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Abstract: In this paper, we generalize some results from the (deterministic) theory of dissipative dynamical systems to the random
dynamical systems, especially, in locally compact spaces. It will be shown that the Compact and local dissipativity are equivalent in
locally compact spaces on RDS.
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1. Introduction: The study of the asymptotic behavior of dissipative random dynamical systems is now made much easier by the
current theory of random attractors. A random attractor is a random invariant compact set which that attracts every trajectory as
time becomes infinite.

One of the main concepts for the study of the asymptotic behavior of dissipative dynamical systems is the global attractor (see
Hale [3] or Temam [8] and the references therein).

Many papers devoted to the study the dissipativety in RDSs, see, for example, Xiaoying S., Qiaozhen M. [9], Hoang L. [4], Kuehn
C., Neamt,u A. and Pein A. [7], Flandoli F. and Langa J. [2].

In our work, we have generalized some concepts of dissipative of random dynamical system with locally compact phase space.
Moreover, it will be shown that the locally completely continuous and weakly dissipative are dynamic properties.

2. RDS, concepts and definitions:

In this section, we recall some basic concepts related to RDS and random attractors for RDS in [igor], which are important for
getting our main results.

Definition 2.4[7]: Let (Q,F,P) be a probability space. The measurable invariant action 8:T x Q — Q is called metric
dynamical system and will written as MDS.

Definition (2.1)[5]: Let (Q, F, P) be a probability space and 6: T x Q — Q is measurable function satisfy the following
0y = id, ;0 05 = B, forallt,se T; and 6;P =P forallte T.

Aset B € Fiscalled 8 —invariant if 6,.B = B forall t € T . An MDS 6 called ergodic under P if for any 6 —invariant set B € F
we have either P(B) = 0 or P(B) = 1.

Definition (2.2) [5]: Let X be a topological space and T be a locally compact group. RDS is a pair (8, ¢) involving an MDS 6 and
?hc;)cycle ¢ over 6 of continuous mappings of X, i.e. a measurable mapping ¢ : TX QA X X — X, (t,w,x) — ¢(t, w,x) ,such
(i) forevery t € T and w € Q, the function x — @(t, w, x) = @(t, w)x is continuous
(ii) forall t,s € T and w € Q ,the functiong(t, w): = @(t, w,") fulfill:

(0, w) =id, p(t +5,w) = @(t,0;w) ° (s, W) .
The property (ii) called cocycle property of ¢.

Definition (2.3) [5]: Let X be a metric space with a metric d. The multifunction w — D(w) # ¢ issaidtobea random set if
the mapping w +— distx(x, D(w)) measurable for any x € X. If D(w) is closed for each w € Q then D  is called a random
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closed set. If D(w) are compact sets for all w € Q then D is called a random compact set. A random set {D(w)} is said to be
bounded if there exist x, € X and a random variable r(w) > 0 such that

D(w) c {x € X:d(x,%q) < r(w)} forallw € Q.

For ease of notation we denote the random set w — D(w) by D or {D(w)}.
Definition (2.4) [12]: A collection M of random sets is called a universe of sets if
(a) Every members of M is closed, and
(b) M is closed with respect to inclusions.

Definition (2.5) [5]: Consider the RDS (6, ¢) and the universe M. Then (6, @) is called dissipative in M , if for some
absorbing set A for the RDS (8, ) in M and some closed random ball B,.,,)(x,) With center x, € X and radius r(w) we have

A(w) C Byp)(xp), forall w € Q..

Definition (2.6) (Invariance Property)[38]: Let(6, ¢) be a random dynamical system. A multifunction w +— D (w)is said to be

(1 Forward invariant with respect to (6, @) if @(t, w)D(w) € D(6;w) forallt > 0 and w € Q, i.e. if
x € D(w)implies @(t,w)x € D(6;w) forall t = 0 and w € Q;
(i) Backward invariant with respect to (6, ¢) if D(6,w) S @(t,w)D(w) forallt > 0 and w € Q, i.e. for

everyt >0, w € Qand y € D(6,w) there exists x € D(w) such that @ (t, w)x = y;
o(t,w)D(w) € D(6:w),t < 0.
Definition 2.9(2.7) [2 <3]:RDS (6, ¢) is said to be point dissipative if for every x € X2, there is random set K in X so that,
Jim d(e(t, 0_;w)x(6_ w),K(w)) =0

Definition 2.5 (2.8) [5]: Let X = R%, Suppose that r(w) > 0 is a random variable and a(w) is a random  vector from R<.
Then the multifunction

w — B(w) = {x: |x — a(w)] < r(w)}
is a random compact set. Here |. | is the Euclidean distance in R%. This fact follows from the formula

if y € B(w)

, 0
disy(y, B(w)) = { ly — a(w) —r(w)| if y & B(w)

Which implies that disX(y, B(oo)) = max{0, |y — a(w) — r(w)|}. It is also clear that int B(w) = {x: |x —a(w)| <r(w)}isa
random (open) set.

