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Abstract: In this paper, we use Dziok-Srivastava operator ][ 1, sqH  to introduce a new subclass 𝐺�̅�(𝛼1, 𝜆, 𝛿, 𝛽) of harmonic 

univalent functions in unit disk  1:  zzU . Here, we give the coefficient bounds, extreme points, closure theorem, convex 

combinations and integral operator. 
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1_Introduction:  

A continuous complex valued functions ivuf   which is define in a simply connected complex domain D is said to be harmonic 

in D if both u  and v  are real harmonic in D. In any simply connected domain we can write  

)1.1(                                                                                                     ,)()()( zgzhzf   

where h  and g  are analytic in D. We call h  the analytic part and g  the co-analytic part of f . A necessary and sufficient condition 

for f  to be locally univalent and sense-preserving in D is that )()( zgzh   in D (see [4]). 

Denote by 𝐺𝐻, the class of functions f  of the form (1.2) that are harmonic univalent and sense-preserving in the unit disk 

 1:  zzU  for which 01)0()0(  zff . For
 
𝑓 = ℎ + �̅�  ∈ 𝐺𝐻 , we may express 

𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑘𝑧𝑘

∞

𝑘=2

+ ∑ 𝑏𝑘𝑧𝑘̅̅ ̅̅ ̅̅
∞

𝑘=1

, |𝑏1| < 1,                                                                               (1.2) 

where the analytic functions h  and g  are of the form:  

ℎ(𝑧) = 𝑧 + ∑|𝑎𝑘|𝑧𝑘

∞

𝑘=2

, 𝑔(𝑧) = ∑|𝑏𝑘|𝑧𝑘̅̅ ̅
∞

𝑘=1

, |𝑏1| < 1,                                                               (1.3) 

In 1984 Clunie and Sheil-Small [4] investigated the class 𝐺𝐻 as well as its geometric subclass and obtained some coefficient bounds. 

For positive real values of q ,...,1  and  ),...,2,1,...};2,1,0{(,..., 01 sjzjs   , we now define the generalized 

hypergeometric function );,...,;,...,( 11 zF sqsq   by (see, for example, [6]) 

);,...,;,...,( 11 zF sqsq  = ∑
(𝛼1)𝑘…(𝛼𝑞)

𝑘

(𝛽1)𝑘…(𝛽𝑠)𝑘

∞
𝑘=0

 𝑧𝑘

𝑘!
, (𝑞 ≤ 𝑠 + 1; 𝑞, 𝑠 ∈ 𝑁° = 𝑁 ∪ {0}, 𝑁 = {1,2, … }; 𝑧 ∈ 𝑈) 

where na)(  is the pochhammer symbol defined by  
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Corresponding to the function );,...,;,...,( 11 zh sq   defined by  

zzh sq );,...,;,...,( 11  );,...,;,...,( 11 zF sqsq  , 

which is defined by following Hadamard product (or convolution) for )(z  in the form: 

)(),...,;,...,( 11 zH sq  ),(*);,...,;,...,( 11 zzh sq   

or 

𝐻(𝛼1, … , 𝛼𝑞; 𝛽1, … , 𝛽𝑠)𝑄(𝑧) = 𝑧 + ∑ Γ𝑘

∞

𝑘=2

(𝛼1)∅𝑘 𝑧
𝑘 , 

where  

Γ𝑘(𝛼1) =
(𝛼1)𝑘−1 … (𝛼𝑞)

𝑘−1

(𝛽1)𝑘−1 … (𝛽𝑠)𝑘−1

 
1

(1)𝑘−1

, (𝑘 ≥ 2),                                                                                  (1.4) 

If, for convenience, we write  

)5.1(                                                                                          ).,...,;,...,(][ 111, sqsq HH    

The linear operator ][ 1, sqH  (see [3]), was introduced and studied by Dziok and Srivastava [5]. 

