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Abstract

The aim of this paper is introducing the notion of fuzzy g-ideal of KK-algebra, several theorems, properties are

stated and proved. The fuzzy relations on KK-algebras are also studied.
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1. Introduction

A BCK-algebra is an important class of logical algebras
introduced by K. Is"eki [15] and was extensively
investigated by several researchers. The class of all BCK-
algebras is a quasivariety. K. I1s"eki posed an interesting
problem whether the class of BCK-algebras is a variety.
In ([18,19]), C. Prabpayak and U. Leerawat the notion of
KU-algebras. They gave the concept of homomorphism of
KU-algebras and investigated some related properties.
The concept of fuzzy subset and various operations on it
were first introduced by L.A. Zadeh in [22], then fuzzy
subsets have been applied to diverse field. The study of
fuzzy subsets and their application to mathematical
contexts has reached to what is now commonly called
fuzzy mathematics. Fuzzy algebra is an important branch
of fuzzy mathematics. They introduced of the concept of
fuzzy subgroups in 1971 by A. Rosenfeld [20]. Since
these ideas have been applied to other algebraic structures
such as semi-groups, rings, ideals, modules and vector
spaces. O.G. Xi, ([21]) applied this concept to BCK-
algebra, and he introduced the notion of fuzzy sub-
algebras (ideals) of the BCK-algebras with respect to
minimum, and since then Y. S.M. Mostafa and et al [16]
have introduced the notion of KUS-algebras, KUS-ideals
and investigates the relations among them. S.
Asawasamrit and A. Sudprasert [1-3] have introduced the
notion of KK-algebras, ideals, KK-subalgebras and
studied the relations among them and gave the concept of
homomorphism of KK-algebras and investigated some
related properties. In this paper, the study of fuzzy
algebraic structures was started with the introduction of
the concept of fuzzy g-ideals of KK-algebras and then we
investigate several basic properties which are related to
fuzzy ideals. We have also proved that the cartesian
product of fuzzy g-ideals is a fuzzy g-ideal.
2. Preliminaries

Now, we give some definitions and preliminary results
needed in the later sections.
Definition 2.1[1,2]. Let (X; *, 2) be an algebra with a
binary operation * and a nullary operation 2. Then X is
called KK-algebra if it satisfies the following: for all
x,y,z€X,

(KK : (x*y) * (0*2) *(x*2) = 2,
(KKp): 2% x = x,
(KKg):x *y = 2dandy * x = 2ifandonlyifx =

I%lefinition 2.2[1,2]. Define a binary relation < on KK-
algebra X by letting x < y ifandonlyif y * x =
2.

Examples 2.3[4,19]. Let A be an arbitrary nonempty set
and X be the set of all real valued function defined on A
for,g € X ,wedefine fxgby(f+xg)(x) =
{f () —gt) fx) <gx)

2 f(x) =z g(x)

Then (X; *, 1) isa KK-algebra.
Examples 2.4[3]. Let X ={ 2, 1} and let * be defined
by:

* 2
) 2
1 1 ul

Then (X; *, 1) is a KK-algebra.
Proposition 2.5 [1,3]. Inany KK-algebra (X; *, 1), the
following properties hold: for all x,vy, z eX;
(P)x * ((x *xy) *xy) = 2
(P)x + x = I
(Pa) x (y x 2) =y * (x * 2).
Definition 2.6[2]. A nonempty subset I of a KK-algebra
(X; *, 2) iscalled
an ideal of X if it satisfies the following conditions: for
any x,y € X,
(I) 2 €1,
(I)x*y € landx € Iimply y € I.
Definition 2.7[1]. A nonempty subset I of a KK-algebra
(X; *, 1) iscalled
a g-ideal of X if it satisfies the following conditions: for
any x,y,z € X,
(I) 2 €1,
(I2)(x xy)xz € landy € Iimply x* z € I.
Examples 2.8[1]. Let X ={ 2, a, b, c} and let * be
defined by the table:
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% 2 a b c
2 2 a b c
a u} u} c c
c ) ]
c b a 2

Thus (X; *, 1) isa KK-algebra. And we see that I = {
J,a}and ] ={ 2, c}are g-ideals of X.
Proposition 2.9[1]. Let {I; | iecA} be a family of g-ideals
of KK-algebra (X; *, 2). The intersection of any set of
g-ideals of KK-algebra X is also g-ideal.
Theorem 2.10[1]. A g-ideal of KK-algebra (X; *, 2)is
an ideal.
Proof. Suppose that | is an g-ideal of X and letx * y €
Iand x € I.Itfollowsthat ( 2 * x) * y € Iimply
1y € l.Thus,y € I.m
Remark 2.11[1]. The converse of Proposition (2.10)
needs not be true in general as in the Example.