Definition 2.6(2.9) [5]: A random set D(w) is said to be tempered with respect to MDS 8 = (Q, F, P, {6, t € T}) if there exist a
random variable r(w) and an element y € X such that

D(w) c {x:disy(x,y) < r(w)}forallw € Q
And r(w) is a tempered random variable with respect to 6, i.e
supger{e ™ [r(6,w)|} <o, forall w € Qand 3> 0

Definition 2.7(2.10) [5]: A random closed set {M (w)} from a universe M is called a random attractor of RDS (6, ¢) in M if
B(w) is proper subset of X for every w € Qand:

(i) B is an invariant set, i.e. ¢(t, w)B(w) = B(6,w) fort = 0, w € Q;
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(ii) B is an attracting in M, i.e. for all M € M

lim dy{p(t,6_@)M(0_,w), B(w)} =0, w € Q
n—-+oo

Where dy{A \ B} = sup,,disy(x, B).
Definition 2.8 (2.11) [6]: Let (X, d) be a metric space, K c X is precompact or totally bounded if every sequence in K admits a
subsequence converges to a point of X.

Definition 2.9 (2.12) (Equivalence of RDS)[Igor]: Let (6, ¢,) and (0, ¢,) be two RDS over the same MDS 6 with phase
spaces X, and X, respectively. These RDSs (6, ¢,) and (8, ¢,) are said to be (topologically) equivalent (or conjugate) if there
exists a mapping T:Q X X; — X, with the properties:

(i)The mapping T,,: X; — X, such that T,,(x;) = T (w, x;) is homeomorphism for every x; € X; and w € Q;

(i) The mappings B;: Q@ — X,, such that 3, (w) = T(w, x,) is measurable for every x; € X; and w € Q;

and 5,:Q — X, , such that 5, (w) = T~ 1(w, x,) is measurable for every x, € X,;

(iii) The cocycles ¢, and ¢, are cohomologous, i.e.
@, (t,w,T(w,x)) =T (0; w, @, (t,w,x)) forany x € X;.

In this case we will write (6, ¢,) =1 (0, ¢,) . Any property that preserved under the topological equivalent it will be called
dynamical property.

3. Dissipative RDSs on Locally Compact Spaces:

This section devoted to a study the compact and local dissipativity . The main result is that under certain conditions the weak
dissipative, point dissipative, compact dissipative, and local dissipative are equivalent in locally compact spaces. As will be shown
below, a stronger statement holds, namely that in locally compact spaces, point dissipativity implies local dissipativity.

In the following definition we will introduce two types of dissipativity in RDS:

Definition 3.1: We will call the RDS (6, @)
1. locally completely continuous (locally compact) if for every random variable p € X%, there exist a tempered random variable
6§ =6(p,w) >0 and [ = I(p) > 0 such that

@(l,6_,w)B(6_,w), where B(w) := B(6_;w) = {x € X:d(x,p(w)) < §(w)}
is precompact;
2. weakly dissipative if there exists a nonempty random compact set K < X such that for every random variable e > 0 and x € X,
there exists T = 7(g,x) > 0 for which
¢(1,0_;w)x € B(K(w), e(w)) .
In this case, we will call K a weak attractor.
Remark 3.2: Every RDS (6, ¢) defined on the locally compact metric space X is locally completely continuous.

Proof: by Definition 3.1(1).

