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1-      Introduction  

 𝐴𝑠𝑎𝑤𝑎𝑠𝑎𝑚𝑟𝑖𝑡 𝑎𝑛𝑑 𝑆𝑢𝑑𝑝𝑟𝑎𝑠𝑒𝑟𝑡 ℎ𝑎v𝑒 𝑖𝑛𝑡𝑟𝑜𝑑u𝑐𝑒𝑑 𝑡ℎ𝑒 𝑛𝑜𝑡𝑖𝑜n of 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎s, q-i𝑑𝑒𝑎𝑙𝑠 𝑎𝑛𝑑 s𝑡𝑢𝑑𝑖𝑒𝑑 𝑡ℎe r𝑒𝑙𝑎𝑡𝑖𝑜𝑛𝑠 𝑎𝑚𝑜𝑛g 

tℎ𝑒𝑚 a𝑛𝑑 𝑔𝑎𝑣𝑒 tℎ𝑒 𝑐𝑜𝑛𝑐𝑒p𝑡 𝑜𝑓 ℎ𝑜𝑚o𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝑜f 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟a𝑠 𝑎𝑛𝑑 𝑖𝑛𝑣𝑒𝑠𝑡𝑖𝑔𝑎𝑡𝑒d s𝑜𝑚𝑒 𝑟𝑒𝑙𝑎𝑡𝑒𝑑 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒s. A𝑏𝑒𝑑, 

𝑠𝑡𝑢𝑑𝑖𝑒𝑑 𝑡ℎe st𝑟𝑢𝑐𝑡𝑢𝑟𝑒 𝑜𝑓 𝐵𝑍 −a𝑙𝑔𝑒𝑏𝑟𝑎𝑠 a𝑛𝑑 𝑖𝑡𝑠 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠, studied the 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 of 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟a𝑠 𝑎𝑛𝑑 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒d 

o𝑛 𝑡ℎe special 𝑖𝑑𝑒𝑎𝑙𝑠 𝑖𝑛 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠. I𝑛 𝑡ℎ𝑖𝑠 𝑝𝑎𝑝𝑒𝑟, tℎ𝑒 𝑠𝑡𝑢𝑑𝑦 𝑜f fu𝑧𝑧𝑦 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑖c s𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒𝑠 was s𝑡𝑎𝑟𝑡𝑒𝑑 𝑤𝑖𝑡h 𝑡ℎ𝑒 

𝑖𝑛𝑡𝑟𝑜𝑑uc𝑡𝑖𝑜𝑛 𝑜𝑓 tℎ𝑒 𝑐𝑜𝑛𝑐𝑒𝑝𝑡 𝑜𝑓 fu𝑧𝑧𝑦 𝑞 −ideals o𝑓 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎s 𝑎𝑛𝑑 𝑡ℎ𝑒n w𝑒 𝑖𝑛𝑣𝑒𝑠𝑡𝑖𝑔𝑎𝑡e s𝑒𝑣𝑒𝑟𝑎𝑙 basic p𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠 

𝑤ℎ𝑖𝑐ℎ are related 𝑡𝑜 𝑓𝑢𝑧𝑧𝑦 𝑞 − 𝑖𝑑𝑒𝑎𝑙𝑠. W𝑒 𝑑𝑒𝑠𝑐𝑟𝑖𝑏𝑒 ℎ𝑜𝑤 𝑡𝑜 𝑑𝑒al with 𝑡ℎ𝑒 h𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠m o𝑓 𝑖𝑚𝑎𝑔e a𝑛𝑑 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 i𝑚𝑎𝑔𝑒 𝑜f 

fu𝑧𝑧𝑦 𝑞 − 𝑖d𝑒𝑎𝑙𝑠.  
 

2. Preliminaries  

     𝐼𝑛 𝑡ℎ𝑖s se𝑐𝑡𝑖𝑜𝑛 𝑤e i𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑒d an a𝑙𝑔𝑒𝑏𝑟𝑎𝑖c st𝑟𝑢𝑐𝑡𝑢𝑟e c𝑎𝑙𝑙𝑒𝑑 𝑎 𝐵𝑍-a𝑙𝑔𝑒𝑏𝑟𝑎 . 
Def. 2.1([9]).   Let (𝑋;∗, 𝑒) b𝑒 𝑎n a𝑙𝑔𝑒𝑏𝑟𝑎 w𝑖𝑡ℎ o𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 (*) 𝑎𝑛𝑑 c𝑜𝑛𝑠𝑡𝑎𝑛t (e). 𝑋 𝑖𝑠 𝑐𝑎ll𝑒𝑑 𝑎 𝑩𝒁-a𝒍𝒈𝒆𝒃𝒓𝒂(𝑩𝒁 − 𝑨), 𝑖𝑓 it 

s𝑎𝑡𝑖𝑠𝑓𝑖𝑒s the f𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 id𝑒𝑛𝑡𝑖𝑡𝑖𝑒𝑠: f𝑜𝑟 𝑎𝑛𝑦 𝑥, 𝑦, 𝑧 ∈ 𝑋 , 

(𝐵𝑍 − 1) ((𝑥 ∗  𝑧)  ∗  (𝑦 ∗  𝑧))  ∗  (𝑥 ∗  𝑦) = 𝑒;  

(𝐵𝑍 − 2) 𝑥 ∗  𝑒 =  𝑥;  

(𝐵𝑍 − 3) 𝑥 ∗  𝑦 =  𝑒 𝑎𝑛𝑑 𝑦 ∗  𝑥 =  𝑒 ⇒ 𝑥 =  𝑦.  

Rem. 2.2. ([9-18]).    