Al-kharsani and Al-khal [2] defined the modified Dziok-Srivastava operator of the harmonic function ghf  , where h  and g  

given by (1.3) as follows: 

)6.1(                                                                    .)(][)(][)(][ 1,1,1, zgHzhHzfH sqsqsq    

Also let 𝐺�̅� denote the subclass of 𝐺𝐻 consisting of functions ghf   such that the functions h  and g  are of the form:  

ℎ(𝑧) = 𝑧 − ∑|𝑎𝑘|𝑧𝑘

∞

𝑘=2

, 𝑔(𝑧) = − ∑|𝑏𝑘|𝑧𝑘̅̅ ̅
∞

𝑘=1

, |𝑏1| < 1,                                                               (1.7)

 

By using the modified Dziok-Srivastava operator ][ 1, sqH  defined by (1.6), Al-khal [1] introduced and studied the class 

𝐺𝐻(𝛼1, 𝜆, 𝛿, 𝛽), consisting of functions ghf   such that h  and g  are given by (1.3) and f  satisfies the condition: 

𝑅𝑒 {
𝑧(𝐻𝑞,𝑠[𝛼1]𝑓(𝑧)′′ + 𝜆(𝐻𝑞,𝑠[𝛼1]𝑓(𝑧))′

(𝐻𝑞,𝑠[𝛼1]𝑓(𝑧))′ + 𝛿𝑧(𝐻𝑞,𝑠[𝛼1]𝑓(𝑧))′′
} ≥ 𝛽,                                                                          (1.8) 

where  0 ≤ 𝜆 ≤ 1 ,0 ≤ 𝛿 ≤ 1 ,0 ≤ 𝛽 < 1 𝑎𝑛𝑑 𝛼 ∈ 𝑅. 

Let 𝐺�̅�(𝛼1, 𝜆, 𝛿, 𝛽) be the subclass of 𝐺𝐻(𝛼1, 𝜆, 𝛿, 𝛽),  

where  

𝐺�̅�(𝛼1, 𝜆, 𝛿, 𝛽) =  𝐺�̅� ∩ 𝐺𝐻(𝛼1, 𝜆, 𝛿, 𝛽). 

First, we obtain a sufficient bound for harmonic functions in the class 𝐺𝐻(𝛼1, 𝜆, 𝛿, 𝛽). 

2- Coefficient bounds: 

In the following theorem, we find a coefficient bounds for functions in the class 𝐺𝐻(𝛼1, 𝜆, 𝛿, 𝛽). 
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Theorem (1): Let ghf   be given (1.3). 

If  

∑ 𝑘[𝛿(𝑘 − 1) + 1]Γ𝑘(𝛼1)|𝑎𝑘|

∞

𝑘=2

+ ∑ 𝑘[𝛿(𝑘 − 1) + 1]Γ𝑘(𝛼1)|𝑏𝑘|

∞

𝑘=1

≤ 1,                           (2.1) 

where 0 ≤ 𝛿 ≤ 1 ,0 ≤ 𝛽 < 1 𝑎𝑛𝑑 𝛼 ∈ 𝑅. 

Then f  is harmonic univalent sense preserving in U and
 
 𝑓 ∈ 𝐺𝐻(𝛼1, 𝜆, 𝛿, 𝛽).  

Proof: Suppose that the inequality (2.1) holds true and .1 rz  

Using the fact that 𝑅𝑒(𝑤) ≥ 𝛽 if and only if |1 − 𝛽 + 𝑤| ≥ |1 + 𝛽 − 𝑤|, it suffices to show that  

|𝐴(𝑧) + (1 − 𝛽)𝛽(𝑧)| − |𝐴(𝑧) − (1 + 𝛽)𝛽(𝑧)| ≥ 0 

where 

𝐴(𝑧) = 𝑧(𝐻𝑞,𝑠[𝛼1]𝑓(𝑧)′′ + 𝜆(𝐻𝑞,𝑠[𝛼1]𝑓(𝑧))′, 

and  

𝐵(𝑧) = (𝐻𝑞,𝑠[𝛼1]𝑓(𝑧))′ + 𝛿𝑧(𝐻𝑞,𝑠[𝛼1]𝑓(𝑧))′′. 