Lemma 3.3: Let K € X be a nonempty compact random set, p; € X%, and &;(w)>0 (i=1,...m),w€eN. If Kc
U{B(p;, 8;(w)) | i = 1,...,m}, then there exists a tempered random variable a« > 0 such that

B(K,a) € U{B(p;,6;(w)) |i=1,...,m} 3.1
Proof: Assume that the inclusion (3.1) does not hold for all & > 0. i.e.,
B(K,a) CU {B(p;, 6;(w))|i=1,..,m}, forall a > 0.
Then there exist a,, | 0 such that

B(K,a,) €U {B(p, 8;(@))|i =1, .., m}.
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In other words:

Then there exist sequence {a,,} with a,, { 0and r, € B(K, a,) (i.e., d(1;,, K) = infyer d(13,, @) < a;, )such that

e Joeosenli=1..m
This implies that 7, € B(p;, 6;(w)) forall i =1,...,m, so
d(r,,p) > 6;(w) ,forall p € B(p;(w),d;(w))andalli =1,..,m
Since r,, € B(K, a,) , as a,, { 0, for every point r, there exists a sequence {q,} such that
AT, qn) < @ . 32

By the compactness of K (w), the sequence {q,} can be considered to converge to q (i.e., lim d(q,,q) = 0). Note that since
n—oo
K(w) €U {B(p;(w), §;(w))|i =1, ...,m}, then q € B(p;(w), §;(w)) forsomei=1,..,m

Then according to (3.2), 1, = q,
d(r,,q) < d(1, qn) + d(qn, @)
< ay + d(gn, ).

Take a limit as n for arbitrary large :

lim d(r,, q) < lim a, + lim d(q,,q) =0+ 0 =0.
n—oo n—oo n—oo
So lim d(r,, q) = 0.
n—-oo

which contradicts the choice of the sequence {r,}.
since d(n,,p) > 6;,forall p € B(p;(w),6;(w)) andalli =1,...,m. ]

Theorem 3.4: Let (6, ¢) be weakly dissipative and locally completely continuous RDS, and let K c X be a random weak attractor
of (6, ¢).Then:

1.There exist a, > 0 and [, > 0 such that

@(t,0_w)B(0_tw), w € Q, B(w) == B(p,8) ={x € X:d(x,p(w)) < §(w)}
is precompact for every t > .
2.There exist Ly > [, such that for all t > Ly,

@t 0_cw)B(6_w) S ¢(to, 0-_,w)B(O_¢,w).

Proof: Let x € K. By virtue of the local complete continuity of (8, ¢) for the random variable x € K@, there exist [(x, w) > 0
and 6, (w) > 0 such that
@(t,6-,w)By(0_tw) , By(w) = B(x,8,) = {y € X:d(y, x(®)) < 6x(w)}
is precompact for all t > I(x, ). It is clear that

{B.(w)| x € K}
is an random open covering of K, and by its compactness, we can extract a finite sub covering {Bxl_ (w):i=1,.., n} from the
constructed covering. Let [,(w) := max{l(x;)| i = 1,...,n}. According to Theorem 3.2, there exists a, > 0 such that

K € B, (- w) SU{B,,(6_ w)| i =1,...,n}
Consequently,
@(t,0_iw)B,(6_;w) CU {(p(t, G_tw)Bxi(G_tw)| i=1,...,n}
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which is why the set ¢ (t, 0_;w)Bg (0_;w) is precompact for all t > [,, where Bx(w) = B(K, a,).

Let us now prove the second statement of the lemma. Let a,(w) and [,(w) be a random positive numbers from the previous item.
Suppose that the second statement of the theorem is not true. Then we will see that there exist {x; (w)} € Bx(0_;w) and t;, - +oo
such that

(1) xx(w) € By (6_,w).

(2) @(t,0_tw)x, € X\ Bx(0_;w) forany 0 <t < t;.

) @(tr, 0, w)xy € By (6_;w).

From (2) it follows that

(4) @(t,0_,w)x, € X \ Bx(0_,w) forall 0 < t <t — Iy, where x, (@): = ¢(l,, 9_low)xk.
By virtue of the relative compactness of ¢(t,, 0., w)Bk (6_.,), the sequence x} (w) = ¢(l,, 6_;,w)x;, can be considered
convergent. Assume x,(w) = kl—i>r£1w x, (w). Then from (4), it follows that
o(t,0_w)xyg € X \Bg(6_,w) forall 0 <t < +oo,
and consequently,
@ # Iy, (w) € X \Bg(6_,w).

So Iy, (w) N K(w) = @, which contradicts the weak dissipativity of RDS (0, ¢) and the fact that K (w) is a weak attractor. This
contradiction completes the proof of theorem.

Theorem 3.5: For locally completely continuous RDS (8, ¢) with ¢(t,0_,w): X — X is continuous for every t, the following
statements are equivalent

1.weak dissipative,
2. point dissipative,
3. compact dissipative, and

4.local dissipative.
Proof: Suppose that (6, ¢) is locally completely continuous.