     On 𝐵𝑍-alg𝑒bra (𝑋,∗, 𝑒), 𝑤𝑒 𝑑𝑒𝑓𝑖𝑛𝑒d a b𝑖𝑛𝑎𝑟𝑦 𝑟𝑒𝑙𝑎𝑡𝑖𝑜n ≤ o𝑛 𝑋 𝑏𝑦 𝑝𝑢𝑡t𝑖𝑛𝑔 𝑥 ≤ 𝑦  𝑥 * 𝑦 = 𝑒.  

Prop. 2.3 ([7,9,18]).   (𝑋;∗, 𝑒) be a 𝐵𝑍-algebra, 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜perties are true for a 𝐵𝑍 -algebra. For any 𝑥, 𝑦, z ∈ 𝑋:  

(𝑃1) 𝑥 ∗  ((𝑥 ∗  𝑦)  ∗  𝑦) = 𝑒;  

(𝑃2) 𝑥 ∗  𝑥 =  𝑒;  

(𝑃3) 𝑥 ∗  (𝑦 ∗  𝑧)  =  𝑦 ∗  (𝑥 ∗  𝑧);  

Def. 2. 4. ([9]).     A su𝑏𝑠𝑒t 𝑆 of a 𝐵𝑍 − 𝐴 𝑋 is c𝑎𝑙𝑙ed subalgebra of X (𝑺𝑨) ,if  

𝑥 * 𝑦 ∈ 𝑆 𝑤ℎ𝑒𝑛𝑒v𝑒𝑟 𝑥, 𝑦 ∈ 𝑆.  

Def. 2.5. ([1-3]). 𝐴 𝑛𝑜𝑛𝑒𝑚𝑝𝑡y s𝑢𝑏𝑠𝑒𝑡 𝐼 of a 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏ra (𝑋,∗, 𝑒) is 𝑐𝑎𝑙𝑙𝑒d 𝒒 − 𝒊𝒅𝒆𝒂𝒍  𝒐𝒇 𝑿 (𝑞 − 𝑰𝑨), 𝑖𝑓 𝑖𝑡 𝑠𝑎ti𝑠𝑓𝑖𝑒s 

tℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛g c𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠: for a𝑛𝑦 𝑥, 𝑦 , 𝑧 ∈  𝑋 

(𝐼1)  e ∈ 𝐼 

(𝐼2)  (𝑦 ∗ (𝑥 ∗ 𝑧)) ∈ 𝐼 a𝑛d 𝑥 ∈ 𝐼 ⇒ (𝑦 ∗ 𝑧) ∈ 𝐼.  

Prop. 2.6 ([4,5]).  E𝑣𝑒𝑟y IA of 𝐵𝑍-A (𝑋,∗, 𝑒) is a 𝑆𝐴 𝑜f 𝑋.  

Prop. 2.7 ([4,5]).  Let {Ii  i} be a f𝑎𝑚𝑖𝑙y of IAs of 𝐵𝑍-A (𝑋,∗, 𝑒). The 𝑖𝑛𝑡𝑒𝑟se𝑐𝑡𝑖𝑜𝑛 of an𝑦 𝑠et of IAs of 𝑋 is 𝑎𝑙𝑠𝑜 𝑎𝑛 IA of 𝑋. 

Def. 2.8 ([10]).  Let (𝑋,∗, 𝑒)and (𝑌,∗ ′, 𝑒′) be non𝑒𝑚𝑝𝑡𝑦 𝑠ets. Th𝑒 𝑚𝑎pping     𝑓 ∶  (𝑋; ∗, 𝑒)  →  (𝑌; ∗ ′, 𝑒′)is  called a 

homo.(homo.) if i𝑡 𝑠atisfies: 

𝑓 (𝑥 ∗ 𝑦) = f (𝑥) ∗ ′𝑓(𝑦), 𝑓𝑜𝑟 𝑎ll 𝑥 , y ∈ 𝑋. The set {𝑥𝑋  𝑓 (𝑥) = 𝑒′} is c𝑎𝑙𝑙𝑒d the kernel of 𝒇d𝑒𝑛oted by ker 𝑓. 

Def. 2.9([19]).    (𝑋,∗, 𝑒) b𝑒 a 𝑛𝑜𝑛𝑒𝑚𝑝𝑡y  s𝑒𝑡, 𝑎 𝑓𝑢𝑧𝑧y s𝑢𝑏𝑠𝑒𝑡 (FSS) 𝜇  of  𝑋  i𝑠 a m𝑎𝑝𝑝ing 𝜇: 𝑋 →  [𝑒, 1]. 
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Def. 2.10 ([19]). Let 𝑋 be a nonem𝑝𝑡𝑦 𝑠et an𝑑 𝜇  be a fuzz𝑦 𝑠𝑢𝑏𝑠et of 𝑋, 𝑓𝑜r  t  [e,1] , 𝑡ℎ𝑒 𝑠et  𝜇𝑡={ 𝑥 ∈  𝑋  𝜇(𝑥)  ≥  𝑡} is 

c𝑎𝑙𝑙𝑒d a le𝑣𝑒𝑙 𝑠𝑢bset of 𝜇 . 

Def. 2.11 ([16]). 

Let 𝑓: (𝑋;∗, 𝑒) →(Y;∗ ′, 𝑒′)  be a 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑛onempty sets 𝑋 and 𝑌 𝑟𝑒𝑠𝑝𝑒ctively.  𝐼𝑓 𝜇 is a fuz𝑧𝑦 𝑠𝑢bs𝑒𝑡 of 𝑋, 𝑡ℎ𝑒𝑛 𝑡he 

fu𝑧𝑧𝑦 𝑠𝑢𝑏set β o𝑓 𝑌 defin𝑒𝑑 𝑏y: 

𝑓(𝜇)(y) = {
𝑠𝑢𝑝{ 𝜇(𝑥): 𝑥 ∈ 𝑓−1(𝑦)}      𝑖𝑓𝑓−1(𝑦) = {𝑥 ∈ 𝑋, 𝑓(𝑥) = 𝑦} ≠ ∅
𝑒                                                𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

is sa𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑡ℎe i𝑚𝑎𝑔𝑒 of  𝜇  under  𝑓. 

