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1. Introduction: The study of the asymptotic behavior of dissipative random dynamical systems is now made much easier by the 

current theory of random attractors. A random attractor is a random invariant compact set which that attracts every trajectory as 

time becomes infinite.  

One of the main concepts for the study of the asymptotic behavior of dissipative dynamical systems is the global attractor (see 

Hale [3] or Temam [8] and the references therein). 

Many papers devoted to the study the dissipativety in RDSs, see, for example, Xiaoying S., Qiaozhen M. [9], Hoang L. [4], Kuehn 

C., Neamt¸u A. and Pein A. [7], Flandoli F. and Langa J. [2].  

In our work, we have generalized some concepts of dissipative of random dynamical system with locally compact phase space. 

Moreover, it will be shown that the locally completely continuous and weakly dissipative are dynamic properties.  

2. RDS, concepts and definitions: 

In this section, we recall some basic concepts related to RDS and random attractors for RDS in [igor], which are important for 

getting our main results.  

Definition 2.4[7]: Let  (Ω, ℱ, ℙ) be a probability space. The measurable invariant action   θ: 𝕋 × Ω ⟶ Ω is called metric 

dynamical system and will written as MDS. 

Definition (2.1)[5]: 𝐿𝑒𝑡 (Ω, ℱ, ℙ) be a probability space and θ: 𝕋 × Ω ⟶ Ω is measurable function satisfy the following  

θ0 =  id, θt ∘ θs = θt+s  for all t, s ∈ 𝕋 ;  and  θtℙ = ℙ  for all t ∈ 𝕋. 

A set B ∈ ℱ is called θ −invariant if θtB = B for all t ∈ 𝕋 . An MDS  θ called ergodic under ℙ if for any θ −invariant set B ∈ ℱ 

we have either ℙ(B) = 0 or ℙ(B) = 1. 

Definition (2.2) [5]: 𝐿𝑒𝑡 X be a topological space and 𝕋 be a locally compact group. RDS is a pair (θ, 𝜑) involving an MDS θ and 

a cocycle 𝜑 over θ of continuous mappings of X , i.e. a measurable mapping 𝜑 ∶ 𝕋 × Ω × 𝑋 ⟶ 𝑋,  (𝑡, 𝜔, 𝑥) ⟼ 𝜑(𝑡, 𝜔, 𝑥) ,such 

that 

 (i) for every t ∈ 𝕋 and ω ∈ Ω, the function  𝑥 ⟼  𝜑(𝑡, 𝜔, 𝑥) ≡ 𝜑(𝑡, 𝜔)𝑥 is continuous  

(ii) for all t, s ∈ 𝕋 and ω ∈ Ω ,the function𝜑(𝑡, 𝜔): = 𝜑(𝑡, 𝜔,·) fulfill: 

𝜑(0, 𝜔) = id, 𝜑(𝑡 + 𝑠, 𝜔) = 𝜑(𝑡, θs𝜔) ∘ 𝜑(𝑠, 𝜔)  . 

The property (ii) called cocycle property of 𝜑. 

Definition (2.3) [5]: Let X be a metric space with a metric d. The multifunction ω ⟼ D(ω) ≠ 𝜑 is said to be a     random set if 

the mapping ω ⟼  distX(x, D(ω)) measurable for any 𝑥 ∈ X. If D(ω) is closed for each ω ∈ Ω then D      is called a random 
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closed set. If D(ω) are compact sets for all ω ∈ Ω then D is called a random compact set. A      random set {D(ω)} is said to be 

bounded if there exist 𝑥0 ∈ X and a random variable r(ω) > 0 such that  

                       D(ω) ⊂ {𝑥 ∈ X: d(x, x0) ≤ r(ω)}   for all ω ∈ Ω. 

          For ease of notation we denote the random set ω ⟼ D(ω)  by D or {D(ω)}. 

Definition (2.4) [12]: A collection ℳ of random sets is called a universe of sets if  

(a) Every members of ℳ is closed, and 

(b) ℳ is closed with respect to inclusions. 

Definition (2.5) [5]: Consider the RDS (𝜃, 𝜑) and the universe ℳ. Then (θ, φ) is called  dissipative in ℳ , if  for some  

absorbing set 𝐴 for the RDS (θ, φ) in ℳ and some closed random ball 𝐵r(ω)(𝑥0) with center 𝑥0 ∈ 𝑋 and radius r(ω) we have   

𝐴(ω) ⊂ 𝐵r(ω)(𝑥0), for all ω ∈ Ω..  

