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Abstract: In this paper, the notion of interval-valued fuzzy AB-subalgebras (briefly i-v fuzzy AB- subalgebra) in AB-algebras is
introduced and how the homomorphic images and inverse images of i-v fuzzy AB- subalgebras become i-v fuzzy AB- subalgebras in
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1. INTRODUCTION

A. T. Hameed and et al ([4-7]) introduced a new
algebraic structure, called AB-algebra, they have
studied a few properties of these algebras, the notion
of AB-ideals and fuzzy AB-ideal on AB-algebras was
formulated and some of its properties are investigated.
In [13,20,21], they defined the notions of a-
translation, B-magnified and generalized fuzzy AB-
subalgebra, generalized fuzzy AB-ideal of AB-algebra
and investigate in some of their properties. The
concept of a fuzzy set, was introduced by L.A. Zadeh
[27]. A.T. Hameed and et al, ([19]) we introduce the
notion of anti-fuzzy AB-ideals of AB-algebras and
then we study the homomorphism image and pre-
image of anti-fuzzy AB-ideals. S. M. Mostafa and et
al. [22,24-26] were introduced a new algebraic
structure which is called KUS-algebras and
investigated some related properties. In [1-3,8-
9,12,15-16], A.T. Hameed and et al. introduced AT-
ideals on AT-algebras and introduced the notions
fuzzy AT-subalgebras, fuzzy AT-ideals of AT-
algebras and investigated relations among them. They
introduced the notion of cubic AT-ideals of AT-
algebra and they discussed some related properties of
it. They also prove that some properties of anti-fuzzy
AT-ideals and anti-fuzzy AT-subalgebras. A.T.
Hameed and et al, ([1]). In [19], A.T. Hameed and et
al., prove that the Cartesian product of anti-fuzzy AB-
ideals are anti-fuzzy AB-ideals. In this paper, using
the notion of interval-valued fuzzy set, we introduce
the concept of an interval-valued fuzzy AB-ideals
(briefly, i-v fuzzy AB-ideals) of a AB-algebra, and
study some of their properties. Using an i-v level set of
an i-v fuzzy set, we state a characterization of an i-v
fuzzy AB-ideals. We prove that every AB-subalgebras
of an AB-algebra X can be realized as an i-v level AB-
subalgebras of an i-v fuzzy AB-subalgebras of X. In
connection with the notion of homomorphism, we

study how the images and inverse images of i-v fuzzy
AB- subalgebras become i-v fuzzy AB- subalgebras.

3

2. Preliminaries

In this section, we give some basic definitions and
preliminaries proprieties of AB-ideals and fuzzy AB-
ideals in AB-algebra such that we include some
elementary aspects that are necessary for this paper.
Definition 2.1([4-6]) Let X be a set with a binary
operation = and a constant y. Then (X;*,y) is called
an AB-algebra if the following axioms satisfied:
forall,y,z € X,
() ((x*y) *(z xy)) *(x x2) =,
(i1) y*x =y,
(i) X *y = x,
Example 2.2([4-6]) Let X ={y, 1, 2, 3, 4} in which
(*) is defined by the following table:

*

< [=[=R[=|=]|s

W=RIRIR[R| W

NN EIINEIN

WWN=RR| -

AW INFP=
AlWNRPI=R|=

Then (X;*,y) isan AB-algebra.

Remark 2.3([4-6]) Define a binary relation < on AB-
algebra (X; *,y) byletting x < y ifandonlyif
x *y =vy.

Proposition 2.4([4-6]) In any AB-algebra (X;*,y),
the following properties hold: for all x,y,z € X,

D x*xy)xx =y

(2 (x*xy)xz= (x*2)*y.

B Gx@Exy)*y=yv.
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Proposition 2.5([4-6]) Let (X; *,y¥) be an AB-
algebra. X is satisfies forall x,y,z € X,

(1) x <y implies x*xz < y*z.

(2) x <y implies zxy < z=*x.

Definition 2.6([4-6]). Let (X; *,y) be an AB-
algebra and let S be a nonempty subset of X. S is
called an AB-subalgebraof X if x ¥y € S
whenever x € Sandy € S.