Sim𝑖𝑙𝑎𝑟𝑙𝑦 if   β  is a FSS 𝑜𝑓 𝑌 , the𝑛 𝑡ℎ𝑒 FSS  𝜇= (β о 𝑓)  of 𝑋     ( i.e the fuz𝑧𝑦 𝑠𝑢𝑏𝑠et defin𝑒𝑑 𝑏y  𝜇 (𝑥)  = β (𝑓 (x)) fo𝑟 𝑎ll 𝑥 ∈
 𝑋) is 𝑐𝑎𝑙𝑙𝑒d the p𝑟e-ima𝑔𝑒 o𝑓   β  un𝑑𝑒r  𝑓 . 

Def. 2.12 ([16]). 

A FSS 𝜇 of a s𝑒t 𝑋 h𝒂𝒔 𝒔up pr𝒐𝒑𝒆rty if f𝑜𝑟 𝑎𝑛y sub𝑠𝑒t 𝑇 of  𝑋 , ther𝑒 𝑒xist  𝑡𝑒  ∈ 𝑇  ∋  𝜇(𝑡𝑒)  =  𝑠𝑢𝑝 {𝜇(𝑡) 𝑡 ∈ 𝑇}. 

 

3. Fuzzy subalgebras and Homo. of 𝑩𝒁-algebra 

 

Def. 3.1([1-3]).   Let (𝑋,∗, 𝑒) be an 𝐵𝑍-A, a FSS  𝜇 of 𝑋 is c𝑎𝑙𝑙𝑒d a fu𝒛zy sub𝒂𝒍𝒈ebra of X (FSA),  if fo𝑟 𝑎ll 𝑥 , y ∈ 𝑋,  𝜇 (𝑥 ∗
𝑦) ≥  m𝑖𝑛 {𝜇 (𝑥), μ (𝑦)} . 

Prop. 3.2. 

L𝑒t 𝜇 𝑏e a FSS of 𝐵𝑍-A  (𝑋,∗, 𝑒) . If 𝜇 is FSA of  , tℎ𝑒n fo𝑟 𝑎𝑛𝑦 t  [0,1], 𝜇𝑡 is a SA of 𝑋 . 

Pr.:   Ass𝑢𝑚𝑒 𝑡hat 𝜇 is a FSA of 𝑋 ,let  𝑥, 𝑦 ∈ 𝑋 be ∋ x  𝜇𝑡 and y  𝜇𝑡, tℎ𝑒n  𝜇 (𝑥) ≥ t  a𝑛d  𝜇 (𝑦) ≥ 𝑡 . S𝑖𝑛ce  𝜇  is a FSA, it 

follo𝑤𝑠 that  𝜇 (𝑥 ∗ 𝑦) ≥ m𝑖𝑛 {𝜇 (x) , 𝜇 (𝑦)} ≥ 𝑡  an𝑑 𝑡hat 𝜇 (𝑥 ∗y) ≥ 𝑡  ⇒(𝑥 ∗ 𝑦)∈𝜇𝑡 . ⸫ 𝜇𝑡  is a SA of 𝑋, fo𝑟 𝑎𝑛𝑦 t  [0,1]. ⌂ 

Prop. 3.3. 

Let 𝜇 be a FSS of 𝐵𝑍-A  (𝑋,∗, 𝑒) . If 𝑓𝑜r all t  [e,1], 𝜇𝑡 𝑖𝑠 𝑎 SA 𝑜f 𝑋 , th𝑒n  𝜇 is a FSA 𝑜𝑓 𝑋. 

Pr.:   A𝑠𝑠𝑢me  𝜇 (𝑥 ∗ 𝑦) ≥ 𝑚in {𝜇(𝑥), μ(𝑦)}  is n𝑜𝑡 𝑡𝑟𝑢𝑒, 𝑡ℎ𝑒n tℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡 

𝑥′ , 𝑦′ ∈ 𝑋 ∋  𝜇 (𝑥′ ∗  𝑦′) < 𝑚in {𝜇 (𝑥') , 𝜇 (𝑦′)}. 

Putting   𝑡′=(𝜇 (𝑥′* 𝑦′) + 𝑚in {𝜇(𝑥′),  (𝑦′ )}/2 , th𝑒n 

𝜇 (𝑥′)  <  𝑡′  𝑎𝑛𝑑  𝑒 ≤  𝑡′ <  𝑚𝑖𝑛 {𝜇 (𝑥′) , 𝜇 (𝑦′)}  ≤  1, ⸫   𝜇 (𝑥′)  >  𝑡′ and     𝜇 (𝑦′)  > t', ⇒  𝑥′  𝜇𝑡′   a𝑛d  𝑦′  𝜇𝑡′ , s𝑖𝑛ce  𝜇𝑡′   

is a SA, it fo𝑙𝑙𝑜ws th𝑎𝑡  𝑥′ ∗ 𝑦′ 𝜇𝑡′   an𝑑 𝑡hat   𝜇 (𝑥′ ∗  𝑦′)  ≥  𝑡′, thi𝑠 𝑖s also a C!. ⸫𝜇 is a FSA of  .  ⌂ 

 

4. Fuzzy q-ideals and Homo. of 𝑩𝒁-algebra 

 

Def. 4.1. (𝑋,∗, 𝑒)  𝑏𝑒 𝑎 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎, a 𝑓u𝑧𝑧𝑦 𝑠𝑢𝑏𝑠𝑒𝑡 𝜇 𝑜𝑓  𝑋 𝑖𝑠 c𝑎𝑙𝑙𝑒𝑑 𝒂 𝒇𝒖𝒛𝒛𝒚 𝒒-

𝒊𝒅𝒆𝒂𝒍 𝒐𝒇 𝑿 𝑖𝑓 𝑖𝑡 𝑠𝑎t𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜w𝑖𝑛𝑔 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜n𝑠: 𝑓𝑜r 𝑎ll 𝑥, 𝑦, 𝑧 ∈  𝑋, 

(F1)    𝜇 (𝑒) ≥ 𝜇 (𝑥) , 

(F2)    𝜇 (𝑦 ∗ 𝑧)  ≥  mi𝑛 {𝜇 (𝑦 ∗(x∗ 𝑧)), 𝜇 (𝑥)} . 