Substituting for A(z) and B(z) in above inequality, we get 

|𝐴(𝑧) + (1 − 𝛽)𝛽(𝑧)| − |𝐴(𝑧) − (1 + 𝛽)𝛽(𝑧)| = 

|(𝜆 − 𝛽 + 1) − ∑ 𝑘[𝑘 + 𝜆 − 1 + (1 − 𝛽)(𝛿𝑘 − 𝛿) + (1 − 𝛽)]

∞

𝑘=2

Γ𝑘(𝛼1)𝑎𝑘𝑧𝑘−1   

− ∑ 𝑘[𝑘 + 𝜆 − 1 + (1 − 𝛽)(𝛿𝑘 − 𝛿) + (1 − 𝛽)]

∞

𝑘=1

Γ𝑘(𝛼1)𝑏𝑘𝑧−𝑘−1| 

− |(𝜆 − 𝛽 − 1) − ∑ 𝑘[𝑘 + 𝜆 − 1 − (1 + 𝛽)(1 + 𝛿(𝑘 − 1))]

∞

𝑘=2

Γ𝑘(𝛼1)𝑎𝑘𝑧𝑘−1   

− ∑ 𝑘[𝑘 + 𝜆 − 1 − (1 + 𝛽)(1 + 𝛿(𝑘 − 1))]

∞

𝑘=1

Γ𝑘(𝛼1)𝑏𝑘𝑧−𝑘−1| 

≤ (𝜆 − 𝛽 + 1) − ∑ 𝑘[𝑘 + 𝜆 − 1 + (1 − 𝛽)(𝛿𝑘 − 𝛿) + (1 − 𝛽)]

∞

𝑘=2

Γ𝑘(𝛼1)|𝑎𝑘||𝑧|𝑘−1

− ∑ 𝑘[𝑘 + 𝜆 − 1 + (1 − 𝛽)(𝛿𝑘 − 𝛿) + (1 − 𝛽)]

∞

𝑘=1

Γ𝑘(𝛼1)|𝑏𝑘||𝑧|−𝑘−1 

−(𝜆 − 𝛽 − 1) + ∑ 𝑘[𝑘 + 𝜆 − 1 − (1 + 𝛽)(1 + 𝛿(𝑘 − 1))]

∞

𝑘=2

Γ𝑘(𝛼1)|𝑎𝑘||𝑧|𝑘−1   

+ ∑ 𝑘[𝑘 + 𝜆 − 1 − (1 + 𝛽)(1 + 𝛿(𝑘 − 1))]

∞

𝑘=1

Γ𝑘(𝛼1)|𝑏𝑘||𝑧|−𝑘−1 

= 2 − 2 ∑ 𝑘[𝛿𝑘 − 𝛿 + 1]

∞

𝑘=2

Γ𝑘(𝛼1)|𝑎𝑘| − 2 ∑ 𝑘[𝛿𝑘 − 𝛿 + 1]

∞

𝑘=1

Γ𝑘(𝛼1)|𝑏𝑘| ≥ 0 
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∑ 𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=2

Γ𝑘(𝛼1)|𝑎𝑘| + ∑ 𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=1

Γ𝑘(𝛼1)|𝑏𝑘| ≤ 1, 

by hypothesis. Then by maximum modulus theorem, we have  𝑓 ∈ 𝐺𝐻(𝛼1, 𝜆, 𝛿, 𝛽). 

The harmonic function 

𝑓(𝑧) = 𝑧 − ∑
𝑥𝑘

𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=2

𝑧𝑘 − ∑
𝑦𝑘

𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=1

𝑧𝑘̅̅ ̅,                                                      (2.2) 

Where  

∑|𝑥𝑘|

∞

𝑘=2

+ ∑|𝑦𝑘|

∞

𝑘=1

= 1, 

Shows that the coefficient bound given by (2.1) is sharp. The functions of the form (2.2) are in the class  𝐺𝐻(𝛼1, 𝜆, 𝛿, 𝛽), because 

∑ 𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=2

Γ𝑘(𝛼1)
|𝑥𝑘|

𝑘[𝛿(𝑘 − 1) + 1]Γ𝑘(𝛼1)
+ ∑ 𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=1

Γ𝑘(𝛼1)
|𝑦𝑘|

𝑘[𝛿(𝑘 − 1) + 1]Γ𝑘(𝛼1)
 

                           = ∑|𝑥𝑘|

∞

𝑘=2

+ ∑|𝑦𝑘|

∞

𝑘=1

= 1 

Theorem (2): Let ghf   be given by (1.7). Then
 
  𝑓 ∈ 𝐺�̅�(𝛼1, 𝜆, 𝛿, 𝛽) if and only if  

∑ 𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=2

Γ𝑘(𝛼1)|𝑎𝑘| + ∑ 𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=1

Γ𝑘(𝛼1)|𝑏𝑘| ≤ 1,                                            (2.3) 

where 0 ≤ 𝛿 ≤ 1 ,0 ≤ 𝛽 < 1 𝑎𝑛𝑑 𝛼 ∈ 𝑅. 