Definition 2.7([4-6]). A nonempty subset I of an
AB-algebra (X; *,y) is called an AB-ideal of X if it
satisfies the following conditions: for any x,y,z € X,
(h) e,

(L) (x *y)*xz € landy € I imply xx*z € I.
Proposition 2.9 ([4-6]). Every AB-ideal of AB-
algebra is an AB-subalgebra.

Proposition 2.8 ([4-6]). Let {li| ie A} be a family of
AB-ideals of AB-algebra (X; *,y). The intersection of
any set of AB-ideals of X is also an AB-ideal.
Definition 2.9 ([13,20,21]). Let (X; *,y)and (Y;
*7, ") be nonempty sets. The mapping f: (X; *
,v) = (Y; *°,y) is called a homomorphism if it
satisfies:

fx*y) =f(x) *f (y),forall x,y € X. The set
{xeX|f (x) = y'}is called the kernel of f denoted
by ker f.

Theorem 2.10 ([4-6]). Let f: (X; *,y) - (V;

*7, ¥ )be a homomorphism of an AB-algebra X into
an AB-algebra Y, then :

f)=v.

f is injective if and only if ker f ={y}.

X < yimpliesf (x) < f (y).

Theorem 2.11 ([4-6]). Let f: (X; *,y) —= (V;

*7, ") be a homomorphism of an AB-algebra X into
an AB-algebra Y, then:

(F1) If S isan AB-subalgebra of X, then f (S)isan
AB-subalgebra of Y.

(F2) If I isan AB-ideal of X, then f (1) isan AB-
ideal of Y , where f is onto.

(Fs) If H isan AB-subalgebra of Y, then £~ (H) is
an AB-subalgebra of .

(F4) IfJ is an AB-ideal of Y, then £~ (J) is an AB-
ideal of X .

(Fs) ker f isan AB-ideal of X.

(Fs) Im(f) is an AB-subalgebra of Y.

Definition 2.12([27]). Let (X; *,y) be a nonempty
set, a fuzzy subset u of X isa function u: X —

[y, 1].

Definition 2.13 ([27]). Let X be a nonempty set and
u be afuzzy subset of (X; *,y), for t e[y, 1], the
set L(u,t) =pu, ={xeX|ulx) = t}iscalleda
level subset of u .

Definition 2.14([7]). Let (X; *,y) be an AB-

algebra, a fuzzy subset u of X is called a fuzzy AB-

subalgebraof X if forall x,y € X, u(x*y) =
min {u (x), 1 (¥)} -

Definition 2.15([7]). Let (X; *,y) bean AB-

algebra, a fuzzy subset u of X is called a fuzzy AB-

ideal of X if it satisfies the following conditions, for

allx,y,z € X,

(FAB) n(y) = u(x),

(FABy) p(x*2) = min{u((x*y)*2z),u()}.

Proposition 2.17([7]).

1-  The intersection of any set of fuzzy AB-ideals of

AB-algebra is also fuzzy AB-ideal.

2-  The union of any set of fuzzy AB-ideals of AB-

algebra is also fuzzy AB-ideal where is chain.

Proposition 2.18([7]). Every fuzzy AB-ideal of AB-

algebra is a fuzzy AB-subalgebra.

Proposition 2.19([7]).

1- Let u be a fuzzy subset of AB-algebra (X; *,y) .

If wis a fuzzy AB-subalgebra of X if and only if for

everyt e [v,1], i, is an AB-subalgebra of X .

2- Letpu beafuzzy AB-ideal of AB-algebra

(X;*,v),u is a fuzzy AB-ideal of X if and only if for

everyt e [v,1], i, is an AB-ideal of X .

Lemma 2.20([7]). Let u be a fuzzy AB-ideal of AB-

algebra X and if < y , then p(x) = u(y), forall

xyeX,

Definition 2.21 ([27]). Letf:(X; *,y) = (V;

* 7,y )be a mapping nonempty sets X and Y

respectively. If u is a fuzzy subset of X, then the

fuzzy subset g of Y defined by: f(uw)(y) =

{Sup{u(x)=x EfTTOY I T =EXfX)=y}+0

y otherwise
is said to be the image of u under f.
Similarly if g is afuzzy subset of , then the

fuzzy subset u = (B° f) of X (i.ethe fuzzy

subset defined by u (x) = B (f (x)), forall x € X)
is called the pre-image of B under f.