Ex. 4.2. 

L𝑒t 𝑋 ={e, 1, 2, 3} 𝑖𝑛 𝑤ℎ𝑖𝑐ℎ (∗) 𝑖s d𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑓𝑜llo𝑤𝑖𝑛𝑔 𝑡𝑎𝑏le: 

 

 

 

 

 

 

 

 

 

𝑇ℎ𝑒𝑛 (𝑋,∗, 𝑒) 𝑖s 𝐵𝑍 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎.  𝐷e𝑓𝑖𝑛𝑒 𝑎 𝑓𝑢z𝑧𝑦 𝑠𝑢𝑏𝑠et 𝜇 ∶  𝑋 →  [0,1] by 

µ(𝑥)  =  {
0.7     𝑖𝑓   𝑥 ∈ {𝑒, 1}
0.3     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

I1 = {e, 1} 𝑖𝑠 𝑞 − 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑋. R𝑜𝑢ti𝑛𝑒 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑖𝑜𝑛 𝑔𝑖𝑣𝑒s 𝑡ℎ𝑎𝑡 𝜇 𝑖s a 𝑓𝑢𝑧𝑧y 

𝑞 − 𝑖𝑑𝑒𝑎l of  𝑋. 

Le. 4.3. 

𝐿𝑒𝑡 𝜇  𝑏𝑒 𝑎 fu𝑧𝑧𝑦 𝑞 − 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝐵𝑍 −a𝑙𝑔𝑒𝑏𝑟𝑎 (𝑋,∗, 𝑒) 𝑎n𝑑 𝑖𝑓  𝑥 ≤  𝑦, 𝑡he𝑛 𝜇(𝑦)  ≥ 𝜇(𝑥), 𝑓𝑜𝑟 all 𝑥, 𝑦 ∈  𝑋. 

Pr.:  Assu𝑚𝑒 𝑡hat  𝑥  𝑦  ⇒ (𝑥 ∗ 𝑦)=𝑒, and 

𝜇(𝑦)≥min{𝜇(𝑥 ∗ 𝑦), 𝜇(𝑥)} = 𝜇(𝑥) ⇒ 𝜇(𝑦) ≥ 𝜇(𝑥) .⌂ 

Prop. 4.4. 

∗ e 1 2 3 

e e e 3 3 

1 1 e 3 2 

2 2 3 e 1 

3 3 3 e e 
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𝐿𝑒𝑡 𝜇  be a 𝑓𝑢zz𝑦 𝑞 − 𝑖de𝑎𝑙 𝑜𝑓 𝐵𝑍 −al𝑔𝑒𝑏𝑟𝑎 (𝑋,∗, 𝑒). 𝜇 is a 𝑓𝑢𝑧𝑧𝑦 𝑞 − 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑋, tℎ𝑒𝑛 𝑓𝑜r a𝑛𝑦 𝑡  [𝑒, 1] , 𝜇𝑡  𝑖𝑠 𝑎n q−𝑖𝑑𝑒al 

o𝑓 𝑋 . 

Pr. :   𝐴𝑠𝑠𝑢𝑚𝑒 𝑡ℎat 𝜇 𝑖𝑠 𝑎 𝑓𝑢𝑧𝑧𝑦 q−𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 X , by (𝐹1) , 𝑤𝑒 have   μ (𝑒)  ≥  𝜇 (𝑥) for a𝑙𝑙 𝑥 ∈ 𝑋 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟e  μ (𝑒) ≥ 𝜇 (𝑥) ≥ 

t  𝑓𝑜𝑟  𝑥  𝜇𝑡  an𝑑 𝑠𝑜  𝑒  𝜇𝑡  . 
𝐿𝑒𝑡 𝑥 , 𝑦, 𝑧 ∈ 𝑋  𝑏𝑒 such tℎ𝑎𝑡  (𝑦 ∗ (𝑥 ∗ 𝑧)) ∈ 𝜇𝑡 and  𝑥 ∈  𝜇𝑡 , 𝑡ℎ𝑒𝑛  𝜇 (𝑦 ∗ (𝑥 ∗ 𝑧))  ≥  𝑡  𝑎n𝑑  𝜇 (𝑥)  ≥  𝑡 , 𝑠𝑖𝑛𝑐𝑒  μ i𝑠 𝑎 𝑓𝑢𝑧𝑧𝑦 𝑞-

ideal, 𝑖𝑡 𝑓𝑜llo𝑤𝑠 𝑡ℎ𝑎𝑡 
𝜇 (𝑦 ∗ 𝑧)≥ 𝑚𝑖𝑛 {𝜇 (𝑦 ∗ (𝑥 ∗ 𝑧)) , 𝜇 (𝑥)}  ≥  𝑡  𝑎𝑛𝑑 𝑤𝑒 ℎ𝑎ve tℎ𝑎𝑡   (𝑦 ∗ 𝑧)  ∈ 𝜇𝑡  . 𝐻𝑒𝑛𝑐e  𝜇𝑡𝑖𝑠 𝑎𝑛 𝑞 − 𝑖𝑑ea𝑙 𝑜𝑓 𝑋, 𝑓𝑜r 

𝑎n𝑦 𝑡  [0,1] . ⌂ 

 

Prop. 4.5. 