Proof: Since  𝐺�̅�(𝛼1, 𝜆, 𝛿, 𝛽) ⊂  𝐺𝐻(𝛼1, 𝜆, 𝛿, 𝛽), we only need to prove the “only if “  part of theorem. Then by (1.8), we have 

𝑅𝑒 {
𝑧(𝐻𝑞,𝑠[𝛼1]𝑓(𝑧)′′ + 𝜆(𝐻𝑞,𝑠[𝛼1]𝑓(𝑧))′

(𝐻𝑞,𝑠[𝛼1]𝑓(𝑧))′ + 𝛿𝑧(𝐻𝑞,𝑠[𝛼1]𝑓(𝑧))′′
} ≥ 𝛽,               

or, equivalently 

𝑅𝑒 {
(𝜆 − 𝛽 + 1) − ∑ 𝑘[𝑘 + 𝜆 − 1 + (1 − 𝛽)(𝛿𝑘 − 𝛿) + (1 − 𝛽)]∞

𝑘=2 Γ𝑘(𝛼1)|𝑎𝑘|𝑧𝑘−1

(𝜆 − 𝛽 − 1) − ∑ 𝑘[𝑘 + 𝜆 − 1 − (1 + 𝛽)(1 + 𝛿(𝑘 − 1))]∞
𝑘=2 Γ𝑘(𝛼1)|𝑎𝑘|𝑧𝑘−1

 

                                                
− ∑ 𝑘[𝑘 + 𝜆 − 1 + (1 − 𝛽)(𝛿𝑘 − 𝛿) + (1 − 𝛽)]∞

𝑘=1 Γ𝑘(𝛼1)|𝑏𝑘|𝑧−𝑘−1

− ∑ 𝑘[𝑘 + 𝜆 − 1 − (1 + 𝛽)(1 + 𝛿(𝑘 − 1))]∞
𝑘=1 Γ𝑘(𝛼1)|𝑏𝑘|𝑧−𝑘−1

} } ≥ 0. 

If we choose z  to be real and ,1z  we get 

(𝜆 − 𝛽 + 1) − ∑ 𝑘[𝑘 + 𝜆 − 1 + (1 − 𝛽)(𝛿𝑘 − 𝛿) + (1 − 𝛽)]∞
𝑘=2 Γ𝑘(𝛼1)|𝑎𝑘|

(𝜆 − 𝛽 − 1) − ∑ 𝑘[𝑘 + 𝜆 − 1 − (1 + 𝛽)(1 + 𝛿(𝑘 − 1))]∞
𝑘=2 Γ𝑘(𝛼1)|𝑎𝑘|

 

                                                                
− ∑ 𝑘[𝑘 + 𝜆 − 1 + (1 − 𝛽)(𝛿𝑘 − 𝛿) + (1 − 𝛽)]∞

𝑘=1 Γ𝑘(𝛼1)|𝑏𝑘|

− ∑ 𝑘[𝑘 + 𝜆 − 1 − (1 + 𝛽)(1 + 𝛿(𝑘 − 1))]∞
𝑘=1 Γ𝑘(𝛼1)|𝑏𝑘|

 ≥ 0. 

This gives (2.3). 

3- Extreme Points: 
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In the following theorem, we obtain extreme points for the class  𝐺�̅�(𝛼1, 𝜆, 𝛿, 𝛽).  

