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1. INTRODUCTION  

      𝐵𝐶𝐾 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑓𝑜𝑟𝑚 𝑎𝑛 𝑖𝑚𝑝𝑜𝑟𝑡an𝑡 𝑐𝑙𝑎𝑠𝑠 𝑜𝑓 𝑙𝑜𝑔𝑖𝑐𝑎𝑙 𝑎lg𝑒𝑏𝑟𝑎𝑠 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒𝑑 by 𝐾. 𝐼𝑠𝑒𝑘𝑖 [13] 𝑎𝑛𝑑 𝑤𝑎𝑠 𝑒𝑥𝑡𝑒𝑛𝑠𝑖𝑣𝑒ly 

in𝑣𝑒𝑠𝑡𝑖𝑔𝑎𝑡𝑒𝑑 𝑏𝑦 𝑠𝑒𝑣𝑒𝑟𝑎𝑙 𝑟𝑒𝑠𝑒𝑎𝑟𝑐ℎ𝑒𝑟𝑠. 𝑇ℎ𝑒 𝑐𝑙𝑎𝑠𝑠 𝑜𝑓 𝑎𝑙𝑙 𝐵𝐶𝐾 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 is q𝑢𝑎𝑠𝑖 𝑣𝑎𝑟𝑖𝑒𝑡𝑦.  𝐽. 𝑀𝑒𝑛𝑔 𝑎𝑛𝑑 𝑌. 

B. 𝐽𝑢𝑛 𝑝𝑜𝑠𝑒𝑑 𝑎𝑛 𝑖𝑛𝑡𝑒𝑟𝑒sti𝑛𝑔 p𝑟𝑜𝑏𝑙𝑒𝑚 (𝑠𝑜𝑙𝑣𝑒𝑑 𝑖𝑛 [16]) 𝑤hetℎ𝑒𝑟 𝑡ℎ𝑒 𝑐𝑙𝑎𝑠𝑠 𝑜𝑓 𝑎𝑙𝑙 𝐵𝐶𝐾 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑖𝑠 𝑎 variety. 

In 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑖𝑜𝑛 w𝑖𝑡ℎ 𝑡ℎ𝑖𝑠 𝑝𝑟𝑜𝑏𝑙𝑒𝑚, 𝐾𝑜𝑚𝑜𝑟𝑖 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒𝑑 𝑖𝑛 [15] a notion of 𝐵𝐶𝐶 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠. 𝑊. 𝐴. 𝐷𝑢𝑑𝑒𝑘 (cf. 

[4]) 𝑟𝑒𝑑𝑒𝑓ine𝑑 𝑡ℎ𝑒 𝑛𝑜𝑡𝑖𝑜𝑛 𝑜𝑓 𝐵𝐶𝐶 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑏y u𝑠𝑖𝑛𝑔 𝑎 𝑑𝑢𝑎l 

f𝑜𝑟𝑚 𝑜𝑓 𝑡he 𝑜𝑟𝑑𝑖𝑛𝑎𝑟𝑦 𝑑𝑒fin𝑖𝑡𝑖𝑜𝑛 𝑖𝑛 𝑡ℎ𝑒 𝑠𝑒𝑛𝑠𝑒 𝑜𝑓 𝑌. 𝐾𝑜𝑚𝑜𝑟i a𝑛𝑑 𝑠𝑡ud𝑖𝑒𝑑 𝑖𝑑𝑒𝑎𝑙𝑠 𝑎𝑛𝑑 𝑐𝑜𝑛𝑔𝑟𝑢𝑒𝑛𝑐es o𝑓 𝐵𝐶𝐶 −
𝑎lg𝑒𝑏𝑟𝑎𝑠. 𝐼𝑛 [20,21]), 𝐶. P𝑟𝑎𝑏𝑝𝑎𝑦𝑎𝑘 𝑎𝑛𝑑 U. L𝑒𝑒𝑟𝑎𝑤𝑎𝑡 𝑖𝑛𝑡𝑟𝑜𝑑u𝑐𝑒𝑑 𝑎 𝑛𝑒𝑤 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑖𝑐 𝑠𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒, which 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝐾𝑈 −
𝑎𝑙𝑔𝑒𝑏𝑟𝑎. 𝑇ℎ𝑒𝑦 𝑔𝑎𝑣𝑒 𝑡ℎ𝑒 concept of ℎ𝑜𝑚𝑜mor𝑝ℎ𝑖𝑠𝑚𝑠 𝑜𝑓 𝐾𝑈 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑎𝑛d in𝑣𝑒𝑠𝑡𝑖𝑔𝑎𝑡𝑒𝑑 𝑠𝑜𝑚𝑒 𝑟𝑒𝑙𝑎𝑡ed 

pro𝑝𝑒𝑟𝑡𝑖𝑒𝑠. 𝐿. 𝐴. 𝑍𝑎deℎ [23] 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒𝑑 𝑡ℎ𝑒 𝑛𝑜𝑡𝑖𝑜𝑛 𝑜𝑓 𝑓𝑢𝑧zy s𝑢𝑏𝑠𝑒𝑡𝑠. 𝐴𝑡 𝑝𝑟𝑒𝑠𝑒𝑛𝑡 this c𝑜𝑛𝑐𝑒𝑝𝑡 ℎ𝑎𝑠 𝑏𝑒en 

a𝑝𝑝𝑙𝑖𝑒𝑑 𝑡𝑜 𝑚𝑎𝑛𝑦 𝑚𝑎𝑡ℎ𝑒𝑚𝑎tica𝑙 𝑏𝑟𝑎𝑛𝑐ℎ𝑒𝑠, 𝑠𝑢𝑐ℎ 𝑎𝑠 𝑔𝑟𝑜𝑢𝑝, 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑎l a𝑛𝑎𝑙𝑦𝑠𝑖𝑠, 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑡ℎ𝑒𝑜𝑟y, t𝑜𝑝𝑜𝑙𝑜𝑔𝑦, 𝑎𝑛d so 