Definition (2.6) (Invariance Property)[38]: Let(𝜃, φ) be a random dynamical system. A multifunction 𝜔 ⟼ 𝐷(𝜔)is said to be 

(i) Forward invariant with respect to (𝜃, φ) if φ(𝑡, 𝜔)𝐷(𝜔) ⊆ 𝐷(𝜃𝑡𝜔) for all 𝑡 > 0 and 𝜔 ∈ Ω, i.e. if  

𝑥 ∈ 𝐷(𝜔)implies φ(𝑡, 𝜔)𝑥 ∈ 𝐷(𝜃𝑡𝜔) for all 𝑡 ≥ 0 and 𝜔 ∈ Ω; 

(ii) Backward invariant with respect to (𝜃, φ) if 𝐷(𝜃𝑡𝜔) ⊆ φ(𝑡, 𝜔)𝐷(𝜔) for all 𝑡 > 0 and 𝜔 ∈ Ω, i.e. for 

every 𝑡 > 0, 𝜔 ∈ Ω and 𝑦 ∈ 𝐷(𝜃𝑡𝜔) there exists 𝑥 ∈ 𝐷(𝜔) such that φ(𝑡, 𝜔)𝑥 = 𝑦;  

                  φ(𝑡, 𝜔)𝐷(𝜔) ⊆ 𝐷(𝜃𝑡𝜔),𝑡 < 0. 

Definition 2.9(2.7) [ 2بحث  ]:RDS (θ, φ) is said to be point dissipative if 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑥 ∈ 𝑋Ω, there is random set K in X so that, 

lim
𝑡⟶+∞

𝑑(𝜑(𝑡, 𝜃−𝑡𝜔)𝑥(𝜃−𝑡𝜔), 𝐾(𝜔)) = 0 

Definition 2.5 (2.8) [5]: Let 𝑋 = ℝ𝑑, Suppose that 𝑟(ω) ≥ 0 is a random variable and 𝑎(ω) is a random     vector   from ℝ𝑑. 

Then the multifunction 

ω ⟼ B(ω) = {𝑥: |𝑥 − 𝑎(ω)| ≤ r(ω)} 

         is a random compact set. Here |. | is the Euclidean distance in ℝ𝑑. This fact follows from the formula 

𝑑𝑖𝑠𝑋(𝑦, B(ω)) = {
0                                       𝑖𝑓 𝑦 ∈ B(ω) 

|𝑦 − 𝑎(ω) − r(ω)|     𝑖𝑓 𝑦 ∉ B(ω)
 

Which implies that 𝑑𝑖𝑠𝑋(𝑦, B(ω)) = max {0, |𝑦 − 𝑎(ω) − r(ω)|}. It is also clear that 𝑖𝑛𝑡 𝐵(ω) = {𝑥: |𝑥 − 𝑎(ω)| < r(ω)} is a 

random (open) set. 

Definition 2.6(2.9) [5]: A random set D(ω)  is said to be tempered with respect to MDS θ = (Ω, ℱ, ℙ, {θt, t ∈ 𝕋}) if there exist a 

random variable r(ω) and an element 𝑦 ∈ X such that  

D(ω) ⊂ {𝑥: 𝑑𝑖𝑠𝑋(𝑥, y) ≤ r(ω)} for all ω ∈ Ω   

And r(ω) is a tempered random variable with respect to θ, i.e  

sup𝑡∈𝕋{𝑒−ℷ|𝑡| |𝑟(θtω)|} < ∞ ,      for all   ω ∈ Ω and   ℷ > 0   

Definition 2.7(2.10) [5]: A random closed set {𝑀(𝜔)} from a universe ℳ is called a random attractor of RDS (𝜃, 𝜑) in ℳ if 

𝐵(𝜔) is proper subset of  𝑋 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝜔 ∈ Ω and : 

(i) 𝐵 is an invariant set, i.e. 𝜑(𝑡, 𝜔)𝐵(𝜔) = 𝐵(𝜃𝑡𝜔) for 𝑡 ≥ 0, 𝜔 ∈ Ω; 
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(ii) 𝐵 is an attracting in ℳ, i.e. 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑀 ∈ ℳ 

lim
𝑛→+∞

𝑑𝑋{𝜑(𝑡, 𝜃−𝑡𝜔)𝑀(𝜃−𝑡𝜔), 𝐵(𝜔)} = 0, 𝜔 ∈ Ω 

Where 𝑑𝑋{𝐴 ∖ 𝐵} = 𝑠𝑢𝑝𝑥∈𝐴𝑑𝑖𝑠𝑋(𝑥, 𝐵). 
Definition 2.8 (2.11) [6]: 𝐿𝑒𝑡 (𝑋, 𝑑) be a metric space, 𝐾 ⊂ 𝑋 is precompact or totally bounded if every sequence in 𝐾 admits  a 

subsequence converges to a point of 𝑋. 