(1) =(4):Let K # @ be a compact weak random attractor of (8, ¢). Denote by a,(w) the tempered from Theorem 3.4. If x € X,
then there exists T > 0 such that

@(t,0_,w)x € B(O_; w). Let € > 0 be a tempered random variable such that B(¢(t, 0_,w), e(w)) < B(K, ay(w)). By the
continuity of the mapping ¢(z,0_,w) : X — X at the point x, there exists ¢ > 0 such that

¢(7,0_,w)B(x,@) € B(p(7,0_w)x,y(w)) < B(K, ap(w)).

Assume M = B(K, ay(w)). According to Theorems 3.5 from [10] and 2.4, the set M is nonempty and compact random set, and
kliT Blp(t,6_,w)B(6_.w), M(w)) = 0, So we have constructed a nonempty compact subset M c X attracting every point with

some a-neighborhood, that is, (8, ¢) is locally dissipative. The theorem is proved.
Theorem 3.6: Let (0, ¢p,) =1 (6, ¢,). If an RDS (6, ¢,) is locally completely continuous, then so is (8, ¢,).

Proof: Suppose that (8, ¢,) is locally completely continuous. Let p € X5 Since the mapping T,,: X; — X, such that T, (x;) =
T(w, x,) is homeomorphism for every x; € X; and w € Q. Then q := T, o p: Q@ — X, is random variable in X, . By hypothesis
there exists § = 6(q, w) and I = I(q) such that

1L, 6_,w)Bg,5)(0- )

is precompact. Now, since
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@, (t,w,T(w,x)) = T (6; w, ¢, (t,w,x)) forany x € X; and every t € R.

Then
0, (L0_0,T(O_w,x)) = T (6,0_,w, ¢, (I,0_w,x)) forany x € X,

or
@, (L,0_0,T(O_w,x)) = T (w, ¢, (I,0_;0,x)) forany x € X;.
Since ¢, (1, 0_,w)B 4,5 (0_,w) is precompact and T,: X; — X, is homeomorphism, then
T (911, 6_,@)B(q 5)(6_,0))
is precompact. Now,
T (91(L, 0,0)B(,6)(010) = 9 (1010, T(_10, B 5 (61)))

= 0 (1,610, (01, Bg,5) (0-10))).

Since
Bg.6)(0-10) = {x € X;:dy, (x,q(0_,0)) < 8(6_,w)},
Then
T(6-10, B(q,5)(0_10)) = To_,0Bq.s) (0_10)
= Ty_jwi* € X1:dx, (%,q(60_10)) < 6(6_,0)}
= {Ty_,0(x) € Xp:dy, (x,q(0_,0)) < 5(6_,w)}
= {To_10(0) € Xprdy, (To_ 0 (), To_wq(6_10) ) < 8O-}
= {To_0(0) € Xg:dy, (To_ 0 (), To_uTi L © P(O_10)) < 6(0_ 1)}
= {To_0(0) € Xp:dy, (To_ o (), p(6_10) ) < 5(B_)}
= Bp.s)(0-10)
So,

Ty (@11, 0_1w)B 4 5)(0_,0) = @5 (1, 60_,w)Bp 5)(6_,w).

This implies that ¢, (I, 6_,w)B, s (6_,w) is precompact. Consequently (6, ¢,) is locally completely continuous.
|

Theorem 3.7: Let (0,¢,) =1 (0, 9,). Ifan RDS (6, ¢,) is weakly dissipative, then so is (8, ¢,).

Proof: Suppose that (8, ¢,) is weakly dissipative. Let y € X, and ¢ be a tempered random variable. Then := T;1(y) € X, . By
hypothesis there a nonempty random compact set K € X and 7 = (g, x) > 0 such that

@1(1,0_;w)x € B(K(w), e(w)) .

Then
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Ty (@1 (7, 6_;w)x) € T, (B (K(w): s(a))))

But
T (91 (T, 0_w)x) = @, (7, 6_; )T, (x)
= 05(1,0_, )T, (T (1) = ¢2(7,0cw)y
and
T, (B(K(@),2(®))) = B(T,K(w), &(w)).
So

@,(1,0_w)y € B(Ta,K(w), s(w)).

Now since T,,: X; — X, is homeomorphism and K (w) is non-empty compact set in X, then T, K (w) is non-empty compact
random set in X,. Consequently (8, ¢,) is weakly dissipative. [
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