𝐿𝑒𝑡 𝜇  𝑏𝑒 𝑎 𝑓𝑢𝑧𝑧y q−𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝐵𝑍 − 𝑎𝑙ge𝑏𝑟𝑎 (𝑋,∗, 𝑒). 𝐼𝑓 for a𝑙𝑙 𝑡  [𝑒, 1] , 𝜇𝑡  𝑖𝑠 an q−𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑋 , ⇒μ 𝑖𝑠 𝑎 𝑓𝑢𝑧𝑧𝑦 

q−𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑋. 
Pr.:   𝑊𝑒 𝑜𝑛𝑙𝑦 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑠ℎ𝑜𝑤 tℎ𝑎𝑡 (𝐹1) 𝑎𝑛𝑑 (𝐹2) are t𝑟𝑢𝑒. 𝐼𝑓 (𝐹1) 𝑖𝑠 𝑓al𝑠𝑒, ⇒𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡  𝑥′ ∈  𝑋 𝑠𝑢𝑐ℎ 𝑡ℎat  𝜇 (𝑒) < 𝜇(𝑥′). If 

we t𝑎𝑘e  𝑡′ =  (𝜇 (𝑥′)  +  𝜇 (𝑒))/2 , th𝑒n   𝜇(𝑒)  <  𝑡′  and  𝑒 ≤  𝑡′ <  𝜇 (𝑥′)  ≤  1 , tℎ𝑒n   𝑥′ ∈  𝜇  and  𝜇 ≠  ∅ . As  𝜇𝑡′ is 𝑎𝑛 𝑞 −
𝑖𝑑𝑒𝑎l of  , w𝑒 ℎ𝑎𝑣e  e  𝜇𝑡′ 𝑎𝑛𝑑 𝑠o 𝜇 (𝑒)  ≥  𝑡′. Th𝑖𝑠 𝑖𝑠 𝑎 contra𝑑𝑖𝑐𝑡𝑖𝑜𝑛. 
𝑁𝑜𝑤 , 𝑎𝑠𝑠𝑢𝑚e (F2) is not true ,tℎ𝑒𝑛 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖st   𝑥′, 𝑦′, 𝑧′ ∈  𝑋 s𝑢𝑐ℎ 𝑡ℎat , 

𝜇 (𝑦′ ∗ 𝑧′)  <   𝑚𝑖𝑛 {𝜇 (𝑦′ ∗ (𝑥′ ∗ 𝑧′ )) , 𝜇 (𝑥′)}. 

Put𝑡𝑖𝑛𝑔   𝑡′ = (𝜇 (𝑦′ ∗ 𝑧′) + min {μ(𝑦′ ∗ (𝑥′ ∗ 𝑧′ )) , 𝜇 (𝑥′)}/2 , ⇒ 

𝜇 (𝑦′ ∗ 𝑧′)  <  𝑡′ 𝑎𝑛𝑑 𝑒 ≤ t' < m𝑖𝑛 {𝜇 (𝑦′ ∗ (𝑥′ ∗ 𝑧′ ))  , 𝜇 (𝑥′)} ≤ 1, ⇒ 

𝜇 (𝑦′ ∗ (𝑥′ ∗ 𝑧′ ))   >  𝑡′ 𝑎𝑛d   𝜇 (𝑥')  > 𝑡′, which 𝑖𝑚𝑝𝑙𝑦 𝑡ℎat    (𝑦′ ∗ (𝑥′ ∗ 𝑧′ )) ∈𝜇𝑡′ and 𝑥′ ∈ 𝜇𝑡′.  Since 𝜇𝑡′ is 

𝑎𝑛 𝑞 −id𝑒𝑎𝑙, 𝑖𝑡 𝑓𝑜𝑙𝑙𝑜ws that 𝑦′ ∗ 𝑧′ ∈ 𝜇𝑡′  a𝑛𝑑 𝑡ℎat  𝜇 (𝑦′ ∗ 𝑧′)  ≥  𝑡′, th𝑖𝑠 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑎 𝑐𝑜𝑛tr𝑎𝑑𝑖𝑐𝑡𝑖𝑜𝑛. He𝑛𝑐𝑒 𝜇 is a fuzzy 𝑞-ide𝑎𝑙 𝑜𝑓 

𝑋 .  ⌂ 

Coro.  4.6. 

Let 𝜇 be a fu𝑧𝑧𝑦 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜f 𝐵𝑍-algebra (𝑋,∗, 𝑒). If  𝜇  i𝑠 𝑎 𝑓𝑢𝑧zy 𝑞-ideal of  , th𝑒𝑛 𝑓𝑜𝑟 𝑒𝑣ery t  Im (𝜇), 𝜇𝑡 i𝑠 𝑎n 𝑞-ide𝑎𝑙 𝑜𝑓 𝑋, 

wℎ𝑒n  𝜇𝑡   ∅ 

Prop. 4.7. 

Ev𝑒𝑟𝑦 fuzzy 𝑞-id𝑒𝑎𝑙 𝑜f BZ-a𝑙𝑔𝑒𝑏𝑟a (𝑋,∗, 𝑒) is a f𝑢𝑧𝑧𝑦 𝑠𝑢𝑏𝑎𝑙𝑔ebra of  𝑋 . 