Definition 2.9 (2.12) (Equivalence of RDS)[Igor]: Let (𝜃, 𝜑1) and (𝜃, 𝜑2) be two RDS over the same MDS 𝜃 with phase 

spaces 𝑋1 and 𝑋2 respectively. These RDSs (𝜃, 𝜑1) and (𝜃, 𝜑2) are said to be (topologically) equivalent (or conjugate) if  there 

exists a mapping   𝑇: Ω ×  𝑋1 →  𝑋2 with the properties: 

 (i)The mapping 𝑇𝜔: 𝑋1 ⟶ 𝑋2 such that 𝑇𝜔(𝑥1) = 𝑇(𝜔, 𝑥1) is homeomorphism for every 𝑥1 ∈ 𝑋1 and 𝜔 ∈ Ω;  

(ii) The mappings 𝛽1: Ω → 𝑋2, such that 𝛽1(ω) = 𝑇(𝜔, 𝑥1) is measurable for every 𝑥1 ∈ 𝑋1 and 𝜔 ∈ Ω; 
and 𝛽2: Ω ⟶ 𝑋1 , such that 𝛽2(ω) = 𝑇−1(𝜔, 𝑥2) is measurable for every 𝑥2  ∈ X2;  

(iii) The cocycles 𝜑1 and 𝜑2 are cohomologous, i.e. 

𝜑2 (𝑡, 𝜔, 𝑇(𝜔, 𝑥))  =  𝑇 (𝜃𝑡  𝜔, 𝜑1 (𝑡, 𝜔, 𝑥)) for any 𝑥 ∈ X1.  

   In this case we will write  (𝜃, 𝜑1) ≅𝑇 (𝜃, 𝜑2) . Any property that preserved under the topological equivalent it will be called 

dynamical property. 

3. Dissipative RDSs on Locally Compact Spaces: 

This section devoted  to a study  the compact and local dissipativity . The main result is that under certain conditions the weak 

dissipative, point dissipative, compact dissipative, and local dissipative  are equivalent in locally compact spaces. As will be shown 

below, a stronger statement holds, namely that in locally compact spaces, point dissipativity implies local dissipativity. 

    In the following  definition we will introduce two types of dissipativity in RDS: 

Definition 3.1: We will call the RDS (θ, φ) 

1. locally completely continuous (locally compact) if for every random variable  𝑝 ∈ 𝑋Ω, there exist a tempered random variable  

𝛿 = 𝛿(𝑝, 𝜔) > 0  and 𝑙 = 𝑙(𝑝) > 0 such that 

                    𝜑(𝑙, 𝜃−𝑙𝜔)𝐵(𝜃−𝑙𝜔), where 𝐵(𝜔) ≔ 𝐵(𝜃−𝑙𝜔) = {𝑥 ∈ 𝑋: 𝑑(𝑥, 𝑝(𝜔)) < 𝛿(𝜔)} 

is precompact; 

2. weakly dissipative if there exists a nonempty  random compact set 𝐾 ⊆ 𝑋 such that for every random variable 휀 > 0 and 𝑥 ∈ 𝑋, 

there exists 𝜏 = 𝜏(휀, 𝑥) > 0 for which 

𝜑(𝜏, 𝜃−𝜏𝜔)𝑥 ∈ 𝐵(𝐾(𝜔), 휀(𝜔)) . 

In this case, we will call 𝐾 a weak attractor.   

Remark 3.2: Every RDS (𝜃, 𝜑) defined on the locally compact metric space 𝑋 is locally completely continuous. 

Proof: by Definition 3.1(1). 