𝑜𝑛. 𝐼𝑛 1991, 𝑂. 𝐺. 𝑋𝑖 [22] 𝑎𝑝𝑝𝑙𝑖𝑒𝑑 𝑡ℎ𝑖𝑠 𝑐𝑜𝑛𝑐𝑒𝑝𝑡 𝑡𝑜 𝐵𝐶𝐾 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠, 𝑎𝑛𝑑 ℎ𝑒 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒𝑑 𝑡ℎ𝑒 𝑛𝑜𝑡𝑖𝑜𝑛 𝑜𝑓 𝑓𝑢𝑧𝑧𝑦 𝑠𝑢𝑏 −
𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 (𝑖𝑑𝑒𝑎𝑙𝑠) 𝑜𝑓 𝑡ℎ𝑒 𝐵𝐶𝐾 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑤𝑖𝑡ℎ 𝑟𝑒𝑠𝑝𝑒𝑐𝑡 𝑡𝑜 𝑚𝑖𝑛𝑖𝑚𝑢𝑚, 

a𝑛𝑑 𝑠𝑖𝑛𝑐𝑒 𝑡ℎ𝑒𝑛 𝐽𝑢𝑛 𝑒𝑡 𝑎𝑙 𝑠𝑡𝑢𝑑𝑖𝑒𝑑 𝑓𝑢𝑧𝑧𝑦 𝑖𝑑𝑒𝑎𝑙𝑠 (𝑐𝑓. [14]), a𝑛𝑑 𝑚𝑜𝑟𝑒𝑜𝑣𝑒𝑟 𝑠𝑒𝑣𝑒𝑟𝑎𝑙 𝑓𝑢𝑧𝑧𝑦 𝑠𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒𝑠 𝑖𝑛 𝐵𝐶𝐶 −
𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑎𝑟𝑒 considered (𝑐𝑓. [17]). 𝐼𝑛 [6], 𝑡ℎ𝑒 𝑎𝑛𝑡𝑖 − 𝑓𝑢𝑧zy A𝐵 − 𝑖𝑑𝑒𝑎𝑙𝑠 𝑜𝑓 𝐴𝐵 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑎𝑛𝑑 𝑖𝑛 [11], 𝑡ℎ𝑒 𝑎𝑛𝑡𝑖 −
𝑓𝑢𝑧𝑧𝑦 𝐴𝑇 − 𝑖𝑑𝑒𝑎𝑙𝑠 𝑜𝑓 𝐴𝑇 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 𝑤𝑒𝑟𝑒 𝑖𝑛tro𝑑𝑢𝑐𝑒𝑑. 𝑆𝑒𝑣𝑒𝑟al tℎ𝑒𝑜𝑟𝑒𝑚𝑠 𝑎𝑟𝑒 𝑠𝑡𝑎𝑡𝑒𝑑 𝑎𝑛𝑑 proved.  In 2013, 𝑆. 𝑀. 

𝑀𝑜𝑠𝑡𝑎𝑓𝑎, 𝑎𝑛𝑑 𝐴. 𝑇. 𝐻𝑎𝑚𝑒𝑒𝑑 int𝑟𝑜𝑑𝑢𝑐𝑒𝑑  𝑂𝑛 𝐾𝑈𝑆 − 𝑎lgebras. In 2014, 𝑅. 𝐴. 𝐾. 𝑂𝑚𝑎𝑟 𝑖𝑛𝑡𝑟𝑜duced  on 𝑅𝐺 −
𝑎𝑙𝑔𝑒𝑏𝑟𝑎. 𝐼𝑛 2018, P. Patth𝑎𝑛𝑎𝑛𝑔𝑘𝑜𝑜𝑟 ℎ𝑎𝑣𝑒 𝑏𝑒𝑒𝑛 𝑔𝑖𝑣𝑒𝑛  𝑅𝐺 − ℎ𝑜𝑚𝑜𝑚𝑜rphism and Its 

Prop𝑒𝑟𝑡𝑖𝑒𝑠. 𝐼𝑛 2020, 𝐴. 𝑇. 𝐻𝑎𝑚𝑒𝑒𝑑 𝑎𝑛d N.J. Raℎ𝑒𝑒𝑚 𝑖𝑛𝑡𝑟𝑜𝑑uced  hype𝑟 𝑆𝐴 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎. 𝐼𝑛 𝑡ℎ𝑖𝑠 𝑝𝑎𝑝er, the 

s𝑡𝑢𝑑𝑦 𝑜𝑓 𝑛𝑒𝑤 algebr𝑎𝑖𝑐 𝑠𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒𝑠 𝑤𝑎𝑠 𝑠𝑡arted 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑛𝑐𝑒𝑝𝑡 of RG-

s𝑢𝑏𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠, 𝑖𝑑𝑒𝑎𝑙𝑠 𝑎𝑛𝑑 𝑞 −ideals of RG-𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝑎𝑛𝑑 𝑤𝑒 𝑑𝑒𝑠𝑐𝑟𝑖𝑏𝑒 ℎ𝑜𝑤 𝑡𝑜 deal with the ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝑜𝑓 𝑖𝑚𝑎𝑔e and 

inv𝑒𝑟𝑠𝑒 𝑖𝑚𝑎𝑔𝑒 𝑜𝑓 𝑡ℎ𝑒𝑚. 

2. 𝑷𝒓𝒆𝒍𝒊𝒎𝒊𝒏𝒂𝒓𝒊𝒆𝒔  

    N𝑜𝑤, 𝑤𝑒 𝑔𝑖𝑣𝑒 𝑠𝑜me defi𝑛𝑖𝑡𝑖𝑜𝑛𝑠 𝑎𝑛𝑑 𝑝𝑟𝑒𝑙𝑖𝑚𝑖𝑛𝑎𝑟𝑦 𝑟𝑒𝑠ults ne𝑒𝑑𝑒𝑑 𝑖𝑛 𝑡ℎ𝑒 𝑙𝑎𝑡𝑒𝑟 𝑠𝑒𝑐𝑡ions. 

Def. 2.1 [15].    

   An al𝑔𝑒𝑏ra(𝜕;∗ ,0)  is cal𝑙𝑒𝑑 𝒂𝒏 RG-algebr𝒂 𝑖𝑓 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤ing 𝑎𝑥𝑖𝑜𝑚𝑠 𝑎𝑟𝑒 𝑠𝑎𝑡𝑖sfied: ∀ 𝜌, 𝜎, 𝜏 ∈  𝜕, 

(i) 𝜌 ∗ 0 =  𝜌, 

(ii) 𝜌 ∗  𝜎 =  (𝜌 ∗ 𝜏)  ∗ ( 𝜎 ∗ 𝜏) , 

(iii)   𝜌 ∗  𝜎 =   𝜎 ∗ 𝜌 =  0 𝑖𝑚𝑝𝑙𝑦  𝜌 =   𝜎. 

