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1- Introduction

Asawasamrit and Sudprasert have introduced the notion of BZ — algebras, g-ideals and studied the relations among
them and gave the concept of homomorphism of BZ — algebras and investigated Some related properties. Abed,
studied the structure of BZ —algebras and its properties, studied the isomorphism of BZ — algebras and introduced
on the special ideals in BZ — algebras. In this paper, the study of fuzzy algebraic structures was started with the
introduction of the concept of fuzzy q —ideals of BZ — algebras and then we investigate Several basic properties
which are related to fuzzy q — ideals. We describe how to deal with the homomorphism of image and inverse image of
fuzzy q — ideals.

2. Preliminaries
In this section we introduced an algebraic structure called a BZ-algebra .
Def. 2.1([9]). Let (X;*,e) be an algebra with operation (*) and constant (e). X is called a BZ-algebra(BZ — A), if it
satisfies the following identities: for any x,y,z € X,
(BZ-=1)((x x 2) * (y * 2)) * (x x y)=e;
(BZ—-2)x * e = x;
(BZ=3)x*y =eandy *x = e =>x = J.
Rem. 2.2. ([9-18]).
On BZ-algebra (X,*, e), we defined a binary relation<on X by putting x<y & x*y=e.
Prop. 2.3 ([7,9,18]). (X;*,e) be a BZ-algebra, the following properties are true for a BZ -algebra. For any x,y, z € X:
(P x » ((x * y) *x y)=e¢;
(P2)x = x = e;
(P3)x * (y xz) =y * (x * z);
Def. 2. 4. ([9]). AsubsetSofaBZ — A X iscalled subalgebra of X (§4) ,if
x*y €S whenever x,y € S.
Def. 2.5. ([1-3]). Anonempty subsetl of aBZ —algebra(X,x,e) iscalledq —ideal of X (q —IA),if it satisfies
the following conditions: forany x,y ,z € X
(I1) eel
(I2) (y*(x*xz))€Elandx €l = (y*z) €L
Prop. 2.6 ([4,5]). Every IA of BZ-A (X,x,e) isa SA of X.
Prop. 2.7 ([4,5]). Let{li|ieA} be a family of I1As of BZ-A (X,*, e). The intersection of any set of IAs of X is also an |IA of X.
Def. 2.8 ([10]). Let (X,*,e)and (Y,*',e") be nonempty sets. The mapping [ : (X;x,e) - (Y;*',e")is called a
homo.(homo.) if it satisfies:
fxy)= f@)*«'f(y), forallx,y € X. Theset {xeX | f (x) =e'}is called the kernel of fdenoted by ker f.

Def. 2.9([19]). (X,*,e) be anonempty set,a fuzzy subset (FSS) u of X isamapping u: X — [e, 1].
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Def. 2.10 ([19]). Let X be a nonempty setand u be a fuzzy subset of X, for t e [e,1], the set u,={x € X |u(x) = t}is
called a level subset of u .
Def. 2.11 ([16]).
Let f: (X;%,e) —(Y;+',e") be amapping nonempty sets X and Y respectively. If uisafuzzy subset of X, then the
fuzzy subset B of Y defined by:
FGOW) = {Sup{u(x)=x €T} T =EXf)=y}#0
e otherwise
is said to be the image of u under f.

Similarly if B isaFSSof Y ,thentheFSS u= (o f) of X (i.ethe fuzzy subsetdefined by u (x) = (f (X)) forallx €
X) is called the pre-image of B under f .

Def. 2.12 ([16]).

AFSS p of aset X has sup property if for any subset T of X, there exist t, €T 3 u(t,) = sup {u(t)|t € T}.

3. Fuzzy subalgebras and Homo. of BZ-algebra

Def. 3.1([1-3]). Let (X,*,e) bean BZ-A, aFSS p of X is called a fuzzy subalgebra of X (FSA), ifforallx,yeX, u (x *
y) = min {u (x), p (M)} .

Prop. 3.2.

Let u be aFSS of BZ-A (X,x,e) . If pis FSA of , then for anyt € [0,1], u, isaSAof X .

Pr.: Assume that uisaFSAof X Jlet x,yeXbedx ey, andy e ., then pu(x)>t and p (y)>t.Since u isaFSA, it
follows that u (x * y)>min {u (X), u (y)} >t and that pu (x *y) >t =(x *y)€u, . .. u; isaSAof X, for any t € [0,1]. o
Prop. 3.3.

Let u be aFSS of BZ-A (X,x,e) . If forallt e [e,1], u; is a SA of X , then puisaFSA of X.

Pr.: Assume p (x *y)>min {u(x), n(y)} is not true, then there exist

x',y' €X3 pu(x"x y)<min{u(x), u ()}

Putting t'=(u (x'*y") + min {u(x"), (y')}/2, then

uy <tande <t <min{ux),pu@)}I<1,. pul) >tad pu@)>t,=> x' ey, and y' ey, ,since yu,
isa SA, itfollowsthat x' *y'e u,, and that u(x’'* y") = t', thisisalsoaC!. ~uisaFSAof . o

4. Fuzzy g-ideals and Homo. of BZ-algebra

Def. 4.1. (X,*,e) be a BZ — algebra, a fuzzy subset puof X is called a fuzzy q-
ideal of X if it satisfies the following conditions: forall x,y,z € X,

(F) u(zp),

(F2) pu(y*z) = min {u (y*(xx2)), 1 (x)}.