Lemma 3.3: Let 𝐾 ⊆ 𝑋 be a nonempty compact random set, 𝑝𝑖 ∈ 𝑋Ω, and 𝛿𝑖(𝜔) > 0 (𝑖 = 1, … , 𝑚), 𝜔 ∈ Ω. If 𝐾 ⊆
⋃{𝐵(𝑝𝑖 , 𝛿𝑖(𝜔)) | 𝑖 = 1, . . . , 𝑚} , then there exists a tempered random variable 𝛼 > 0 such that 

𝐵(𝐾, 𝛼) ⊆ ⋃{𝐵(𝑝𝑖 , 𝛿𝑖(𝜔)) | 𝑖 = 1, . . . , 𝑚}                        (3.1)                         

Proof: Assume that the inclusion (3.1) does not hold for all 𝛼 > 0. i.e.,  

𝐵(𝐾, 𝛼) ⊈∪ {𝐵(𝑝𝑖 , 𝛿𝑖(𝜔))| 𝑖 = 1, … , 𝑚}, for all 𝛼 > 0.  

Then there exist  𝛼𝑛 ↓ 0 such that  

𝐵(𝐾, 𝛼𝑛) ⊈∪ {𝐵(𝑝𝑖 , 𝛿𝑖(𝜔))| 𝑖 = 1, … , 𝑚}. 
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In other words: 

Then there exist sequence {𝛼𝑛} with  𝛼𝑛 ↓  0 and 𝑟𝑛 ∈ B(K, 𝛼𝑛)  (i.e., 𝑑(𝑟𝑛 , 𝐾) = inf𝑞∈𝐾 𝑑(𝑟𝑛 , 𝑞) < 𝛼𝑛  )such that 

𝑟𝑛 ∉ ⋃{𝐵(𝑝𝑖 , 𝛿𝑖(𝜔)) | 𝑖 = 1, . . . , 𝑚}  

This implies that  𝑟𝑛 ∉ 𝐵(𝑝𝑖 , 𝛿𝑖(𝜔)) for all  𝑖 = 1, … , 𝑚, so 

𝑑(𝑟𝑛 , 𝑝) >  𝛿𝑖(𝜔) , for all  𝑝 ∈ 𝐵(𝑝𝑖(𝜔), 𝛿𝑖(𝜔)) and all 𝑖 = 1, … , 𝑚 

 Since 𝑟𝑛 ∈ 𝐵(𝐾, 𝛼𝑛) , as 𝛼𝑛 ↓ 0, for every point 𝑟𝑛 there exists a sequence {𝑞𝑛} such that  

𝑑(𝑟𝑛 , 𝑞𝑛) <  𝛼𝑛 .                                                         (3.2)                                           

By the compactness of 𝐾(𝜔), the sequence {𝑞𝑛} can be considered to converge to 𝑞 (i.e., lim
𝑛→∞

𝑑(𝑞𝑛 , 𝑞) = 0). Note that since 

𝐾(𝜔) ⊆∪ {𝐵(𝑝𝑖(𝜔), 𝛿𝑖(𝜔))| 𝑖 = 1, … , 𝑚}, then  𝑞 ∈ 𝐵(𝑝𝑖(𝜔), 𝛿𝑖(𝜔)) for some 𝑖 = 1, … , 𝑚 

Then according to (3.2), 𝑟𝑛 → 𝑞,  

𝑑(𝑟𝑛 , 𝑞) ≤ 𝑑(𝑟𝑛 , 𝑞𝑛) + 𝑑(𝑞𝑛 , 𝑞) 

                                                                               < 𝛼𝑛 + 𝑑(𝑞𝑛, 𝑞).  

Take a limit as 𝑛 for arbitrary large : 

lim
𝑛→∞

𝑑(𝑟𝑛 , 𝑞) < lim
𝑛→∞

𝛼𝑛 + lim
𝑛→∞

𝑑(𝑞𝑛 , 𝑞) = 0 + 0 = 0. 

So lim
𝑛→∞

𝑑(𝑟𝑛 , 𝑞) = 0. 

which contradicts the choice of the sequence {𝑟𝑛}.  

since   𝑑(𝑟𝑛 , 𝑝) >  𝛿𝑖 , for all  𝑝 ∈ 𝐵(𝑝𝑖(𝜔), 𝛿𝑖(𝜔))  and all 𝑖 = 1, … , 𝑚.         ∎ 

Theorem 3.4: Let (𝜃, 𝜑) be weakly dissipative and locally completely continuous RDS, and let 𝐾 ⊂ 𝑋 be a random weak attractor 

of (𝜃, 𝜑).Then:  

1.There exist 𝑎0 > 0 and 𝑙0 > 0 such that 

𝜑(𝑡, 𝜃−𝑡𝜔)𝐵(𝜃−𝑡𝜔), 𝜔 ∈ Ω, 𝐵(𝜔) ≔ 𝐵(𝑝, 𝛿) = {𝑥 ∈ 𝑋: 𝑑(𝑥, 𝑝(𝜔)) < 𝛿(𝜔)} 

is precompact for every 𝑡 ≥ 𝑙0. 