Definition 2.22 ([27]). A fuzzy subset u of a set X
has sup property if for any subset T of X , there exist
to €T such that u(t,) = sup {u(®)| teT}.
Proposition 2.23 ([7]). Let f: (X; *,y) = (V;

*7, ") be a homomorphism between AB-algebras X
and Y respectively.

1- For every fuzzy AB-subalgebra g of Y, f~1 (B) is
a fuzzy AB-subalgebra of X.

2- For every fuzzy AB-subalgebra g of X, f (1) isa
fuzzy AB-subalgebra of Y.

3- For every fuzzy AB-ideal g of Y, f~1 (B) isa
fuzzy AB-ideal of X.

4- For every fuzzy AB-ideal u of X with sup
property, f (u) is a fuzzy AB-ideal of Y, where f is
onto.”
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3. Interval-valued fuzzy AB-subalgebras of AB-
algebra

In this section, we will introduce a new notion
called interval-valued AB-subalgebras of AB-algebra
and study several properties of it.

* Y 1 2 3
Y Y Y Y Y
1 1 Y 1 Y
2 2 2 Y Y
3 3 3 1 Y

Remark 3.1([8,11,23,26]).

An interval numberisd@ =[a~,a*], where y <
a <a*<1.Letlbeaclosed unit interval, (i.e., | = [y,
1]) . Let D[y, 1] denote the family of all closed
subintervals of | =[y, 1], thatis, D[y, 1] ={d =
[a",a*]|a <a*,fora",a*el}.

Now, we define what is known as refined minimum
(briefly, rmin) of two element in D[y,1].

Definition 3.2([8,11,23,26]).

We also define the symbols () , (<), (=), rmin
and rmax in case of two elements in D[y, 1] .
Consider two interval numbers (elements numbers )
da=[a",a*] ,b=[b7,b*]in D[y, 1] : Then
(1) a=b ifandonlyif, a~>b~ and a*>b",
(2)a<b ifandonlyif, a“<b~ and a*<b™,
(3)@=b ifandonlyif, a~=b~ and a*=b",

(4) rmin {a@, b}=[min{a", b~} min {a*,b*}],
(5) rmax {@, b}=[max {a~,b~}, max {a*, b*}],

Remark 3.3([8,11,23,26]).
It is obvious that (D[y, 1], <, V, A) isa complete
lattice with 7 = [y, y] as its least element and T = [1,

1] as its greatest element. Let @; €D[y, 1] where i €A

We define r infjcpd= [r infiepaa™ , 7 inficpatl,
T SUp;ead= [ supiea@™ , 7 supiepa’l.

In what follows, let X denote an AB-algebra unless
otherwise specified, we begin with the following
definition.

Definition 3.4([8,11,23,26]).

An interval-valued fuzzy subset 7z,0n X is defined
as
7, ={<x [ (9, 42} (9 1>] X€ X} . Where 47 (x)
< £ (x), for all xe X. Then the ordinary fuzzy
subsets ;1 X > [y, 1] and zf: X - [y, 1] are called

a lower fuzzy subset and an upper fuzzy subset of

~

H 5 respectively.
Let 7, (x) =[5 (x), 22} (91,7,X - Dy, 1],
then A = {<x, 7, (X) >| x€ X} .

Definition 3.5. An i-v fuzzy subset A in AB-algebra
(X;*,y) is called an i-v fuzzy AB-subalgebra

of X if f, (x*y) = rmin{fi, (x), @4 ()}, forall
x,yeX.

Example 3.6. Let X = {y, 1, 2, 3} in which the
operation (as in example (*) be define by the
following table:

Then (X;*,y) is an AB-algebra. Define a fuzzy
subset u: X = [y,1] by :

(.7 ifx €{y,1}
uix) = {y. 3 otherwise
1:.={y,1} is an AB-ideal of X. Routine calculation
given that u is a fuzzy AB-ideal of X. Define [, (X)
[y.3,7.9] ifx€{y 1}

as follows: ji, (x) = {[y. 1,y.6] otherwise

It is easy to check that A is an i-v fuzzy AB-
subalgebra.