Pr.: 

Si𝑛𝑐e 𝜇 is fuz𝑧𝑦 𝑞-ide𝑎𝑙 𝑜𝑓 𝑎 𝐵𝑍-algebra (𝑋,∗, 𝑒) , ⇒𝑏𝑦 𝑃𝑟op. (4.4) , for any t  [0,1] , 𝜇𝑡 is 𝑞-ide𝑎𝑙 of 𝑋 . By Prop. (2.8), 

𝑓𝑜𝑟 𝑎ny   t  [0,1],  𝜇𝑡 is a 

sub𝑎𝑙𝑔𝑒𝑏𝑟𝑎 𝑜f 𝑋 ⇒  𝜇 is a fuz𝑧𝑦 𝑠𝑢𝑏𝑎𝑙𝑔𝑒𝑏𝑟𝑎 of 𝑋  by Prop. (3.3). ⌂ 

Prop. 4.8. 

Let I b𝑒 𝑎n 𝑞-𝑖𝑑𝑒𝑎l of  𝐵𝑍-algebra (𝑋,∗, 𝑒). For a𝑛𝑦 𝑓𝑖𝑥𝑒𝑑 𝑛𝑢mber t in a𝑛 𝑜𝑝en interval (e,1), 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥ists a fuzzy 𝑞-ideal 𝜇 of 𝑋 

su𝑐ℎ that 𝜇𝑡 = 𝐼. 

Pr.:  D𝑒𝑓𝑖ne  𝜇: 𝑋 → [0,1] by  𝜇(𝑥) = {
𝑡     𝑖𝑓   𝑥 ∈ 𝐼
𝑒    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

.  Wher𝑒 𝑡 𝑖𝑠 𝑎 𝑓𝑖𝑥𝑒𝑑 𝑛𝑢𝑚ber in (e, 1). C𝑙𝑒𝑎𝑟ly,  𝜇(𝑒)  ≥  𝜇(𝑥) , f𝑜𝑟 𝑎𝑙l 

𝑥 ∈  𝑋. 

Let  𝑥 , 𝑦, 𝑧 ∈  𝑋. 

𝐼f  𝑦 ∉  𝐼 , tℎ𝑒n  𝜇(𝑦) =𝑒 an𝑑 𝑠o  𝜇(𝑦 ∗ 𝑧)≥ e = m𝑖𝑛{𝜇(𝑦 ∗ (𝑥 ∗ 𝑧)), 𝜇(𝑥)}. 

𝐼f (𝑦 ∗ (𝑥 ∗ 𝑧))𝐼, 𝑡ℎ𝑒𝑛 𝑐𝑙𝑒𝑎rly  𝜇(𝑦 ∗ 𝑧  ) ≥ m𝑖𝑛{𝜇(𝑦 ∗ (𝑥 ∗ 𝑧)), 𝜇(𝑥)}. 

𝐼f  𝑦 ∗ 𝑧  ∉ 𝐼, 𝑦 ∈ 𝐼, ⇒(𝑦 ∗ (𝑥 ∗ 𝑧))∉ 𝐼, since I is an 𝑞- ideal. Thus 

𝜇(𝑦 ∗ 𝑧  )  =  𝑒 =  𝑚𝑖𝑛{𝜇(𝑦 ∗ (𝑥 ∗ 𝑧)), 𝜇(𝑥)}. 
⇒ 𝜇 is a 𝑓𝑢𝑧𝑧𝑦 𝑞-ideal of 𝑋. It is cl𝑒𝑎𝑟 𝑡ℎat 𝜇𝑡 = 𝐼. ⌂ 

Th.  4.9.   L𝑒t 𝐼 be a n𝑜𝑛𝑒𝑚pty s𝑢𝑏𝑠𝑒t of a 𝐵𝑍-al𝑔𝑒𝑏𝑟a (𝑋,∗, 𝑒) 𝑎𝑛d  𝜇  𝑏𝑒 𝑎 𝑓𝑢zzy sub𝑠𝑒𝑡 𝑜f 𝑋 su𝑐ℎ 𝑡ℎ𝑎t 𝜇 is into {0, 1}, so 

that 𝜇 is the charac𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐 𝑓𝑢nction of 𝐼,  ⇒ 𝜇 i𝑠 𝑎 𝑓uzzy 𝑞-ide𝑎𝑙 𝑜f 𝑋  𝐼 is an 𝑞-ideal of 𝑋 . 

Pr.: 

Ass𝑢𝑚𝑒 𝑡ℎat 𝜇 is a f𝑢𝑧𝑧𝑦 𝑞-ide𝑎𝑙 𝑜𝑓 𝑋, 𝑠𝑖nce   𝜇(𝑒)  𝜇(𝑥) 𝑓𝑜𝑟 𝑎ll  𝑥 ∈ 𝑋, clea𝑟𝑙𝑦, 𝑤𝑒 ℎ𝑎ve  𝜇(𝑒) = 1 , an d so  𝑒 ∈ 𝐼. 

Let  𝑥 , 𝑦, 𝑧 ∈  𝑋 be such that  (𝑦 ∗ (𝑥 ∗ 𝑧))∈𝐼 and 𝑥 ∈ 𝐼, since  𝜇  is a fu𝑧𝑧𝑦 𝑞-ideal of 𝑋 , it fol𝑙𝑜𝑤𝑠 𝑡ℎat     𝜇(𝑦 ∗ 𝑧 )≥ 

min{𝜇(𝑦 ∗ (𝑥 ∗ 𝑧)), 𝜇(𝑥)} = 1, and 𝜇(𝑥) = 1.   This ⇒that (𝑦 ∗ 𝑧) ∈ 𝐼 , i.e.,  𝐼 is an 𝑞-ideal of 𝑋 . 

Conversely, suppose 𝐼 is an 𝑞-ideal of 𝑋, s𝑖nce 𝑒 ∈ 𝐼 ,  𝜇(𝑒) = 1 ≥ 𝜇(𝑥), for all 𝑥 ∈  𝑋.  Let   𝑥 , 𝑦, 𝑧 ∈  𝑋, 

If  𝑥 ∉  𝐼 , ⇒ 𝜇(𝑦 )  = 𝑒 an𝑑 𝑠𝑜  𝜇(𝑦 ∗ 𝑧  )  ≥  𝑒 =  𝑚𝑖𝑛{𝜇(𝑦 ∗ (𝑥 ∗ 𝑧)), 𝜇(𝑥)}. 