2.There exist 𝐿0 ≥ 𝑙0 such that for all t ≥ 𝐿0, 

 𝜑(𝑡, 𝜃−𝑡𝜔)𝐵(𝜃−𝑡𝜔) ⊆  𝜑(𝑡0, 𝜃−𝑡0
𝜔)𝐵(𝜃−𝑡0

𝜔). 

Proof: Let 𝑥 ∈ 𝐾Ω. By virtue of the local complete continuity of (𝜃, 𝜑) for the random variable 𝑥 ∈ 𝐾Ω, there exist 𝑙(𝑥, 𝜔) > 0 

and δ𝑥(𝜔) > 0 such that 

 𝜑(𝑡, 𝜃−𝑡𝜔)𝐵𝑥(𝜃−𝑡𝜔) ,  𝐵𝑥(𝜔) ≔ 𝐵(𝑥, 𝛿𝑥) = {𝑦 ∈ 𝑋: 𝑑(𝑦, 𝑥(𝜔)) < 𝛿𝑥(𝜔)} 

is precompact for all 𝑡 ≥ 𝑙(𝑥, 𝜔). It is clear that 

                                    {𝐵𝑥(𝜔)| 𝑥 ∈ 𝐾}  

is an random open covering of 𝐾, and by its compactness, we can extract a finite sub covering {𝐵𝑥𝑖
(𝜔): 𝑖 = 1, … , 𝑛} from the 

constructed covering. Let 𝑙0(𝜔) ≔ max{𝑙(𝑥𝑖)| 𝑖 = 1, . . . , 𝑛}. According to Theorem 3.2, there exists 𝑎0 > 0 such that 

 

𝐾 ⊆ 𝐵𝑥(𝜃−𝑡𝜔) ⊆∪ {𝐵𝑥𝑖
(𝜃−𝑡𝜔)| 𝑖 = 1, . . . , 𝑛}. 

Consequently,   

𝜑(𝑡, 𝜃−𝑡𝜔)𝐵𝑥(𝜃−𝑡𝜔) ⊆∪ {𝜑(𝑡, 𝜃−𝑡𝜔)𝐵𝑥𝑖
(𝜃−𝑡𝜔)| 𝑖 = 1, . . . , 𝑛}, 
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which is why the set 𝜑(𝑡, 𝜃−𝑡𝜔)𝐵𝐾(𝜃−𝑡𝜔) is precompact for all 𝑡 ≥ 𝑙0, where 𝐵𝐾(𝜔) ≔ 𝐵(𝐾, 𝑎0).  

Let us now prove the second statement of the lemma. Let 𝑎0(𝜔) and 𝑙0(𝜔) be a random positive numbers from the previous item. 

Suppose that the second statement of the theorem is not true. Then we will see that there exist {𝑥𝑘(𝜔)} ⊂ 𝐵𝐾(𝜃−𝑡𝜔) and 𝑡𝑘 → +∞ 

such that 

(1)  𝑥𝑘(𝜔) ∈ 𝐵𝐾(𝜃−𝑡𝜔)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅. 

(2)  𝜑(𝑡, 𝜃−𝑡𝜔)𝑥𝑘 ∈  𝑋 \ 𝐵𝐾(𝜃−𝑡𝜔) for any 0 < 𝑡 < 𝑡𝑘. 

(3)  𝜑(𝑡𝑘, 𝜃−𝑡𝑘
𝜔)𝑥𝑘 ∈ 𝐵𝐾(𝜃−𝑡𝜔). 

From (2) it follows that 

(4) 𝜑(𝑡, 𝜃−𝑡𝜔)𝑥𝑘
ـ

∈  𝑋 \ 𝐵𝐾(𝜃−𝑡𝜔) for all 0 < 𝑡 < 𝑡𝑘 − 𝑙0, where 𝑥𝑘
ـ
(𝜔): = 𝜑(𝑙0, 𝜃−𝑙0

𝜔)𝑥𝑘 . 