Prop. 2.2 [15].  
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    In any RG-algebra (𝜕;∗ ,0), the following hold: ∀𝜌, 𝜎 ∈ 𝜕, 

i)    𝜌 ∗ 𝜌 =  0, 

ii)   0 ∗ (0 ∗ 𝜌) =  𝜌, 

iii)  𝜌 ∗ (𝜌 ∗  𝜎) =   𝜎, 

iv)  𝜌 ∗  𝜎 =  0  𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓  𝜎 ∗ 𝜌 =  0, 

v)  𝜌 ∗ 0 = 0 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝜌 = 0,  

vi)   0 ∗ ( 𝜎 ∗ 𝜌) =  𝜌 ∗  𝜎. 

Prop. 2.3 [15].    

   In 𝑎𝑛𝑦 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 (𝜕;∗ ,0), the f𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 ℎ𝑜𝑙𝑑: ∀ 𝜌, 𝜎, 𝜏 ∈  𝜕, 

i)   (𝜌 ∗  𝜎) ∗ (0 ∗  𝜎) = (𝜌 ∗ (0 ∗  𝜎)) ∗  𝜎 = 𝜌, 

ii)   𝜌 ∗ (𝜌 ∗ (𝜌 ∗  𝜎))  =  𝜌 ∗  𝜎, 

iii) (𝜌 ∗  𝜎) ∗ 𝜏 = (𝜌 ∗  𝜎) ∗ 𝜏. 

iv)   𝜌 ∗  𝜎 =  (𝜏 ∗  𝜎) ∗ (𝜏 ∗ 𝜌), 

v)  ((𝜌 ∗  𝜎) ∗  (𝜌 ∗ 𝜏)) ∗ (𝜏 ∗  𝜎) = 0. 

Prop. 2.6 [11].    

    𝐸𝑣𝑒𝑟𝑦 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝑖𝑠 𝑎 𝐵𝐶𝐼 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎.  𝑇ℎ𝑒 𝑐𝑜𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑡ℎ𝑖𝑠 𝑃𝑟𝑜𝑝. 𝑚𝑎𝑦 𝑏𝑒 𝑛𝑜𝑡 𝑡𝑟𝑢𝑒. 

Def. 2.8 [15].    

    Let (𝜕;∗ ,0) be 𝑎𝑛 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝑎𝑛𝑑 𝑆 𝑏𝑒 𝑎 𝑛𝑜𝑛𝑒𝑚𝑝𝑡𝑦 subset of 𝜕 .Then 𝑆 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 a subalgebraof 𝑋 if  (𝑆;∗ ,0) is itself 

an RG-algebra. 

Def. 2.9 [15].    

    Let (𝜕;∗ ,0) be 𝑎𝑛 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎, 𝑎 𝑛𝑜𝑛𝑒𝑚𝑝𝑡𝑦 𝑠𝑢𝑏𝑠𝑒t ∁ of  𝜕 is call𝑒𝑑 𝑎𝑛 𝑹𝑮 − 𝒊𝒅𝒆𝒂𝒍 𝒐𝒇 𝜕 if:  ∀ 𝜌, 𝜎 ∈  𝜕, 

i) 0∈∁, 

ii) 𝜌 ∗  𝜎 ∈ ∁  𝑎𝑛𝑑 0 ∗ 𝜌 ∈ ∁  𝑖𝑚𝑝𝑙𝑦  0 ∗  𝜎 ∈ ∁ . 

Prop.  2.10 [15].    

      In 𝑎𝑛 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 (𝜕;∗ ,0), ever𝑦 𝑅𝐺 − 𝑖𝑑𝑒𝑎l is a subalgebraof 𝜕. 

Def. 2.11[11].  

     Let (𝜕;∗ ,0) and (𝜕′;∗ ′, 0′) be non𝑒𝑚𝑝𝑡𝑦 𝑠𝑒𝑡𝑠. 𝑇ℎ𝑒 𝑚𝑎𝑝𝑝ing   

 𝑄: (𝜕;∗ ,0) → (𝜕′;∗ ′, 0′) is  called a 𝒉𝒐𝒎𝒐𝒎𝒐𝒓𝒑𝒉𝒊𝒔𝒎 𝑖𝑓 𝑖𝑡 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠:  𝑄 (𝜌  𝜎)  = 𝑄 (𝜌)  `𝑄 ( 𝜎), for all  ∀ 𝜌, 𝜎 ∈  𝜕,.  
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     The set {𝜌𝜕  𝑄 (𝜌)  =  0′}is called the 𝒌𝒆𝒓𝒏𝒆𝒍 𝒐𝒇 f 𝑑𝑒𝑛𝑜𝑡ed by ker𝑄. 

Th.2.12 [11]. 

    Let 𝑄: (𝜕;∗ ,0)→ (𝜕′;∗ ′, 0′)be a hom. of an RG-algebra 𝜕 into an RG-algebra 𝜕′, then:    

A.  𝑄 (0)  =  0′. 

B. 𝑄 is in𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓  𝑘𝑒𝑟 𝑄 = {0}. 

C.  If 0 ∗ 𝜌 = 𝜌,  ∀𝜌 ∈ 𝜕,  then 𝑄 (0) ∗′  𝜎 =  𝜎. 

Th.2.13 [11]. 

    Let  𝑄: (𝜕;∗ ,0)→ (𝜕′;∗ ′, 0′) be a hom. of an RG-algebra 𝜕 into an RG-algebra 𝜕′, then: 

(F1)  If 𝑆 is a 𝑠𝑢𝑏𝑎𝑙𝑔𝑒𝑏𝑟𝑎 of 𝜕, then 𝑄 (𝑆) is a subalgebraof 𝜕′ . 

(F2)  If ∁ is an RGideal of 𝜕, then 𝑄 (∁) is an RGideal of  𝜕′ . 

(F3)  If 𝑆 is a subalg 𝑠𝑢𝑏𝑎𝑙𝑔𝑒𝑏𝑟𝑎 ebra of 𝜕′, then 𝑄−1 (𝑆) is a subalgebraof 𝜕 . 

(F4)  If ∁ is an RGideal of  𝜕′, then 𝑄−1 (∁) is an RGideal of 𝜕 . 

(F5)    ker 𝑄 is an RGideal of 𝜕. 

(F6)   Im(𝑄) is a subalgebraof 𝑄′. 

Prop. 2.14.[15].   

     Let (𝜕;   , 0)  be an RG-algebra. Then the following hold: for any    𝜌, 𝜎, 𝜏 ∈  𝜕,,    

1- 𝜌 ≤  𝜎  𝑖𝑚𝑝𝑙𝑦   𝜏 ∗  𝜎 ≤ 𝜏 ∗ 𝜌, 

2- 𝜌 ≤  𝜎  𝑖𝑚𝑝𝑙𝑖𝑒𝑠  𝜌 ∗ 𝜏 ≤  𝜎 ∗ 𝜏, 

3- 𝜌 ∗  𝜎 ≤ 𝜏  𝑖𝑚𝑝𝑙𝑦  𝜌 ∗ 𝜏 ≤  𝜎. 