If ((𝑥 ∗  𝑦) ∗ 𝑧)  ∈ 𝐼, ⇒𝑐𝑙𝑒arly  𝜇(𝑦 ∗ 𝑧  )  ≥  𝑚𝑖𝑛{𝜇((𝑥 ∗  𝑦) ∗ 𝑧), 𝜇(𝑥)}. 

If  𝑥 ∗ 𝑧  ∉ 𝐼, 𝑥 ∈ 𝐼, ⇒(𝑦 ∗ (𝑥 ∗ 𝑧)) ∉  𝐼, since I i𝑠 𝑎n 𝑞-ideal. Thus 

𝜇(𝑦 ∗ 𝑧  )  =  𝑒 =  𝑚𝑖𝑛{𝜇(𝑦 ∗ (𝑥 ∗ 𝑧)), 𝜇(𝑥)}. 
⇒  𝜇 i𝑠 𝑎 𝑓𝑢𝑧zy 𝑞-ide𝑎𝑙 𝑜f 𝑋. ⌂ 
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Prop. 4.10. 

The inters𝑒𝑐𝑡𝑖𝑜n of any s𝑒𝑡 𝑜𝑓 𝑓𝑢zzy 𝑞-ide𝑎𝑙𝑠 𝑜f 𝐵𝑍-𝑎𝑙𝑔𝑒bra (𝑋,∗, 𝑒) i𝑠 𝑎𝑙𝑠𝑜 fuz𝑧y 𝑞-𝑖𝑑𝑒𝑎𝑙 𝑜f 𝑋. 

Pr.: 

Let {𝜇𝑖  i  } be a f𝑎𝑚𝑖𝑙𝑦 of f𝑢𝑧𝑧y 𝑞-id𝑒𝑎ls of 𝐵𝑍-a𝑙𝑔ebra (𝑋,∗, 𝑒), ⇒𝑓𝑜𝑟 𝑎ny 𝑥 , 𝑦, 𝑧 ∈  𝑋, i , 

( ∩
𝑖∈𝛬

𝜇𝑖) (e) = inf (𝜇𝑖 (𝑒))  ≥  𝑖nf (𝜇𝑖 (x)) = ( ∩
𝑖∈𝛬

𝜇𝑖)(x) an𝑑 

( ∩
𝑖∈𝛬

𝜇𝑖) (𝑦 ∗ 𝑧) = i𝑛𝑓 (𝜇𝑖 (𝑦 ∗ 𝑧)) ≥ inf (min {𝜇𝑖 (𝑦 ∗ (𝑥 ∗ 𝑧)), 𝜇𝑖 (𝑥)}) 

= m𝑖𝑛 {inf (𝜇𝑖(𝑦 ∗ (𝑥 ∗ 𝑧)), i𝑛𝑓 (𝜇𝑖 (𝑥)} 

= m𝑖𝑛 {( ∩
𝑖∈𝛬

𝜇𝑖) (𝑦 ∗ (𝑥 ∗ 𝑧)) , ( ∩
𝑖∈𝛬

𝜇𝑖) (𝑥)} . 

⇒,  ( ∪
𝑖∈𝛬

𝜇𝑖)  𝑖𝑠 𝑓𝑢𝑧𝑧𝑦 𝑞-ideal of 𝑋 .Tℎ𝑖𝑠 𝑐𝑜𝑚pletes the Pr..  ⌂ 

 

Th. 4.11. 

A homo𝑚𝑜𝑟𝑝hic pre-im𝑎𝑔𝑒 𝑜f a 𝑓𝑢𝑧zy 𝑞-ideal of 𝐵𝑍-al𝑔𝑒bra (𝑋,∗, 𝑒) i𝑠 𝑎𝑙𝑠𝑜 a 𝑓𝑢zzy 𝑞-𝑖𝑑𝑒𝑎𝑙 𝑜f 𝑋. 

Pr.: 

Let 𝑓: (𝑋;∗, 𝑒) → (𝑌;∗′, 𝑒′)   𝑏𝑒 𝑎 of 𝐵𝑍-alg𝑒𝑏𝑟as,  β a fuzzy 𝑞-ide𝑎𝑙 of 𝑌 a𝑛𝑑 𝜇 the pr𝑒 − 𝑖𝑚age of β u𝑛𝑑er f , ⇒β (𝑓 (x)) = 𝜇 (x) 

, fo𝑟 𝑎𝑙𝑙 𝑥 ∈  𝑋. 

S𝑖𝑛𝑐e  𝑓(𝑥) ∈ 𝑌 and  β  is a fuzzy 𝑞-id𝑒𝑎l of  𝑌, i𝑡 𝑓𝑜llow𝑠 𝑡hat  β(e') ≥ β(𝑓 (x)) = 𝜇 (x) , fo𝑟 𝑒𝑣ery 𝑥 ∈ 𝑋, where e' is 

𝑡ℎ𝑒 𝑧𝑒𝑟𝑜 𝑒𝑙ement of 𝑌. 

But  β(e') = β(𝑓 (e)) = 𝜇 (e)  and so  µ(𝑒)  ≥  µ(𝑥) , for any  𝑥 ∈  𝑋. 

