel ('y'); 

    title('Convex Set: Convex Polygon'); 

    axis equal; % Equal aspect ratio 

    grid on; 

else 

    fprintf ('The provided vertices do not form a convex polygon.\n'); 

end 

 

3.Convex Functions 

Let 
nS  be a nonempty convex set. If :f S   satisfies 

      1 2 1 2 1 21 ( ) 1 ( ),    , , 0,1f x x f x f x x x S             , 

then f is said to be a convex function on S. If the above inequality is true as a strict inequality for and for all 1 2x x  and all 

 0,1  , then f is called a strictly convex function on S. If there is a constant b > 0 such that for all 
1 2,x x S ; and for all 

 0,1  , 

      
2

1 2 1 2 1 21 ( ) 1 ( ) 0.5 1f x x f x f x b x x             . 

then f is called strongly convex function on S. A function f is concave if – f is convex [1,4]. 
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Figure 2: Convex Functions 

 
3.2. Convex functions have some important properties: 

Indeed, convex functions have several important properties that make them valuable in various fields of mathematics, 

optimization, and practical applications. Here are some of the key properties of convex functions [1,4.6]: 

1. Global Minimum Convex functions have a unique global minimum, meaning there is only one point where the function attains its 

smallest value over its entire domain. This property simplifies optimization tasks because it ensures that there is a single, optimal 

solution. 

2. No Local Minima: Convex functions do not have local minima other than the global minimum.  

In other words, any local minimum is also a global minimum. This property contrasts with non-convex functions, which can have 

multiple local minima, making optimization more challenging. 

 

3.Tangent Lines Always Lie Below the Curve: At any point on the graph of a convex function, the tangent line at that point will 

always lie below the curve. This property is captured by the inequality: 

( ) ( ) ( )( )f y f x f x y x    for all y domain of f 

This property characterizes the convexity of the function and is useful for proving convexity. 

4.Jensen's Inequality: Convex functions satisfy Jensen's inequality, which states that for any convex function f and any random 

variable X, the expected value of f(X)is greater than or equal to f applied to the expected value of \(X\): 

    ( )E f X f E X  

This property has applications in probability theory, statistics, and information theory. 

 

5. Convex Combination Preserves Values:  If \(f\) is a convex function and 1 2, , nx x x are points in its domain, then for any 

non-negative weights 1 2, , n   such that 1 2, , nx x x the following inequality holds: 

       1 2 1 21 2 1 2n n n nf x x x f x f x f x             

  This property is a consequence of the convexity of the function and is used in optimization and decision-making contexts. 

6. Second Derivative Test: For twice-differentiable functions, a function f is convex if and only if its second derivative (Hessian) is 

positive semi-definite, meaning all its eigenvalues are non-negative. 

7. Convex Composition: The composition of a convex function with an affine (linear) function remains convex. In other words, if  f 

is convex and A is an affine function (linear function plus a constant), then g(x) = f(A(x)) is also convex. 

Understanding these properties of convex functions is crucial for both theoretical and practical purposes, as they provide guarantees 

about the behavior of the function and enable efficient optimization and decision-making in various fields, including mathematics, 

economics, engineering, and machine learning. 

Convex functions have some key properties. Here are a few common examples of convex functions: 

3.3.example of convex functions 

1. Linear Functions: 

   - A linear function is always convex. It takes the form f(x) = ax + b, where a and bare constants. 

   - Example: f(x) = 2x + 1. 

2. Quadratic Functions: 

   - Quadratic functions are convex if the coefficient of the quadratic term is positive. 
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   - Example: f(x) = x2 + 2x + 3 is convex because the coefficient of x2 is 1, which is positive. 

3. Exponential Functions: 

   - Exponential functions of the form `f(x) = e^(ax)` are convex if `a` is non-negative. 

   - Example: f(x) = e(2x) is convex because 2 is non-negative. 

4. Logarithmic Functions: 

   - Logarithmic functions of the form f(x) = -log(x) are convex for x > 0. 

   - Example: f(x) = -log(x) is convex for x > 0. 

 

5. Power Functions: 

   - Power functions with a positive exponent are convex on their domain. 

   - Example: f(x) = x^3 is convex for all real numbers. 

6. Affine Functions: 

   - An affine function is the sum of a linear function and a constant. It is always convex. 

   - Example: f(x) = 2x + 3. 