 

3. The RG-subalgebras of RG-algebra 

     In this s𝑒𝑐𝑡𝑖𝑜𝑛, 𝑤𝑒 𝑤𝑖𝑙𝑙 𝑑𝑖𝑠𝑐𝑢ss a new n𝑜𝑡𝑖𝑜𝑛 𝑐𝑎𝑙𝑙𝑒d RG-subalgebraof RG-𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝑎𝑛𝑑 𝑠𝑡𝑢𝑑𝑦 𝑠𝑒𝑣𝑒𝑟𝑎𝑙 𝑏𝑎𝑠𝑖𝑐 𝑝𝑟𝑜𝑝𝑒𝑟ties of 

R𝐺 − 𝑎𝑙𝑔𝑒𝑏ra. 

Def. 3.1[8].  

   A no𝑛𝑒𝑚𝑝𝑡𝑦 𝑠𝑢𝑏𝑠𝑒t 𝑆 of an RG-al𝑔𝑒𝑏𝑟𝑎 (𝜕;   , 0)  𝑖𝑠 𝑐𝑎𝑙led  

an RG-subalgebraof X if it 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠: 𝑓𝑜𝑟 𝑎𝑛y   𝜌, 𝜎 ∈  𝜕,, if 𝜌 ∗  𝜎 ∈  𝑆,    𝑓𝑜𝑟 𝑎𝑛𝑦    𝜌, 𝜎 ∈ 𝑆. 

Prop. 3.2.   

    Let {𝑆𝑖  i} be a family of RG-subalgebras of an RG-algebra 
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 (𝜕;   , 0). The intersection of any set of RG-subalgebras of 𝜕 is also RG-subalgebraof 𝜕. 

Prop. 3.3.  

    Let {𝑆𝑖  i} be 𝑎 𝑓𝑎𝑚𝑖𝑙𝑦 𝑜𝑓 𝑅𝐺 − 𝑠𝑢𝑏𝑎𝑙𝑔𝑒𝑏𝑟𝑎 of RG-𝑎𝑙𝑔ebra (𝜕;∗ ,0)  , then   ⋃ 𝑆𝑖𝑖∈𝛬   i𝑠 𝑎 𝑅𝐺 − 𝑠𝑢𝑏algebraof 𝑋, where 
  

𝑆𝑖 ⊆ 𝑆𝑖+1, for all i ∈  .    

Prop. 3.4.    

   Let 𝑄: (𝜕;∗ ,0)→ (𝜕′;∗ ′, 0′) be a hom. of an RG-𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝜕 𝑖𝑛𝑡𝑜 𝑎𝑛 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝜕′, then :    

A.  𝑄( 0 ) =  0′ , where  0  𝑎𝑛𝑑 0′ are 𝑡ℎ𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠 𝑜𝑓  𝜕 𝑎𝑛𝑑  𝜕′ 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦 , where 𝑄 is onto. 

B. 𝑄 is 𝑖𝑛𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓  𝑘𝑒𝑟 𝑄 ={0}. 

C.  𝜌 ≤  𝜎 implies  𝑄 (𝜌) ≤ 𝑄 (𝜎). 

Prop. 3.5.  

   If 𝑄: (𝜕;∗ ,0) →  (𝜕′;∗ ′, 0′) is an epimorphism from RG-algebra (𝜕;   , 0)  into RG-algebra (𝜕′;   ′, 0′), then the image of RG-

subalgebrais an RG-subalgebra.  

Prop. 3.6.  

     If 𝑄: (𝜕;∗ ,0) →  (𝜕′;∗ ′, 0′)  is a hom. from RG-algebra 𝜕 into RG-algebra 𝜕′, then the inverse image of RG-subalgebrais a RG-

subalgebra.  

 

4. On The Ideals and Hom. of RG-algebra 

In this 𝑠𝑒𝑐𝑡𝑖𝑜𝑛, 𝑤𝑒 𝑤𝑖𝑙𝑙 𝑑𝑖𝑠𝑐𝑢𝑠𝑠 𝑎 𝑛𝑒𝑤 𝑛𝑜𝑡𝑖𝑜𝑛 𝑐𝑎𝑙𝑙𝑒𝑑 idea𝑙 𝑜𝑓 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝑎  
n𝑑 𝑠𝑡𝑢𝑑𝑦 seve𝑟𝑎𝑙 𝑏𝑎𝑠𝑖𝑐 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠 𝑤ℎ𝑖𝑐ℎ 𝑎𝑟𝑒 𝑟𝑒𝑙𝑎ted of RG-algebra. 

Def. 4.1[8]. 

A nonempty subset 𝐼 of an RG-algebra (𝜕;   , 0)  is called 

an ideal of 𝜕 if it satisfies the following conditions: for any   𝜌, 𝜎 ∈  𝜕,, 

(𝐼 1) 0 ∈∁, 

(𝐼 2) 𝜌 ∗  𝜎 ∈ ∁ 𝑎𝑛𝑑 𝜌 ∈  ∁ 𝑖𝑚𝑝𝑙𝑦   𝜎 ∈  ∁. 

Ex.s 4.2. 

Let 𝜕 = {0, 1, 2, 3} and 𝑙𝑒𝑡 ∗  𝑏𝑒 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑡𝑎𝑏le: 

 

 

 

 

  0 1 2 3 

0 0 0 3 3 

1 1 0 2 2 

2 2 3 0 0 

3 3 3 0 0 
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Thus (𝜕;   , 0)  is an 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝑎𝑛𝑑 𝑤𝑒 𝑠𝑒𝑒 𝑡ℎ𝑎𝑡 ∁ = {0, 1} and  ∁′ = {0, 2, 3} 𝑎𝑟𝑒 𝑖𝑑𝑒𝑎𝑙𝑠 of 𝜕. 

Prop. 4.3. 

Let {∁𝑖  i} be a fa𝑚𝑖𝑙𝑦 𝑜𝑓 𝑖𝑑𝑒𝑎𝑙𝑠 𝑜𝑓 𝑎𝑛 𝑅𝐺 − 𝑎𝑙𝑔𝑒bra (𝜕;   , 0). The in𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎𝑛𝑦 𝑠𝑒𝑡 𝑜𝑓 𝑖𝑑𝑒𝑎𝑙𝑠 𝑜𝑓 𝜕 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑖𝑑𝑒al 

of 𝜕. 