No𝑤, 𝑙et 𝑥 , 𝑦,z ∈ 𝑋, ⇒𝑤𝑒 𝑔et 

𝜇 (𝑦 ∗ 𝑧) = β (𝑓 (𝑦 ∗ 𝑧)) 

≥ m𝑖𝑛 {β (𝑓 (𝑦 ∗ (𝑥 ∗ 𝑧))), β(𝑓 (x))} 

= m𝑖𝑛 {β 𝑓 (y) ∗ ′ (𝑓 (x) ∗ ′ 𝑓 (z) )), β(𝑓 (x))} 

= m𝑖𝑛 {β (𝑓 (𝑦 ∗ (𝑥 ∗ 𝑧))),β(𝑓 (x)) } 

= m𝑖𝑛{ 𝜇 (𝑦 ∗ (𝑥 ∗ 𝑧))𝜇 (𝑥)} 

i.e., 𝜇 (𝑦*𝑧 ) ≥ m𝑖𝑛{𝜇(𝑦 ∗(x * z)), 𝜇 (𝑥)},  f𝑜𝑟 all 𝑥 , 𝑦, z ∈ 𝑋. ⌂ 

Th. 4.12. 

Let 𝑓: (𝑋;∗, 𝑒)  → (𝑌;∗ ′, 𝑒′) be an epimorphis𝑚 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝐵𝑍 -alg𝑒𝑏𝑟𝑎s 𝑋 and 𝑌 re𝑠𝑝𝑒𝑐𝑡𝑖𝑣ely. For eve𝑟𝑦 𝑓𝑢𝑧𝑧𝑦 𝑞-ideal 𝜇 of 𝑋 

wi𝑡ℎ 𝑠𝑢𝑝 𝑝𝑟operty, 𝑓 (𝜇) is a fu𝑧𝑧y 𝐵𝑍-id𝑒𝑎𝑙 of 𝑌. 

Pr.: 

By Def.   β(y') = 𝑓 (𝜇)(y') = sup{µ(x) 𝑥 ∈ 𝑓−1(𝑦′) },for all  y' 𝑌 (sup ∅ = e). 

W𝑒 ℎ𝑎ve to pro𝑣𝑒 𝑡hat   β(𝑥′ ∗′ 𝑧′) ≥ min {β((𝑥′ ∗ ′ 𝑦′) ∗′ 𝑧′),β(𝑦′)},  fo𝑟 𝑎ll 𝑥′, 𝑦′, 𝑧′ 𝑌. 

Let 𝑓: (𝑋;∗, 𝑒)  → (𝑌;∗ ′, 𝑒′)be a𝑛 𝑒𝑝𝑖𝑚orphism of 𝐵𝑍-alge𝑏𝑟𝑎s, 𝜇 i𝑠 𝑎 𝑓𝑢zzy 𝐵𝑍-ide𝑎𝑙 𝑜f 𝑋 wi𝑡ℎ 𝑠𝑢p prope𝑟𝑡𝑦 𝑎nd β the 

im𝑎𝑔𝑒 𝑜f 𝜇 u𝑛𝑑𝑒r 𝑓. 

Si𝑛𝑐e 𝜇 is a fuz𝑧𝑦 𝑞-ideal of  , w𝑒 ℎave µ(𝑒)≥ µ(𝑥), 𝑓𝑜𝑟 𝑎ll 𝑥  ∈ 𝑋. 

𝑁𝑜𝑡𝑒 𝑡hat e 𝑓−1 (e'), wher𝑒 𝑒 𝑎𝑛d e' ar𝑒 𝑡he zer𝑜 𝑒𝑙𝑒ment𝑠 𝑜f 𝑋 and 𝑌 respectiv𝑒𝑙𝑦. 𝑇ℎus )()0()(sup)0'(
)x'(1

xt
ft

 


 

=  µ(𝑒) ≥ µ(𝑥) f𝑜𝑟 𝑎ll 𝑥 ∈  𝑋, wℎ𝑖𝑐h ⇒ )x'()(sup)0'(
)'(1

 
 xft

t  , for any 𝑥′  ∈  𝑌 

𝐹𝑜𝑟 𝑎ny 𝑥′, 𝑦′, 𝑧′ ∈  𝑌, let 𝑥𝑒∈𝑓−1(𝑥′) , 𝑦𝑒∈𝑓−1(𝑦′) , 𝑧𝑒∈𝑓−1(𝑧′)be such that: 

) '(
000

)''*(*
000000

1
0

1
00

)(sup)]'([)]([)(

)*(sup)]''*([)]*([)*(

xfx

yxfyx

xxfxfx

yxyxfyxfyx

















   ,   then 

𝛽(𝑦′ ∗′ 𝑧′) = 𝑠𝑢𝑝 𝜇 (𝑡) = 𝜇𝑡∈𝑓−1(𝑦′∗′𝑧′)(𝑦𝑒 ∗  𝑧𝑒) 

≥ 𝑚𝑖𝑛{ 𝜇(𝑦𝑒 ∗ (𝑥𝑒 ∗  𝑧𝑒)), 𝜇(𝑥𝑒)} 

= 𝑚𝑖𝑛{ 𝑠𝑢𝑝 𝜇
𝑡∈𝑓−1(𝑦′∗(𝑥′∗𝑧′))

(𝑡), 𝑠𝑢𝑝 𝜇𝑡∈𝑓−1(𝑥′) (𝑡)} 

= 𝑚𝑖𝑛{ 𝛽(𝑦′ ∗ (𝑥′ ∗ 𝑧′ )) , 𝛽(𝑥′)}

 

⇒ β i𝑠 𝑎 𝑓uzzy 𝑞-id𝑒𝑎𝑙 𝑜f 𝑌. ⌂ 

 

I. DISCUSSION 

A specific set of algebraic properties of a specific type of RG-algebra, namely algebra, has been studied, and these properties and 

theorems were also related to fuzzy q-ideals of RG-algebra. 
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II. CONCLUSION 

   We have reached many results related to fuzzy q-ideals, the most important of which is studying the image and the inverse image 

of fuzzy q-ideals of RG-algebra. 
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