Theorem (3): A function   𝑓(𝑧) ∈ 𝐺�̅�(𝛼1, 𝜆, 𝛿, 𝛽) if and only if  

𝑓(𝑧) = ∑(𝑋𝑘ℎ𝑘(𝑧)

∞

𝑘=1

+ 𝑌𝑘𝑔𝑘(𝑧)),                                                                                                                   (3.1) 

Where 

ℎ1(𝑧) = 𝑧, ℎ𝑘(𝑧) = 𝑧 −
1

𝑘[𝛿(𝑘 − 1) + 1]Γ𝑘(𝛼1)
𝑧𝑘, 𝑘 = 2,3, … 𝑎𝑛𝑑  

𝑔𝑘(𝑧) = 𝑧 −
1

𝑘[𝛿(𝑘 − 1) + 1]Γ𝑘(𝛼1)
𝑧−𝑘 , 𝑘 = 1,2, …  . 

∑(𝑋𝑘 + 𝑌𝑘) = 1,    

∞

𝑘=1

𝑋𝑘 ≥ 0 𝑎𝑛𝑑 𝑌𝑘 ≥ 0.  

In particular, the extreme points of  𝐺�̅�(𝛼1, 𝜆, 𝛿, 𝛽) are {ℎ𝑘} 𝑎𝑛𝑑 {𝑔𝑘} . 

Proof: For the function )(zf  of the form (3.1), we have 

𝑓(𝑧) = ∑(𝑋𝑘ℎ𝑘(𝑧)

∞

𝑘=1

+ 𝑌𝑘𝑔𝑘(𝑧)) = ∑(𝑋𝑘 + 𝑌𝑘) 

∞

𝑘=1

𝑧 − ∑
1

𝑘[𝛿(𝑘 − 1) + 1]Γ𝑘(𝛼1)
𝑋𝑘𝑧𝑘  

∞

𝑘=2

  

− ∑
1

𝑘[𝛿(𝑘 − 1) + 1]Γ𝑘(𝛼1)
𝑌𝑘𝑧𝑘̅̅ ̅ 

∞

𝑘=1

 

Then 

∑ 𝑘[𝛿(𝑘 − 1) + 1]Γ𝑘(𝛼1)
1

𝑘[𝛿(𝑘 − 1) + 1]Γ𝑘(𝛼1)
𝑋𝑘  

∞

𝑘=2

+ ∑ 𝑘[𝛿(𝑘 − 1) + 1]Γ𝑘(𝛼1)
1

𝑘[𝛿(𝑘 − 1) + 1]Γ𝑘(𝛼1)
𝑌𝑘  

∞

𝑘=1

 

                           = ∑ 𝑋𝑘  

∞

𝑘=2

+ ∑ 𝑌𝑘  

∞

𝑘=1

= 1 − 𝑋1 ≤ 1, 

and so  𝑓(𝑧) ∈ 𝐺�̅�(𝛼1, 𝜆, 𝛿, 𝛽).  

Conversely, suppose that
 
 𝑓(𝑧) ∈ 𝐺�̅�(𝛼1, 𝜆, 𝛿, 𝛽).  

Setting 

𝑋𝑘 = 𝑘[𝛿(𝑘 − 1) + 1]Γ𝑘(𝛼1)|𝑎𝑘|,   𝑘 = 2,3, … 𝑎𝑛𝑑   𝑌𝑘 = 𝑘[𝛿(𝑘 − 1) + 1]Γ𝑘(𝛼1)|𝑏𝑘|, 𝑘 = 1,2, … .  

Then note that by Theorem (2),0 ≤ 𝑌𝑘 ≤ 1(𝑘 = 1,2, … ), 𝑎𝑛𝑑 0 ≤ 𝑋𝑘 ≤ 1(𝑘 = 2,3, … ) .We define 

𝑋1 = 1 − (∑ 𝑋𝑘  

∞

𝑘=2

+ ∑ 𝑌𝑘  

∞

𝑘=1

), 

by Theorem (2), .01 X  Therefore, )(zf  can be written as  

 

𝑓(𝑧) = 𝑧 − ∑ 𝑎𝑘𝑧𝑘 

∞

𝑘=2

− ∑ 𝑏𝑘𝑧𝑘̅̅ ̅ 

∞

𝑘=1

𝑧 = ∑
1

𝑘[𝛿(𝑘 − 1) + 1]Γ𝑘(𝛼1)
𝑋𝑘𝑧𝑘 

∞

𝑘=2
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− ∑
1

𝑘[𝛿(𝑘 − 1) + 1]Γ𝑘(𝛼1)
𝑌𝑘𝑧𝑘̅̅ ̅ 

∞

𝑘=1

 