Pr.: 

Si𝑛𝑐𝑒 {∁𝑖  𝑖} 𝑏𝑒 𝑎 𝑓𝑎𝑚𝑖𝑙𝑦 𝑜𝑓 𝑖𝑑𝑒𝑎𝑙𝑠 𝑜𝑓 𝑅𝐺 − 𝑎𝑙𝑔ebra 𝜕,  then  0 ∈ ∁𝑖 , for all  i , then 0 ∈ ∩
𝑖∈𝛬

∁𝑖. 

For any    𝜌, 𝜎 ∈  𝜕,, suppose (𝜌 ∗  𝜎) ∈  ∩i  ∁𝑖 and 𝜌 ∈  ∩i  ∁𝑖, then  (𝜌 ∗  𝜎) ∈ ∁𝑖 and 𝜌 ∈ ∁𝑖, for all i , but ∁𝑖  is an ideal 

of 𝜕,  for all i . 

Then  𝜎 ∈ ∁𝑖, for all i , therefore,
 
 𝜎 ∈  ∩i  ∁𝑖.   Hence ∩

𝑖∈𝛬
∁𝑖 is an ideal of RG-algebra 𝜕 .⌂ 

Re. 4.4. 

Not that the un𝑖𝑜𝑛 𝑜𝑓 𝑡𝑤𝑜 𝑖𝑑𝑒𝑎𝑙𝑠 𝑜𝑓 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝑖𝑡 𝑖𝑠 𝑛𝑜t necess𝑎𝑟𝑖𝑙𝑦 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏ra, as it is 

𝑠ℎ𝑜𝑤𝑛 𝑖𝑛 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 Ex.. 

Ex. 4.5. 

Let 𝜕= {0, a, b, c} 𝑎𝑛𝑑 𝑙𝑒𝑡 ∗  𝑏𝑒 𝑎 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑡𝑎𝑏le: 

* 0 a b c 

0 0 0 0 0 

a a 0 0 c 

b b b 0 b 

c c c c 0 

It i𝑠 𝑐𝑙𝑒𝑎𝑟 𝑡ℎ𝑎t (𝜕; ∗, 0) is an 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏ra. Let ∁= {0, 𝑏} and ∁′ = {0, 𝑎} be two ideals of 𝜕, but (∁ ∪  ∁′) = {0, a, 𝑏} is not ideal 

of 𝜕. 

Prop. 4.6. 

Let {∁𝑖  i} be a fa𝑚𝑖𝑙𝑦 𝑜𝑓 𝑖𝑑𝑒𝑎𝑙𝑠 𝑜𝑓 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏ra (𝜕;∗ ,0)  , then   ⋃ ∁𝑖𝑖∈𝛬   is an ideal of 𝜕, where 
  

∁𝑖 ⊆ ∁𝑖+1, for all i ∈  . 

Pr.: 

Since {∁𝑖  i} be a fam𝑖𝑙𝑦 𝑜𝑓 𝑖𝑑𝑒𝑎𝑙𝑠 𝑜𝑓 𝑅𝐺 − 𝑎𝑙𝑔𝑒bra 𝜕 , then  0 ∈ ∁𝑖 , for some   i ,  and ∁𝑖⊆ ∁𝑖+1, then

  

0 ∈ ⋃ ∁𝑖𝑖∈𝛬 . 

For any   𝜌, 𝜎 ∈  𝜕,, suppose

  

(𝜌 ∗  𝜎) ∈ ⋃ ∁𝑖𝑖∈𝛬   and  𝜌 ∈ ⋃ ∁𝑖𝑖∈𝛬 , then (𝜌 ∗  𝜎) ∈ ∁𝑖 and 𝜌 ∈ ∁𝑗 for so𝑚𝑒 𝑖, 𝑗  . 𝐵𝑦 𝑎𝑠𝑠𝑢mption  

∁𝑖 ⊆ ∁𝑘 and ∁𝑗 ⊆ ∁𝑘. 

Hence  𝜎 ∈ ∁𝑘 , but ∁𝑘   is an ideal of RG-algebra 𝜕, the𝑛  𝜎 ∈ ∁𝑘 , 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒,  𝜎 ∈ ⋃ ∁𝑖𝑖∈𝛬  . 

Hence ⋃ ∁𝑖𝑖∈𝛬  is 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅𝐺-algebra 𝜕 .⌂ 

Th.4.7. 

An ideal of RG-algebra (𝜕;   , 0) is a RG-subalgebra. 
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Pr.: 

Suppose that ∁ is an ideal of 𝜕 and let (𝜌 ∗  𝜎) ∈  ∁ and 𝜌 ∈  ∁   implies that  𝜎 ∈  ∁. It follows that 𝜌 ∈  ∁ imply  𝜎 ∈  ∁. 

Thus (𝜌 ∗  𝜎) ∈  ∁. ⌂ 

Prop. 4.8. 

If 𝑄: (𝜕;∗ ,0) →  (𝜕′;∗ ′, 0′) is an epimorphism from RG-algebra (𝜕;   , 0)  into RG-algebra(𝜕′;∗ ′, 0′), then the image of ideal is 

an ideal. 

Pr.: 

Let 𝑄: (𝜕;∗ ,0) →  (𝜕′;∗ ′, 0′)  be an epimorphism from 𝜕 into 𝜕′ and let ∁ be an ideal of 𝜕, then 0 ∈ 𝐴, so 𝑄( 0 ) =  0′ ∈ 𝑄(∁) , by 

Prop. (3.7). 

Now, let (𝜌 ∗ ′ 𝜎)  ∈  𝑄(∁) 𝑎𝑛𝑑 𝜌 ∈  𝑄(∁), then 𝑄−1(𝜌 ∗ ′ 𝜎) ∈ ∁ 

and ∁−1(𝜌) ∈ ∁ ,  since  𝑄  is onto. 

But 𝑄−1(𝜌 ∗ ′ 𝜎) =  (𝑄−1(𝜌 ∗  𝜎)) =  (𝑄−1(𝜌 ) ∗  𝑄−1( 𝜎)), by Prop. (3.7). 

Therefore, (𝑄−1(𝜌 ) ∗  𝑄−1( 𝜎)) ∈  ∁ 𝑎𝑛𝑑 𝑄−1(𝜌)  ∈  ∁ . Since ∁ is an ideal of 𝜕, then 𝑄−1( 𝜎)  ∈  ∁, thus  𝜎 ∈  𝑄(∁), that means 

𝑄(∁) is an ideal of 𝜕′. ⌂ 

Prop. 4.9. 