By virtue of the relative compactness of 𝜑(𝑡0, 𝜃−𝑡0
𝜔)𝐵𝐾(𝜃−𝑡0

𝜔), the sequence 𝑥𝑘
ـ
(𝜔) = 𝜑(𝑙0, 𝜃−𝑙0

𝜔)𝑥𝑘 can be considered 

convergent. Assume 𝑥0(𝜔) = lim
𝑘⟶+∞

 𝑥𝑘
ـ
(𝜔). Then from (4), it follows that 

𝜑(𝑡, 𝜃−𝑡𝜔)𝑥0  ∈  𝑋 \𝐵𝐾(𝜃−𝑡𝜔) for all 0 < 𝑡 < +∞, 

and consequently, 

∅ ≠ Γ𝑥0
(𝜔) ⊂ 𝑋 \𝐵𝐾(𝜃−𝑡𝜔). 

So Γ𝑥0
(𝜔) ∩ 𝐾(𝜔) = ∅, which contradicts the weak dissipativity of RDS (𝜃, 𝜑) and the fact that 𝐾(𝜔) is a weak attractor. This 

contradiction completes the proof of theorem. 

Theorem 3.5: For locally completely continuous RDS (𝜃, 𝜑) with 𝜑(𝑡, 𝜃−𝑡𝜔): 𝑋 → 𝑋 is continuous for every t, the following 

statements are equivalent  

1.weak dissipative, 

2. point dissipative, 

3. compact dissipative, and  

4.local dissipative.  

Proof: Suppose that (𝜃, 𝜑) is locally completely continuous.  

(1) ⟹(4):Let 𝐾 ≠ ∅ be a compact weak random attractor of (𝜃, 𝜑). Denote by 𝑎0(𝜔) the tempered from Theorem 3.4. If 𝑥 ∈ 𝑋, 

then there exists 𝜏 > 0 such that 

 𝜑(𝜏, 𝜃−𝜏𝜔)𝑥 ∈ 𝐵(𝜃−𝑡 𝜔). Let 𝜖 > 0 be a tempered random variable such that 𝐵(𝜑(𝜏, 𝜃−𝜏𝜔), 𝜖(𝜔)) ⊂ 𝐵(𝐾, 𝑎0(𝜔)). By the 

continuity of the mapping 𝜑(𝜏, 𝜃−𝜏𝜔) ∶ 𝑋 ⟶ 𝑋 at the point 𝑥, there exists 𝛼 > 0 such that 

                        𝜑(𝜏, 𝜃−𝜏𝜔)𝐵(𝑥, 𝛼) ⊂ 𝐵(𝜑(𝜏, 𝜃−𝜏𝜔)𝑥, 𝛾(𝜔)) ⊂ 𝐵(𝐾, 𝑎0(𝜔)). 

Assume 𝑀 =  𝐵(𝐾, 𝑎0(𝜔))̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ . According to Theorems 3.5 from [10] and 2.4, the set 𝑀 is nonempty and compact random set, and 

lim
𝑘⟶+∞

𝛽(𝜑(𝑡, 𝜃−𝑡𝜔)𝐵(𝜃−t𝜔), 𝑀(𝜔)) = 0, So we have constructed a nonempty compact subset 𝑀 ⊂ 𝑋 attracting every point with 

some α-neighborhood, that is, (𝜃, 𝜑) is locally dissipative. The theorem is proved. 

Theorem 3.6:  Let (𝜃, 𝜑1) ≅𝑇 (𝜃, 𝜑2). If an RDS (𝜃, 𝜑1) is locally completely continuous, then so is (𝜃, 𝜑2). 

Proof: Suppose that (𝜃, 𝜑1) is locally completely continuous. Let 𝑝 ∈ 𝑋2
Ω. Since the mapping 𝑇𝜔: 𝑋1 ⟶ 𝑋2 such that 𝑇𝜔(𝑥1) =

𝑇(𝜔, 𝑥1) is homeomorphism for every 𝑥1 ∈ 𝑋1 and 𝜔 ∈ Ω. Then  𝑞 ≔ 𝑇𝜔
−1 ∘ 𝑝: Ω ⟶ 𝑋1 is random variable in 𝑋1 . By hypothesis  

there exists 𝛿 = 𝛿(𝑞, 𝜔) and 𝑙 = 𝑙(𝑞) such that  

𝜑1(𝑙, 𝜃−𝑙𝜔)𝐵(𝑞,𝛿)(𝜃−𝑙𝜔) 

is precompact. Now, since  
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𝜑2 (𝑡, 𝜔, 𝑇(𝜔, 𝑥))  =  𝑇 (𝜃𝑡  𝜔, 𝜑1 (𝑡, 𝜔, 𝑥)) for any 𝑥 ∈ X1 and every 𝑡 ∈ ℝ. 