Proposition 3.7. If A isani-v fuzzy AB-subalgebra
of X, then fi, (y) = fiy (X), forall x € X .

Proof. Forallx € X, we have fiy (y) =i, (y*X) =
rmin{fi, (v), fla (X)}

=rmin {[ 2, (V) , 4y W], [k (9) , 4 (¥)]}= rmin
{ley ), 2 IF= g (%) .0

Proposition 3.8. Let A be an i-v fuzzy AB-
subalgebra of X, if there exist a sequence { Xn} in X
such that Ligioﬁ‘*(xn) =[1,1], then 4 (y) =[1, 1].
Proof. By Proposition (3.7), we have fi, () = fis (X)
,forall x € X. Then

iy (y) = iy (Xn), forevery positive integer n,
Consider the inequality [1,1] > fi4 (y) > Tlgg fda(xy) =

[1,1]. Hence fi, (y) =[1,1] .0

Theorem 3.9. An i-v fuzzy subset A= [y , ] of
AB-algebra (X;*,y) is an i-v fuzzy AB-subalgebra of
X ifand only if x4 and 4 are fuzzy AB-subalgebras
of X.

Proof. If 4, and 4 are fuzzy AB-subalgebras of ,
forany x,y € X. Observe

0y (ex y) = ming gy (), ()} and gz} ()
ming 425 (x), 25 (¥)}. Then
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fa(xxy)=[uy (xxy), py (xxy)]
> [ min {2, (X), 1, (V)} , min {25 (),
Hy N
=[min {z; (%), 245 O}, min{ 1 (¥),
#y N
zrmin {[ ; (), 1 (N1, Ly ), 1y W1}
=rmin {fis (X), fia ()} -
From what was mentioned above we can conclude
that A is ani-v fuzzy AB-subalgebra of X .
Conversely, suppose that A isan i-v fuzzy AB-
subalgebra of X. Forall x,y € X, we have [, (x *
V)i thy (x * )I= g (e y) = rmind iy (X), fa ()}
= [min{ 1, (), 1 ()}, min {z (y), 1
W}

(¥)}]

Therefore , g, (x xy) = min{ 1, (x), £, ()} and
(e y) = min{ w2 (X), 14 ()}

|Hence, we get that «; and x} are fuzzy AB-

subalgebras of X. o

= [ming 45 (9, 45 W)}, ming 15 (9, 12,

Theorem 3.10. Let (X;*,y) be an AB-algebraand A
be an i-v fuzzy subset of X. Then A isan i-v fuzzy
AB-subalgebra of X if and only if, the nonempty set
U (A;[61,82]):={ xe X |iis (X) = [61,82]} is an AB-
subalgebra of X, for every [61, 62]€ D[y, 1] . We call
U (A'; [81, 85] ) the i-v level AB-subalgebra of A.
Proof. Assume that A isan i-v fuzzy AB-subalgebra
of X and let [31, 82] € D[y, 1] be suchthat x,y €U
(A; [81, 82] ), then
fia (x*xy) > mmin{fi, (X), fia (¥)} > rmin{[8,, 3,] ,
[61, 82] } = [61,82] andso (x *y) € U (A ; [61, 2] ) .
Then U (A; [81, 82] ) the i-v level AB-subalgebra of
A.

Conversely, assume that U (A ; [81, 82] ) # @ is an
AB-subalgebra of X, for every
[61, 62] € D[y, 1] .In the contrary, suppose that there
exist Xo, Yo € X, such that

fa (Xo*yo) < rmin{fi, (Xo), A4 (Yo)} -

Letiiy (Xo) = [y1, vol 4 (Yo) = [vs, va] and i, (Xo*
yo) = [61, 62]. If
[0, 82] < rmin{ [v1, v2], [vs, yal} = min { min {y1, ys},
min {y, ya}} .
So 61 <min {y1, ys}and &2< min{yz, ya} . Consider

1
(A, Aol = 7 { s (Xo* yo) +rmin{fi, (Xo), da

2
(yo)}}
We find that
1
[A1, R2] = E {[61, 2]+ r min{[v1, v2] , [vs, val}}

1
= E {(8:+ min{y1, v3}), (8=+ min{y, va

Hr
1
Therefore min {y1, ys} > A1 = E (31+ min{y1, v3})
>6 ,
1
min {yz, ya} > A2 = E (82+ min{y2, v2})
>0 .