Ex. 4.2.
Let X ={e, 1, 2, 3} in which (*) is defined by the following table:
* e 1 2 3
e e e 3 3
1 1 e 3 2
2 2 3 e 1
3 3 3 e e

Then (X,*,e) is BZ — algebra. Define a fuzzy subsetu: X — [0,1] by

_ (0.7 if x€{e 1}
he) = {0.3 otherwise
I1={e, 1}is q — ideal of X. Routine calculation gives that u is a fuzzy
q — ideal of X.
Le. 4.3.

Let u be afuzzy q — ideal of BZ —algebra (X,x,e) and if x < y, thenu(y) >u(x) forallx y e x.
Pr.. Assume that x<y = (x * y)=e, and

p()=minfu(x * y), p(x)} = p(x) = p(y) = ux) o
Prop. 4.4.
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Let y be afuzzy q — ideal of BZ —algebra (X,x,e). uis a fuzzy q — ideal of X, then foranyt < [e, 1], u, is an q—ideal
of X.

Pr.: Assume thatpuis a fuzzy q—ideal of X, by (F1) ,wehave p(e) = u(x)forall x € X therefore p(e)>u (x)=>

t for x ey, and so e e ;.

Let x,y,z€ X besuchthat (y * (x *z)) €y, and x € p,, then u(y*(x*2z)) =t and u(x) = t,since pis a fuzzy q-
ideal, it follows that

uy*z)zminf{u (y*(x*z)),u(x)} = t and we have that (y *z) € u, .Hence u,is an q — ideal of X, for

anyt €[0,1].0

Prop. 4.5.
Let y be a fuzzy q—ideal of BZ — algebra (X,x,e).If forall t e [e, 1], u, is an q—ideal of X ,>pis a fuzzy
gq—ideal of X.
Pr.. We only need to show that (F1) and (F2) are true.If (F1) is false, >there exist x' € X such that u (e) <u(x"). If
wetake t'= (u(x) + u(e))/2,then ule) <t ande < t'< u(x") < 1,then x' € pand p #= @.As yu, isanq —
ideal of , we have e € yu;, and so u (e) = t'. This is a contradiction.
Now , assume (F;) is not true ,then there exist x',y’,z' € X such that,
p@'xz) < min{u '+ (x"x2")),p (x)}
Putting ¢ = (u (' *2') +min {p(y’ * (x"x2")),u (x)}/2, =
u@*z") < tande<t<minf{u(y'*(x'*z')) ,u(x"} <1, =
u@' *(x'x2z")) > tand u(x") >t', which imply that (y' = (x' *z')) €u,, and x" € u,,. Since p, is
an q —ideal, it follows that y' x z' € u,, and that u (y' *z") = t', this is also a contradiction. Hence p is a fuzzy g-ideal of
X. 0
Coro. 4.6.
Let u be a fuzzy subset of BZ-algebra (X,*,e). If u is a fuzzy g-ideal of , then for everyt e Im (), u; is an g-ideal of X,
when u, =@
Prop. 4.7.
Every fuzzy g-ideal of BZ-algebra (X,x, e) is a fuzzy subalgebra of X .
Pr.:
Since p is fuzzy q-ideal of a BZ-algebra (X,x,e) , =by Prop. (4.4) , forany t € [0,1] , p, is g-ideal of X . By Prop. (2.8),
forany te[0,1], u;isa
subalgebra of X = p is afuzzy subalgebra of X by Prop. (3.3). &
Prop. 4.8.
Let I be an g-ideal of BZ-algebra (X,*,e). For any fixed number t in an open interval (e,1), there exists a fuzzy g-ideal u of X
Such that u, = 1.
Pr.: Define u: X - [0,1] by u(x) = {
x € X.
Let x,y,z € X.
If y & I,then u(y)=eand so u(y * z)>e=min{u(y * (x * 2)), u(x)}.
If (y * (x * 2))I, then clearly u(y * z ) >min{u(y * (x * 2)), u(x)}.
If ysz ¢l,yel, =(yx(x*2z))&I,sincelisan g-ideal. Thus
uy*z ) = e = min{u(y * (x * 2)), u(x)}.
= pisa fuzzy q-ideal of X. Itis clear that y, = I. o
Th. 4.9. Let [ be a nonempty subset of a BZ-algebra (X, e) and u be a fuzzy subset of X such that y is into {0, 1}, so
that u is the characteristic function of I, = yu is a fuzzy g-ideal of X < I is an g-ideal of X .
Pr..
Assume that pu is a fuzzy g-ideal of X, since p(e) >pu(x) for all x € X, clearly,we have u(e) =1,andso e €.
Let x,y,z € X besuchthat (y * (x * z))el and x g [, since ; isafuZzy q-jdeal of X , it follows that u(y *z)>
min{u(y * (x * 2)), u(x)} = 1, and y(x) =1 This =that (y « z) e 1, i-e., [ isan g-jdeal of X .
Conversely, suppose | is an g-ideal of X, S!NC€ e € I, u(e) =1 > pu(x), forallx € X. Let x,y,z € X,
Ifx¢l,=uly) =eandso u(y*z ) = e = min{u(y * (x * 2)), u(x)}.
If ((x x y)*2) €1,=clearly u(y xz ) = min{u((x * y) * z), u(x)}.
If xxz ¢l,x€l,=(y*(x*2z)) ¢ I,sincelisan g-ideal. Thus
uy*z) = e = min{u(y * (x * 2)), u(x)}.