Then  

𝜑2 (𝑙, 𝜃−𝑙𝜔, 𝑇(𝜃−𝑙𝜔, 𝑥))  =  𝑇 (𝜃𝑙𝜃−𝑙𝜔, 𝜑1 (𝑙, 𝜃−𝑙𝜔, 𝑥)) for any 𝑥 ∈ X1, 

or  

𝜑2 (𝑙, 𝜃−𝑙𝜔, 𝑇(𝜃−𝑙𝜔, 𝑥))  =  𝑇 (𝜔, 𝜑1 (𝑙, 𝜃−𝑙𝜔, 𝑥)) for any 𝑥 ∈ X1. 

Since 𝜑1(𝑙, 𝜃−𝑙𝜔)𝐵(𝑞,𝛿)(𝜃−𝑙𝜔) is precompact and 𝑇𝜔: 𝑋1 ⟶ 𝑋2 is homeomorphism, then  

𝑇𝜔(𝜑1(𝑙, 𝜃−𝑙𝜔)𝐵(𝑞,𝛿)(𝜃−𝑙𝜔)) 

is precompact. Now,  

        𝑇𝜔(𝜑1(𝑙, 𝜃−𝑙𝜔)𝐵(𝑞,𝛿)(𝜃−𝑙𝜔) = 𝜑2 (𝑙, 𝜃−𝑙𝜔, 𝑇(𝜃−𝑙𝜔, 𝐵(𝑞,𝛿)(𝜃−𝑙𝜔)))  

                                                       = 𝜑2 (𝑙, 𝜃−𝑙𝜔, 𝑇(𝜃−𝑙𝜔, 𝐵(𝑞,𝛿)(𝜃−𝑙𝜔))).  

Since  

𝐵(𝑞,𝛿)(𝜃−𝑙𝜔) = {𝑥 ∈ 𝑋1: 𝑑𝑋1
(𝑥, 𝑞(𝜃−𝑙𝜔)) < 𝛿(𝜃−𝑙𝜔)}, 

Then 

               𝑇(𝜃−𝑙𝜔, 𝐵(𝑞,𝛿)(𝜃−𝑙𝜔)) = 𝑇𝜃−𝑙𝜔𝐵(𝑞,𝛿)(𝜃−𝑙𝜔) 

                                                    = 𝑇𝜃−𝑙𝜔{𝑥 ∈ 𝑋1: 𝑑𝑋1
(𝑥, 𝑞(𝜃−𝑙𝜔)) < 𝛿(𝜃−𝑙𝜔)} 

                                           = {𝑇𝜃−𝑙𝜔(𝑥) ∈ 𝑋2: 𝑑𝑋1
(𝑥, 𝑞(𝜃−𝑙𝜔)) < 𝛿(𝜃−𝑙𝜔)} 

                                            = {𝑇𝜃−𝑙𝜔(𝑥) ∈ 𝑋2: 𝑑𝑋2
(𝑇𝜃−𝑙𝜔(𝑥), 𝑇𝜃−𝑙𝜔𝑞(𝜃−𝑙𝜔)) < 𝛿(𝜃−𝑙𝜔)}    

                                         = {𝑇𝜃−𝑙𝜔(𝑥) ∈ 𝑋2: 𝑑𝑋2
(𝑇𝜃−𝑙𝜔(𝑥), 𝑇𝜃−𝑙𝜔𝑇𝜃−𝑙𝜔

−1 ∘ 𝑝(𝜃−𝑙𝜔)) < 𝛿(𝜃−𝑙𝜔)} 

     

= {𝑇𝜃−𝑙𝜔(𝑥) ∈ 𝑋2: 𝑑𝑋2
(𝑇𝜃−𝑙𝜔(𝑥), 𝑝(𝜃−𝑙𝜔)) < 𝛿(𝜃−𝑙𝜔)} 

                                            = 𝐵(𝑝,𝛿)(𝜃−𝑙𝜔)  

So,  

𝑇𝜔(𝜑1(𝑙, 𝜃−𝑙𝜔)𝐵(𝑞,𝛿)(𝜃−𝑙𝜔) = 𝜑2 (𝑙, 𝜃−𝑙𝜔)𝐵(𝑝,𝛿)(𝜃−𝑙𝜔). 