If 𝑄: (𝜕;∗ ,0) →  (𝜕′;∗ ′, 0′)  is a hom. from RG-algebra 𝜕 into RG-algebra 𝜕′, then the inverse image of ideal is an ideal. 

Pr.: 

Let 𝑄: (𝜕;∗ ,0) →  (𝜕′;∗ ′, 0′) be a hom. from 𝜕 into 𝜕′ and let ∁ be an ideal of 𝜕′ , then 0′ ∈ ∁, so 𝑄( 0 ) =  0′ ∈ ∁ , by Prop. (3.7), 

thus  0′ = 𝑄−1( 0 ) ∈ 𝑄−1(∁). 

Now, let  (𝜌 ∗  𝜎)  ∈ 𝑄−1(∁) 𝑎𝑛𝑑 𝜌 ∈  𝑄−1(∁) , so 𝑄(𝜌 ∗  𝜎)  ∈ ∁ 

and 𝑄(𝑥) ∈ ∁. But 𝑄(𝜌 ∗  𝜎) = 𝑄(𝜌 ) ∗ ′ 𝑄( 𝜎)), by Prop. (3.7). Therefore (𝑄(𝜌 ) ∗ ′ 𝑄( 𝜎)) ∈  ∁ 𝑎𝑛𝑑 𝑄(𝑥)  ∈  ∁, then 𝑄( 𝜎)  ∈

 ∁, since ∁ is an ideal, thus  𝜎 ∈  𝑄−1(∁), that means 𝑄−1(∁) is an ideal of  𝜕.⌂ 

 

5. An q-ide𝒂𝒍𝒔 𝒂𝒏𝒅 𝑯𝒐𝒎𝒐𝒎𝒐𝒓phism of RG-algebra 

In 𝑡ℎ𝑖𝑠 𝑠𝑒𝑐𝑡𝑖𝑜𝑛, 𝑤𝑒 𝑤𝑖𝑙𝑙 𝑑𝑖𝑠𝑐𝑢𝑠𝑠 a n𝑒𝑤 𝑛𝑜𝑡𝑖𝑜𝑛 𝑐𝑎𝑙𝑙𝑒𝑑 𝑞 − 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅𝐺 − 𝑎𝑙𝑔ebra an𝑑 𝑠𝑡𝑢𝑑𝑦 𝑠𝑒𝑣𝑒𝑟𝑎𝑙 𝑏𝑎𝑠𝑖𝑐 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠 𝑤ℎich 

are relat𝑒𝑑 𝑡𝑜 𝑞 − 𝑖𝑑𝑒𝑎𝑙 𝑎𝑛𝑑 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅𝐺 − 𝑎𝑙𝑔𝑒bra. 

Def. 5.1. 

A nonempt𝑦 𝑠𝑢𝑏𝑠𝑒𝑡 𝐼 𝑜𝑓 𝑎𝑛 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏𝑟a (𝜕;   , 0)  is cal𝑙𝑒𝑑 𝒂𝒏 𝒒 −
𝒊𝒅𝒆𝒂𝒍 𝒐𝒇 𝑋 𝑖𝑓 𝑖𝑡 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠: 𝑓𝑜𝑟 𝑎𝑛𝑦  ∀ 𝜌, 𝜎, 𝜏 ∈  𝜕,, 

(𝐼 1) 0 ∈ ∁, 

(𝐼 2) (𝜌 ∗   𝜎) ∗  𝜏 ∈  ∁ 𝑎𝑛𝑑  𝜎 ∈  𝐼 𝑖𝑚𝑝𝑙𝑦   𝜌 ∗  𝜏 ∈  ∁. 
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Ex. 5.2. 

Let 𝜕 = {0, 1, 2, 3} and let ∗ 𝑏𝑒 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑡𝑎𝑏𝑙𝑒: 

 

 

 

 

𝑇ℎ𝑢𝑠 (𝜕;   , 0)  𝑖𝑠 𝑎𝑛 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎. 𝐴𝑛𝑑 𝑤𝑒 𝑠𝑒𝑒 𝑡ℎat ∁ = {0, 1} and ∁′ = {0, 2} a𝑟𝑒 𝑞 − 𝑖𝑑𝑒𝑎𝑙s of 𝜕. 

Prop. 5.3. 

Let {∁𝑖  i} 𝑏𝑒 𝑎 𝑓𝑎𝑚𝑖𝑙𝑦 𝑜𝑓 𝑞 − 𝑖𝑑𝑒𝑎𝑙𝑠 of 𝑎𝑛 𝑅𝐺 − 𝑎𝑙gebra (𝜕;   , 0). 𝑇ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎𝑛𝑦 𝑠𝑒𝑡 𝑜𝑓 𝑞 − 𝑖𝑑𝑒𝑎𝑙𝑠 of 𝜕 is 

also q−𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝜕. 

Pr: 

Si𝑛𝑐𝑒 {∁𝑖  𝑖} 𝑏𝑒 𝑎 𝑓𝑎𝑚𝑖𝑙𝑦 𝑜𝑓 𝑞 − 𝑖𝑑𝑒𝑎ls of R𝐺 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝜕, 𝑡ℎ𝑒𝑛  0 ∈ ∁𝑖 , 𝑓𝑜𝑟 𝑎𝑙𝑙  𝑖 , then 0 ∈ ∩
𝑖∈𝛬

∁𝑖. 

For any    𝜌, 𝜎, 𝜏 ∈  𝜕,, suppose ((𝜌 ∗   𝜎) ∗  𝜏) ∈  ∩i  ∁𝑖 and  𝜎 ∈  ∩i  ∁𝑖, 

then  ((𝜌 ∗   𝜎) ∗  𝜏) ∈ ∁𝑖 and  𝜎 ∈ ∁𝑖, for all i , but ∁𝑖  is an q−𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅𝐺 − 𝑎𝑙𝑔𝑒bra 𝜕,  for all i . Then 

𝜌 ∗  𝜏 ∈ ∁𝑖, for all i , 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒,
 
𝜌 ∗  𝜏  ∈  ∩i  ∁𝑖.   Hence ∩

𝑖∈𝛬
∁𝑖 is an 

q-ideal of RG-algebra 𝜕 .⌂ 

Re. 5.4. 
𝑁𝑜𝑡 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑢𝑛𝑖𝑜𝑛 𝑜𝑓 𝑡𝑤𝑜 𝑞 − 𝑖𝑑𝑒𝑎𝑙𝑠 𝑜𝑓 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝑖𝑡 𝑖𝑠 𝑛𝑜𝑡 𝑛𝑒𝑐𝑒𝑠𝑠𝑎𝑟𝑖𝑙𝑦 q-ideal of 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎, 𝑎𝑠 𝑖𝑡 𝑖𝑠 𝑠ℎ𝑜𝑤𝑛 𝑖𝑛 the 

following example. 