t if xel

. [ [ i . =
e otherwise Where t is a fixed number in (e, 1). Clearly, u(e) = u(x), for all

= upisa fuzzy g-ideal of X. o
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1P';2F)ih'fgg:sgction of any set of fuzzy g-ideals of BZ-algebra (X,*, e) is also fuzzy q-ideal of X.
Pr.:

Let {y;| i € A} be a family of fuzzy g-ideals of BZ-algebra (X,*,e), =forany x,y,z € X,i €A,
(0, o) (€) = inf (i (€)) = inf (s (¥) = (0 u)(x) and

(D 1) v *2) =inf (u (v * 2)) 2 inf (min {g; (v * (x * 2)), pi (x)})

= min {inf (u,(y * (x * 2)), inf (u; ()}

=min {(0 w) O * (x*2)), (0 w) (X)}-

=, (igA U;) is fuzzy q-ideal of X .This completes the Pr.. o

Th. 4.11.
A homomorphic pre-image of a fuzzy g-ideal of BZ-algebra (X,*, e) is also a fuzzy q-ideal of X.
Pr.:
Let f: (X;x,e) = (Y;+',e") be a of BZ-algebras, B afuzzy q-ideal of Y and u the pre — image of punder f, = (f (X)) = u (X)
,forall x € X.
Since f(x) €Y and B is a fuzzy g-ideal of Y, it follows that B(e") > B(f (X)) = u (X) , for every x € X, where €' is
the zero element of Y.
But B(e")=B(f (e)) =u (e) andso p(e) = u(x),forany x € X.
Now, let x ,y,z € X, =we get

ny*z)=p(f (y*2))

>min {B (f (v * (x * 2))), B(f (X))}

=min {B £ (v) =" (f () =" f (2) ) B(F ()}

=min {B (f (v * (x * 2))).B(f (X)) }

=min{p (y * (x * 2))p (x)}
ie,u(*z)>min{u(y *(X*2)),u (x)}, forallx,y,zeX. o
Th. 4.12.
Let f: (X;*,€) — (Y;*',e") be an epimorphism between BZ -algebras X and Y respectively. For every fuzzy q-ideal u of X
with sup property, f (u) is afuzzy BZ-ideal of Y.
Pr.:
By Def. B(y) = f (u)(y) = sup{u(x)| x € f~(»") }.forall y'e Y (sup @ =e).
We have to prove that B(x' *' z') >min {B((x’ =" y") «' 2"),p(y")}, forallx’,y’,z'e Y.
Let f: (X;%,e) » (Y;+',e")be an epimorphism of BZ-algebras, u is a fuzzy BZ-ideal of X with sup property and B the
image of u under f.
Since pu is a fuzzy g-ideal of , we have u(e)> pu(x), for allx € X.
Note thate ef~* (¢), where e and €' are the zero elements of X and Y respectively. Thus B(0") =sup u(t) = 1(0) > u(x)

tef(x)
= p(e) > ux) for allx € X, which= £(0')>sup u(t)=pL(X') ,foranyx’ €Y
tef ™ (x)
Foranyx',y',z' € Y, letx,€f 1 (x"), v.€f1(y"), z.€f ~1(z")be such that:
(X * o) = BLT (% * Yo)] = BLE(X™Y")] = sup u(X,* ;)
Xo*Yoe f H(x*y") then

1(%o) = BLT ()] = BLT (X)] = sup z4(x,) ’

xoe f 1(x) '
B '+ 2') = sup u(t) = teep-1(y'412") Ve * Ze)
> mln{,u(ye * (xe * Ze))’ :u(xe)}
= min{sup ‘utef_l(y'*(x'*z')) (©), sup pees-1(x7y (O}

=min{ By’ * (x' x2')),p(x")}
= Bis a fuzzy g-ideal of Y. o

I. DISCUSSION

A specific set of algebraic properties of a specific type of RG-algebra, namely algebra, has been studied, and these properties and
theorems were also related to fuzzy g-ideals of RG-algebra.
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1. CONCLUSION

We have reached many results related to fuzzy g-ideals, the most important of which is studying the image and the inverse image
of fuzzy g-ideals of RG-algebra.
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