 This implies that  𝜑2 (𝑙, 𝜃−𝑙𝜔)𝐵(𝑝,𝛿)(𝜃−𝑙𝜔) is precompact. Consequently (𝜃, 𝜑2) is locally completely continuous.                       

∎ 

Theorem 3.7:  Let  (𝜃, 𝜑1) ≅𝑇 (𝜃, 𝜑2). If an RDS (𝜃, 𝜑1) is weakly dissipative, then so is (𝜃, 𝜑2). 

Proof:  Suppose that  (𝜃, 𝜑1) is weakly dissipative. Let 𝑦 ∈ 𝑋2 and 휀 be a tempered random variable. Then ≔ 𝑇𝜔
−1(𝑦) ∈ 𝑋1 . By 

hypothesis there a nonempty  random compact set 𝐾 ⊆ 𝑋 and 𝜏 = 𝜏(휀, 𝑥) > 0 such that  

𝜑1(𝜏, 𝜃−𝜏𝜔)𝑥 ∈ 𝐵(𝐾(𝜔), 휀(𝜔)) . 

Then   
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𝑇𝜔(𝜑1(𝜏, 𝜃−𝜏𝜔)𝑥) ∈ 𝑇𝜔(𝐵(𝐾(𝜔), 휀(𝜔))) 

But 

                                           𝑇𝜔(𝜑1(𝜏, 𝜃−𝜏𝜔)𝑥) = 𝜑2(𝜏, 𝜃−𝜏𝜔)𝑇𝜔(𝑥)  

                                                                          = 𝜑2(𝜏, 𝜃−𝜏𝜔)𝑇𝜔(𝑇𝜔
−1(𝑦)) = 𝜑2(𝜏, 𝜃−𝜏𝜔)𝑦 

and                                                     

𝑇𝜔 (𝐵(𝐾(𝜔), 휀(𝜔))) = 𝐵(𝑇𝜔𝐾(𝜔), 휀(𝜔)). 

So  

𝜑2(𝜏, 𝜃−𝜏𝜔)𝑦 ∈ 𝐵(𝑇𝜔𝐾(𝜔), 휀(𝜔)). 

Now since 𝑇𝜔: 𝑋1 ⟶ 𝑋2 is homeomorphism and  𝐾(𝜔) is non-empty compact set in 𝑋1, then 𝑇𝜔𝐾(𝜔) is non-empty compact 

random set in 𝑋2. Consequently (𝜃, 𝜑2) is weakly dissipative.                           ∎ 

References: 

[1 ] Arnold L., 1998, “ Random Dynamical Systems”, Springer, Berlin Heidelberg New York. 

[ ] Imkeller P., Lederer C. (2001) On the Cohomology of Flows of Stochastic and Random Differential Equations. Probab Theory    

Relat Fields 120:209–235. 

 [1] Cheban D., 2020,”Nonautonomous Dynamics” springer.   

[2] Flandoli F. and Langa J. A., 1999, "Determining modes for dissipative random dynamical systems", Stochastics and Stochastic 

Reports, Vol. 66, pp. 1- 25. 

[3] Hale J., 1988, “Asymptotic behavior of dissipative systems”, American Math. Society. 

[4] Hoang L., 2022, “Random attractors for dissipative systems with rough noises”, Discrete and Continuous Dynamical Systems, 

Vol.(42), No.(4), pp.(1873-1902).  

 [5] Igor, C., 2002, "Monotone Random Systems Theory and Applications", springer –verlag Berlin Heidelberg New York.  

[6] Kreyszig, E., 1978,"Introductory functional analysis with applications", John Wiley & Sons. Inc. 

[7] Kuehn C., Neamt¸u A. and Pein A., 2020, “Random attractors for stochastic partly dissipative systems”, Nonlinear Differ. Equ. 

App., Vol. 27, no. 35, pp. 1-37.  

[8] Temam R., 1988, “Infinite-Dimensional Dynamical Systems in Mechanics and Physics”, Springer-Verlag, New York. 

[9] Xiaoying S., Qiaozhen M., 2017,” Existence of random attractors for weakly dissipative plate equations with memory and 

additive white noise”, Computers and Math. with Applications, Elsevier Ltd, http://dx.doi.org/10.1016/j.camwa.2017.03.009.  

[10] Yasir A. and Kadhim I., “Dissipative Random Dynamical Systems and Levinson Center”, to appear.   

 

http://dx.doi.org/10.1016/j.camwa.2017.03.009