          = 𝑧 + ∑(ℎ𝑘(𝑧) − 𝑧)𝑋𝑘 

∞

𝑘=2

+ ∑(𝑔𝑘(𝑧) − 𝑧)𝑌𝑘  

∞

𝑘=1

 

         = 𝑧 {1 − (∑ 𝑋𝑘 

∞

𝑘=2

+ ∑ 𝑌𝑘  

∞

𝑘=1

)} + ∑ ℎ𝑘(𝑧) 𝑋𝑘  

∞

𝑘=2

+ ∑ 𝑔𝑘(𝑧) 𝑌𝑘  

∞

𝑘=1

 

        = ∑(𝑋𝑘  ℎ𝑘(𝑧) +

∞

𝑘=2

𝑌𝑘  𝑔𝑘(𝑧)). 

That is the required representation. 

4- Closure Theorem:  

In next theorem, we get closure theorem for the class 𝐺�̅�(𝛼1, 𝜆, 𝛿, 𝛽). 

Theorem (4): Let the function inf ,  defined by 

𝑓𝑛,𝑖(𝑧) = 𝑧 − (∑|𝑎𝑘,𝑖|𝑧
𝑘  

∞

𝑘=2

+ ∑|𝑏𝑘,𝑖|𝑧
𝑘̅̅ ̅ 

∞

𝑘=1

) , 𝑖 = 1,2, … , 𝑙. 

Be in the class 𝐺�̅�(𝛼1, 𝜆, 𝛿, 𝛽). Then the function )(zFn  defined by 

𝐹𝑛(𝑧) = 𝑧 − (∑|𝑐𝑘|𝑧𝑘  

∞

𝑘=2

+ ∑|𝑒𝑘|𝑧𝑘̅̅ ̅ 

∞

𝑘=1

), 

is a member of the class 𝐺�̅�(𝛼1, 𝜆, 𝛿, 𝛽), where  

𝑐𝑘 =
1

𝑙
∑  𝑎𝑘,𝑖

𝑙

𝑖=1

    𝑎𝑛𝑑     𝑒𝑘 =
1

𝑙
∑  𝑏𝑘,𝑖

𝑙

𝑖=1

. 

Proof: Since 𝑓𝑛,𝑖 ∈  𝐺�̅�(𝛼1, 𝜆, 𝛿, 𝛽), it follows from Theorem (2) that  

∑ 𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=2

Γ𝑘(𝛼1)|𝑎𝑘,𝑖| + ∑ 𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=1

Γ𝑘(𝛼1)|𝑏𝑘,𝑖| ≤ 1. 

Hence 

 

 

∑ 𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=2

Γ𝑘(𝛼1)|𝑐𝑘| + ∑ 𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=1

Γ𝑘(𝛼1)|𝑒𝑘| 

          =
1

𝑙
∑  (∑ 𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=2

Γ𝑘(𝛼1)|𝑎𝑘,𝑖| + ∑ 𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=1

Γ𝑘(𝛼1)|𝑏𝑘,𝑖|)

𝑙

𝑖=1

 

         ≤
1

𝑙
∑ 1

𝑙

𝑖=1

= 1 
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which implies that 𝐹𝑛(𝑧) ∈  𝐺�̅�(𝛼1, 𝜆, 𝛿, 𝛽). The proof is complete. 

5- Convex Combination: 

In the following theorem, we get convex combination theorem for the class 𝐺�̅�(𝛼1, 𝜆, 𝛿, 𝛽). 

Theorem (5): The class 𝐺�̅�(𝛼1, 𝜆, 𝛿, 𝛽) is closed under convex combination. 