Hence~ [min {y1, ys}, min {y2, ya}] > [A1, A2] > [31,

82] = Ha (X0* Yo) ,
sothat, (Xo*Yo) & U (A;[A1, X2]).Whichisa
contradiction , since

fa (X0*Yo) = [y1, 2] = [min{ys, ys}, min {y2, ya]
> [7»1, 7\,2] .
fa (Yo) =[ya, ya] = [min{y1, v}, min {y2, ya3] > [A1, A2]
, imply that
Xo, Yo €U (A; [h, A2] ). Then

fig (x*y) = rmin{fi, (X), @4 ()} forallx,y €
X. 0

Theorem 3.13. Every AB-algebra of an AB-algebra
(X;*,v) can be realized as an i-v level AB-subalgebra
of an i-v fuzzy AB-subalgebra of X.

Proof. Let Y be an AB-subalgebra of X and let A
be an i-v fuzzy subset on X defined by

N _(lay, a;] ifxey
a0 = {[]/, v] otherwise
Where a1 oz € (y, 1] with oy <az . Itis clear that T
(A [oa,02]) =Y. Weshow that A is an i-v fuzzy
AB-subalgebra of X. Let x,y,z € X,

If X,y eV, then (x*y) e Y, and therefore

fia (x*y) =[ou, az] > rmin{[ o1, az ].[on o2]}
=rmin{fi, (X), Za (¥)}-

If x,yeY , then fi, (X)=/[y,y] =ii4 (y) and so

fia (x*y)=[yy] =rmin{[y,yLIvyl} > rmin{ii,
(X), Ha (N}

If xeYand ye Y, then iy (X)=[ o1, 00 ]and i,
W)= [yl . then [y (x *y) > [yy] =rmin{[ o, a2
LIvl} = rmindfi, (%), fia (V)}-

Similarly forthe case x ¢ Y and y € Y we get
fig (x*y) = rmin{fi, (X), Za (Y)}-
Therefore A isan i-v fuzzy AB-subalgebra of X,
the proof is complete. &

Theorem 3.14. If Alis ani-v fuzzy AB-subalgebra of
AB-algebra (X;*,y), then the set XI\7IA = {xe X |y,
(X)=fi, (v)} is an AB-subalgebra of X.
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Proof. Let X,y e X,\7|A - Then fiy (X) = fs (v) = il

(¥) , and so fiy (x * y) = rmin{fi, (X), Za ()} =
rmin{fi, (v), @a (1)} = fa ().
By Proposition (3.7), we get fi, (x * y) =i, (7).

X -

thatis (x xy) e Ay

. Hence XM isan AB-
A A

subalgebra of X. o

4. Homomorphism of AB-algebra

Definition 4.1 ([26]). Let T :(X; *,y) - (V;

*' y") be a mapping from set X into aset Y. let B be
an i-v fuzzy subset of Y. Then the inverse image of
B, denotedby  f~1 (B), is an i-v fuzzy subset of X

Theorem 5.5. Let f be an epimorphism from an

AB-algebra X into an AB-algebra Y . If A isani-v
fuzzy AB-subalgebra of X with sup property, then f
(A) of Alis an i-v fuzzy AB-subalgebra of Y.

Proof. Assume that A= [, 4] isani-v fuzzy AB-
subalgebra of X. it follows that from Theorem (3.9),
that (s ) and (u} ) are fuzzy AB-subalgebras of X.
Using Proposition (2.23(2)), that the images f ()

and f (1) are fuzzy AB-subalgebras of Y. Hence by

Proposition (4.2), we conclude that f (A)=[f («,).f
(#)] is an i-v fuzzy AB-subalgebra of ¥ .o
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