7. Piecewise Convex Functions: 

   - Functions that are convex on separate intervals but not necessarily globally convex. 

   - Example: f(x) = x2 for x ≥ 0 and f(x) = -x2 for x < 0. 

Remember that the convexity of a function depends on the domain it's defined on, and the examples provided above assume certain 

domains. The convexity of a function can also be analyzed mathematically using the second derivative test, where a function is 

convex if its second derivative is non-negative. 

3.4. Code Convex Function in MATLAB 

% Define a convex function (e.g., a quadratic function) 

% f(x) = ax^2 + bx + c 

a = 1; b = 2; c = 1; 

% Generate x values 

x = linspace (-10, 10, 100); % Adjust the range as needed 

% Compute the corresponding y values 

y = a * x.^2 + b * x + c; 

% Plot the convex function 

figure; 

plot(x, y, 'b-', 'LineWidth', 2); 

xlabel('x'); ylabel('f(x)'); 

title ('Convex Function: f(x) = ax^2 + bx + c'); 

grid on; 

 

4.Applications of convex sets and functions  
Convex sets and convex functions have wide-ranging applications in various fields, including optimization, economics, machine 

learning, engineering, and more. Here are some key applications of convex sets and functions: 

1. Convex Optimization: Convex optimization is the most direct and common application of convex sets and functions. 

Optimization problems where the objective function and constraints are convex are particularly attractive because they guarantee a 

global minimum. Applications include: 

   - Portfolio optimization in finance. 

   - Linear programming for resource allocation and logistics. 

   - Support vector machines in machine learning. 

   - Maximum likelihood estimation in statistics. 

2. Economics: 

   - Microeconomics: Convexity plays a critical role in utility functions and production functions.  

      It helps economists model consumer preferences and firm behavior more accurately. 

   - Game Theory: Convex games have important applications in economics and provide insights into  

      cooperative and non-cooperative games. 

3. Machine Learning: 

   - Convex Loss Functions: Many machine learning algorithms, such as linear regression and logistic  

     regression, use convex loss functions. This ensures that optimization problems during training have  

     a unique global minimum. 

   - Regularization: L1 and L2 regularization techniques are used to add convex penalty terms to the  
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    loss function, promoting sparsity and preventing overfitting. 

   - SVMs: Support Vector Machines use convex optimization to find the optimal hyperplane that  

      separates classes in classification problems. 

4. Signal Processing: 

  Convex optimization is employed in signal processing tasks like demising, deburring, and  compressive sensing. 

5. Engineering: 

   - Control Systems: Convex optimization is used in designing controllers for systems with constraints, 

     such as aircraft control and robotics. 

   - Structural Design: Convex optimization helps in optimizing the design of structures while adhering  

   to safety constraints. 

6. Physics and Chemistry: 

   - Molecular Geometry: Determining the most stable configuration of atoms in a molecule can be  

     framed as a convex optimization problem. 

   - Energy Minimization: In various physical systems, finding the state with the lowest energy involves  

     solving convex optimization problems. 

7. Transportation and Logistics: 

   - Route Optimization: Convex optimization techniques are applied to find the most efficient routes for  

     transportation and logistics networks. 

   - Facility Location: Locating warehouses, factories, or service centers to minimize transportation costs     

     is often formulated as a convex optimization problem. 

8. Wireless Communications: Convex optimization is used in resource allocation for wireless communication networks to 

maximize throughput while managing interference and power constraints. 

9. Image and Video Processing: 

   - Image Denoising: Convex optimization algorithms are applied to remove noise and enhance image  

     quality. 

   - Image Registration: Aligning and merging images from different sources is often done using convex  

     optimization techniques. 

10. Statistics: 

   - Estimation: Convexity is useful for constructing estimators, such as the least squares estimator in 

        linear regression. 

In summary, the concept of convexity, both in sets and functions, is a fundamental tool in many areas of science, engineering, and 

mathematics. Convex optimization, in particular, is a powerful technique for solving complex real-world problems with guarantees 

of optimality and efficiency. Understanding convexity is essential for practitioners in these fields to tackle a wide range of 

optimization challenges effectively. 

5.Conclusion 

studying convex sets and functions is essential due to their pervasive applications, their guarantee of global optimality, and their role 

in making complex optimization problems tractable. They provide a unifying framework for addressing a wide range of problems in 

diverse disciplines and are a fundamental tool for researchers, engineers, and analysts across various industries. 
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