Ex. 5.5. 

Let 𝜕= {0, a, b, c} 𝑎𝑛𝑑 𝑙𝑒𝑡 ∗  𝑏𝑒 𝑎 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑡𝑎ble: 

* 0 a b c 

0 0 0 0 0 

a a 0 0 0 

b b b 0 0 

c c c c 0 

It 𝑖𝑠 𝑐𝑙𝑒a𝑟 𝑡ℎ𝑎𝑡 (𝑋; ∗, 0) 𝑖𝑠 𝑎𝑛 𝑅𝐺 − 𝑎𝑙𝑔𝑒bra. Let 𝐼 = {0, 𝑏} and 𝐽 = {0, 𝑎} be t𝑤𝑜 𝑞 − 𝑖𝑑𝑒𝑎𝑙𝑠 𝑜𝑓 𝑋, 𝑏ut (𝐼 ∪  𝐽) = {0, a, 𝑏} is not q-

𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑋. 

Prop. 5.6. 

Let {∁𝑖  i} be a 𝑓𝑎𝑚𝑖𝑙𝑦 𝑜𝑓 𝑞 − 𝑖𝑑𝑒𝑎𝑙𝑠 𝑜𝑓 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 (𝜕;∗ ,0)  , then   ⋃ ∁𝑖𝑖∈𝛬   is an q−𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝜕, 𝑤ℎ𝑒𝑟𝑒 
  
∁𝑖 ⊆ ∁𝑖+1, for 

all i ∈  . 

Pr.: 

𝑆𝑖𝑛𝑐e {∁𝑖 i} be a fam𝑖𝑙𝑦 𝑜𝑓 𝑞 − 𝑖𝑑𝑒𝑎𝑙𝑠 𝑜𝑓 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏ra 𝜕 , then  0 ∈ ∁𝑖, for 𝑠𝑜𝑚𝑒   𝑖 , 𝑎𝑛𝑑 ∁𝑖⊆ ∁𝑖+1, 𝑡ℎ𝑒𝑛

  

0 ∈ ⋃ ∁𝑖𝑖∈𝛬 . 

𝐹𝑜𝑟 𝑎𝑛𝑦   𝜌, 𝜎, 𝜏 ∈  𝜕,, suppose

  

((𝜌 ∗   𝜎) ∗  𝜏) ∈ ⋃ ∁𝑖𝑖∈𝛬   and   𝜎 ∈ ⋃ ∁𝑖𝑖∈𝛬 , 

  0 1 2 3 

0 0 0 2 3 

1 1 0 3 2 

2 2 3 0 1 

3 3 2 1 0 
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then ((𝜌 ∗   𝜎) ∗  𝜏) ∈ ∁𝑖 and  𝜎 ∈ ∁𝑗 for some i, j  . 𝐵𝑦 𝑎𝑠𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛 

∁𝑖 ⊆ ∁𝑘 and  ∁𝑗 ⊆ ∁𝑘. 

Hence 𝜌 ∗  𝜏 ∈ ∁𝑘 , but ∁𝑘   is a𝑛 𝑞 − 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏ra 𝜕, then 

𝜌 ∗  𝜏 ∈ ∁𝑘, th𝑒𝑟𝑒𝑓ore, 𝜌 ∗  𝜏 ∈ ⋃ ∁𝑖𝑖∈𝛬  . 

He𝑛𝑐𝑒 ⋃ ∁𝑖𝑖∈𝛬  𝑖𝑠 𝑎𝑛 𝑞 − 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏ra 𝜕 .⌂ 

Prop. 5.7. 

𝐴 𝑞 − 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 (𝜕;   , 0) is an 𝑖𝑑𝑒al. 

Pr.: 

Suppose that ∁ is a𝑛 𝑞 − 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝜕 𝑎𝑛𝑑 let((𝜌 ∗   𝜎) ∗  𝜏)  ∈  ∁ and  𝜎 ∈  ∁. It follows that (0 ∗  𝜌)  ∗   𝜎 ∈  ∁ imply 0 ∗  𝜌 ∈  ∁. 

Thus   𝜎 ∈  ∁. ⌂ 

Re. 5.8. 

The converse 𝑜𝑓 𝑃𝑟𝑜𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 (5.7) 𝑛𝑒𝑒𝑑𝑠 𝑛𝑜𝑡 𝑏𝑒 𝑡𝑟𝑢𝑒 𝑖𝑛 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑎𝑠 𝑖𝑛 𝑡ℎ𝑒 𝐸𝑥ample. 

Ex. 5.9. 

Let 𝜕 ={0, a, b, c} and 𝑙𝑒𝑡 ∗  𝑏𝑒 𝑎 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 table: 

 

 

 

 

 
𝑇ℎ𝑒𝑛 (𝜕;   , 0) 𝑖𝑠 𝑎𝑛 𝑅𝐺 − 𝑎𝑙𝑔𝑒bra with ∁ = {0,b} is an i𝑑𝑒𝑎𝑙 𝑜𝑓 𝜕, 𝑏𝑢𝑡 𝑛𝑜𝑡 𝑎 𝑞 − 𝑖deal of 𝜕, since (𝑐 ∗  𝑏)  ∗  𝑏 =  𝑎 ∗  𝑏 =
 0 ∈  {0, 𝑏} and 𝑏 ∈  {0, 𝑏} , but 𝑐 ∗  𝑏 =  𝑎 ∉ { 0, 𝑏}. 

Prop. 5.10. 

A q-𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 (𝜕;   , 0) 𝑖𝑠 𝑎𝑛 𝑅𝐺 − 𝑠𝑢𝑏𝑎𝑙𝑔𝑒𝑏𝑟𝑎. 

Pr.: 

𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑡ℎ𝑎𝑡 ∁ 𝑖𝑠 𝑎𝑛 𝑞 − 𝑖𝑑𝑒𝑎𝑙 of 𝜕, then  ∁ is 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝜕 𝑏𝑦 𝑃𝑟𝑜𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 (5.7).  ∁ is a 𝑅𝐺 − 𝑠𝑢𝑏𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝑏𝑦 𝑃𝑟𝑜𝑝osition 

(4.7). ⌂ 

Re. 5.11. 