Proof: For ,...,2,1j  suppose that 𝑓𝑗(𝑧) ∈ 𝐺�̅�(𝛼1, 𝜆, 𝛿, 𝛽), where 

𝑓𝑗(𝑧) = 𝑧 − ∑ 𝑎𝑘,𝑗𝑧𝑘 

∞

𝑘=2

− ∑ 𝑏𝑘,𝑗𝑧𝑘̅̅ ̅ 

∞

𝑘=1

                                                                                          (5.1) 

Then, by theorem (2), we have 

∑ 𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=2

Γ𝑘(𝛼1)𝑎𝑘,𝑗 + ∑ 𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=1

Γ𝑘(𝛼1)𝑏𝑘,𝑗 ≤ 1, 

for ,10   ,1
1






j

j

j tt the convex combination of )(zf j  may be written as: 

∑ 𝑡𝑗𝑓𝑗 (𝑧)

∞

𝑗=1

= 𝑧 − ∑ (∑ 𝑡𝑗

∞

𝑗=1

𝑎𝑘,𝑗) 𝑧𝑘  

∞

𝑘=2

− ∑ (∑ 𝑡𝑗𝑏𝑘,𝑗

∞

𝑗=1

)

∞

𝑘=1

 𝑧𝑘̅̅ ̅                                             (5.2) 

 

Then, by using (5.2), we have  

∑ 𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=2

Γ𝑘(𝛼1) (∑ 𝑡𝑗

∞

𝑗=1

𝑎𝑘,𝑗) + ∑ 𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=1

Γ𝑘(𝛼1)(∑ 𝑡𝑗𝑏𝑘,𝑗) 

∞

𝑗=1

 

 

         = ∑ 𝑡𝑗

∞

𝑗=1

(∑ 𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=2

Γ𝑘(𝛼1)𝑎𝑘,𝑗 + ∑ 𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=1

Γ𝑘(𝛼1)𝑏𝑘,𝑗) 

                              ≤ ∑ 𝑡𝑗

∞

𝑗=1

(1) = 1 

Therefore, ∑ 𝑡𝑗𝑓𝑗 (𝑧)∞
𝑗=1 ∈  𝐺�̅�(𝛼1, 𝜆, 𝛿, 𝛽).  

6- Integral Operator: 

Let 𝑓 = ℎ + �̅�  ∈ 𝐺𝐻 be given by (1.3). Then )(zF  defined by 

)1.6(                                                     .1,)(
1

)(
1

)(
0

1

0

1 





 
 cdttgt

z

c
dttht

z

c
zF

z

c

c

z

c

c
 

Theorem (6): Let 𝑓(𝑧) = ℎ(𝑧) + 𝑔(𝑧)̅̅ ̅̅ ̅̅  ∈ 𝐺𝐻 be given (1.7) and 𝑓(𝑧) ∈ 𝐺�̅�(𝛼1, 𝜆, 𝛿, 𝛽), then )(zF defined by (6.1) also belong to 

𝐺�̅�(𝛼1, 𝜆, 𝛿, 𝛽). 

Proof: Let 

𝑓(𝑧) = 𝑧 − ∑ 𝑎𝑘  𝑧𝑘 

∞

𝑘=2

− ∑ 𝑏𝑘 𝑧
𝑘̅̅ ̅ 

∞

𝑘=1

𝑧 

be in the class𝐺�̅�(𝛼1, 𝜆, 𝛿, 𝛽) then by Theorem (2), we have 

∑ 𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=2

Γ𝑘(𝛼1)|𝑎𝑘| + ∑ 𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=1

Γ𝑘(𝛼1)|𝑏𝑘| ≤ 1. 

By definition of )(zF , we have 

𝐹(𝑧) = 𝑧 − ∑ (
𝑐 + 1

𝑐 + 𝑘
) |𝑎𝑘| 𝑧𝑘  

∞

𝑘=𝑝+1

− ∑ (
𝑐 + 1

𝑐 + 𝑘
) |𝑏𝑘|  𝑧

𝑘̅̅ ̅ 

∞

𝑘=1

 

Since  
𝑐+1

𝑐+𝑘
< 1, then  

∑ 𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=2

Γ𝑘(𝛼1) (
𝑐 + 1

𝑐 + 𝑘
|𝑎𝑘|) + ∑ 𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=1

Γ𝑘(𝛼1) (
𝑐 + 1

𝑐 + 𝑘
|𝑏𝑘|) 
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≤ ∑ 𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=2

Γ𝑘(𝛼1)|𝑎𝑘| + ∑ 𝑘[𝛿(𝑘 − 1) + 1]

∞

𝑘=1

Γ𝑘(𝛼1)|𝑏𝑘| ≤ 1. 

 

Thus 𝐹(𝑧) ∈ 𝐺�̅�(𝛼1, 𝜆, 𝛿, 𝛽). 
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