The 𝑐𝑜𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑃𝑟𝑜𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 (5.10) nee𝑑𝑠 𝑛𝑜𝑡 𝑏𝑒 𝑡𝑟𝑢𝑒 𝑖𝑛 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑎𝑠 𝑖𝑛 𝑡ℎ𝑒 𝐸𝑥𝑎mple. 

Ex. 5.12. 

Let 𝜕 ={0, a, b, c} and let ∗ be a binary operation defined by the table: 

  0 a b c 

0 0 0 0 0 

a a 0 0 0 

b b a 0 0 

c c b a 0 
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Then (𝜕;   , 0) is an 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝑤𝑖𝑡ℎ ∁ = {0,c} is a RG-𝑠𝑢𝑏𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝑜𝑓 𝜕, 𝑏𝑢𝑡 𝑛𝑜𝑡 𝑎 𝑞 − 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝜕, 𝑠𝑖𝑛𝑐𝑒 (𝑐 ∗  𝑏)  ∗  𝑏 =
 𝑎 ∗  𝑏 =  0 ∈  {0, 𝑐} and 𝑐 ∈  {0, 𝑐} , but 𝑐 ∗  𝑏 =  𝑎 ∉ { 0, 𝑐}. 

Prop. 5.13. 

If 𝑄: (𝜕;∗ ,0) →  (𝜕′;∗ ′, 0′) is an 𝑒𝑝𝑖𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝑓𝑟𝑜𝑚 𝑅𝐺 − 𝑎𝑙𝑔𝑒bra (𝜕;   , 0)  𝑖𝑛𝑡𝑜 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 (𝜕′;∗ ′, 0′), 

𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑖𝑚𝑎𝑔𝑒 𝑜𝑓 𝑞 − 𝑖𝑑𝑒𝑎𝑙 𝑖𝑠 𝑎𝑛 𝑞 − 𝑖𝑑𝑒𝑎𝑙. 

Pr.: 

Let 𝑄: (𝜕;∗ ,0)→ (𝜕′;∗ ′, 0′)  be an ep𝑖𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝑓𝑟𝑜m 𝜕 into 𝜕′ an𝑑 𝑙𝑒𝑡 ∁ 𝑏𝑒 𝑎𝑛 𝑞 − 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝜕, 𝑡ℎen 0 ∈ ∁, so 𝑄( 0 ) =  0′ ∈
𝑄(∁) , by P𝑟𝑜𝑝𝑜𝑠𝑖𝑡ion (5.10). 

N𝑜𝑤, 𝑙et ((𝜌 ∗ ′  𝜎) ∗ ′ 𝜏)  ∈  𝑄(∁) 𝑎𝑛𝑑  𝜎 ∈ 𝑄(∁), then 

𝑄−1((𝜌 ∗ ′  𝜎) ∗ ′ 𝜏) ∈ ∁ and 𝑄−1( 𝜎) ∈ ∁ ,  since  𝑄 is onto. But 𝑄−1((𝜌 ∗ ′  𝜎) ∗ ′ 𝜏) =  (𝑄−1(𝜌 ∗′  𝜎) ∗  𝑄−1(𝜏)) 

=  ((𝑄−1(𝜌 ) ∗  𝑄−1( 𝜎)) ∗  𝑄−1(𝜏)), by Proposition (5.8). 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, ((𝑄−1(𝜌 ) ∗  𝑄−1( 𝜎) ∗  𝑄−1(𝜏)) ∈  ∁ 𝑎𝑛𝑑 𝑄−1( 𝜎)  ∈  ∁ . Si𝑛𝑐𝑒 ∁ 𝑖𝑠 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝜕, 𝑡hen 𝑄−1(𝜌 ∗′ 𝜏)  ∈  ∁, thus 

𝜌 ∗′ 𝜏 ∈  𝑄(∁), that m𝑒𝑎𝑛𝑠 𝑄(∁) 𝑖𝑠 𝑎n ideal of 𝜕′. ⌂ 

Prop. 5.14. 

If 𝑄: (𝜕;∗ ,0)→ (𝜕′;∗ ′, 0′)  is a ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝑓𝑟𝑜𝑚 𝑅𝐺 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝜕 into RG-alge𝑏𝑟𝑎 𝜕′, 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑖𝑚𝑎𝑔𝑒 𝑜𝑓 𝑞 −
𝑖𝑑eal 𝑖𝑠 𝑎𝑛 𝑞 − 𝑖𝑑𝑒𝑎𝑙. 

Pr.: 

Let 𝑄: (𝜕;∗ ,0)→ (𝜕′;∗ ′, 0′) be 𝑎𝑛 ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝑓𝑟𝑜𝑚 𝑋 𝑖𝑛𝑡𝑜 𝑌 𝑎𝑛𝑑 𝑙𝑒𝑡 ∁ 𝑏𝑒 𝑎𝑛 𝑞 − 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝜕′ . 𝑇ℎen 0′ ∈ ∁, so 𝑄( 0 ) =
 0′ ∈ ∁ , by 𝑃𝑟𝑜𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 (3.7), thus  0′ = 𝑄−1( 0 ) ∈ 𝑄−1(∁). 

𝑁ow, let  ((𝜌 ∗   𝜎) ∗  𝜏)  ∈ 𝑄−1(∁) 𝑎𝑛𝑑  𝜎 ∈  𝑄−1(∁) , so 

𝑄((𝜌 ∗   𝜎) ∗  𝜏)  ∈  ∁ 𝑎𝑛𝑑 𝑄( 𝜎) ∈ ∁. 

But 𝑄((𝜌 ∗   𝜎) ∗  𝜏) = (𝑄(𝜌 ∗  𝜎) ∗′ 𝑄(𝜏)) = ((𝑄(𝜌 ) ∗ ′ 𝑄( 𝜎)) ∗ ′𝑄(𝜏)), by 𝑃𝑟𝑜𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 (3.7). 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 

((𝑄(𝜌 ) ∗ ′ 𝑄( 𝜎)) ∗ ′𝑄(𝜏)) ∈  ∁ 𝑎𝑛𝑑 𝑄( 𝜎)  ∈  ∁, then 

(𝑄(𝜌 ) ∗ ′ 𝑄(𝜏) =  𝑄(𝜌 ∗  𝜏 )  ∈  ∁, since ∁ is an q-ideal, thus 

𝜌 ∗  𝜏  ∈  𝑄−1(∁), tha𝑡 𝑚𝑒𝑎𝑛𝑠 𝑄−1(∁) 𝑖𝑠 𝑎𝑛 𝑞 − 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓  𝜕.⌂ 

 

  0 a b c 

0 0 0 0 0 

a a 0 0 0 

b b a 0 0 

c c b a 0 
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