% ] a b c
2 2 a b c
a c 2 a b
b b c 2 @
o a b c |

Example 2.12[1]. Let X ={ 2,a, b,c}and let x be a
binary operation defined by the table:

Then (X; *, 2)isaKK-algebrawith I ={ 2} isan
ideal of X, but not a g-ideal of X. Since (¢ * 1) * a =
a*xa= 1€ {21}and 2 € {2},butc xa =b ¢
{ 2}

Theorem 2.13[1]. If I is an ideal of KK-algebras X, then
the following are equivalent:

(1) I is an g-ideal of X;

(2) foranyx,y € X,(x * 1) * y € [impliesx *x y €
I

() forany x,y,z € X,(x * y) x z € Iimplies x *
(y * 2) € L

Theorem 2.14[1]. Let K and I be ideals of a KK-algebra
XwithI € K. IfIisaqg-ideal of X, thensois K.
Corollary 2.15[1]. If zero ideal { 2} of KK-algebra X is
a g-ideal, then every ideal of X is a g-ideal.

Theorem 2.16[1]. Let I be an ideal of KK-algebra X. If

foranyx € Tandy € Ximplyx = y € I, then! isqg-

ideal of X.

Lemma 2.17[1]. IfI is a g-ideal of KK-algebra X, then

x x (x *+ 1) € I, forallx € X.

Definition 2.18[2]. Let (X; *, 2)and (Y; *°, 2°) be

nonempty sets. The mapping

f: (X *,2) - (Y; %7, 2")is calleda

homomorphism if it satisfies:

fx*xy) =f(x) *f(y),forall x,y € X. The set

{xeX |f (x) = 2'}iscalled the kernel of f denoted by

ker f.

Theorem 2.19[2]. Letf : (X; *, 2) —» (¥; *°, 2") be

a homomorphism of a KK-algebra X into a KK-algebra Y,

then :

A f(1) = 2.

B. fisinjectiveifandonly if ker f = { 21}.

C. x < yimplies f (x) < f (y).

Theorem 2.20[2]. Letf: (X; *, 2) = (¥; *°, 2°) be

a homomorphism of a KK-algebra X into a KK-algebra Y,

then :

(1) If I'isideal of X, then f (I) is ideal of .

(2) IfJisideal of Y, then £~ () is ideal of .

(3) ker fisideal of X.

Definition 2.21[22]. Let (X; *, 2) X be a nonempty

set, a fuzzy subset pu of X isafunctionu: X - [ 3,1].

Definition 2.22[4]. Let X be a nonempty setand p be a

fuzzy subset of X, for t <[ 2,1],the set u, ={x € X | u(x)

> t}is called a level subset of p.

Definition 2.23[4]. Let f :(X;*, 2) —>(Y;*, 2) bea

mapping nonempty sets X and Y respectively. If pisa

fuzzy subset of X, then the fuzzy subset f of Y defined

by:
sup{u(x):xe f*

f(ﬂ)(y):{ plu():xe (1)}

0  otherwise

is said to be the image of p under f .
Similarly if B is a fuzzy subset of Y , then the fuzzy

subset u = (Bo f)inx
defined by u (x) = B (f (%)) for all x € X) is called

the pre-image of B under f .

(i.e. the fuzzy subset

3. Fuzzy g-ideals of KK-algebras

In this section, we will discuss a new notion called
fuzzy g-ideals of KK-algebras and study several basic
properties which are related to fuzzy g-ideals.
Definition 3.1[11]. Let (X; *, 2) be a KK-algebra , a
fuzzy subset u of X is called a fuzzy ideal of X if it
satisfies the following conditions: , forall x,y € X,
1) u(31) z2p@,
(2) n@) =z minfu(xxy),pu)}.

if £7(y)={xe X, f(x)=y}=¢
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Definition 3.2. Let (X; *, 1) be a KK-algebra, a fuzzy
subset p of X is called a fuzzy g-ideal of X if it satisfies
the following conditions: , forall x,y,z € X,

(1) w3 =zpl,

(2 nxxz) 2 min{u((x*y)*2z),u(}.
Example 3.3. Consider X ={ 2,1, 2, 3, 4} with *
defined by the table

* 2 i 2 3 4

2 ul 1 2 3 4
1 ul ) 2 3 4
2 ul ) 2 8 4
3 2 ) ul 1 4
4 ul 2 ul 2 al

Then (X ; +, 1) is a KK-algebra. Define a fuzzy subset
WX — [ 2, 1] such that
u( ) = 2/3,u(1) =u2) = 1/2and u(3) =

u(4) = 1/3.

Routine calculation gives that u is a fuzzy g-ideal of
KK-algebra .
Example 3.4.
Let X ={ 2, 1, 2, 3} in which (*) is defined by the
following table:

* 1
] ] 1
1 2 2 3
Then A > 3 . . (X ;*
, Q) is 3 3 2 1 ! KK-

algebra.
Define a fuzzy subset u : X - [ 3,1] by
_ (0.7ifx € {0,1} | _ .
u(x). { 0 3otherwise I ={ : 1} is |deal. of X.
Routine calculation gives that u is a fuzzy g-ideal of KK-

algebras X.

4. Cartesian Product of Fuzzy g-ideal

In this section, we will discuss, investigate a new notion
called cartesian product of fuzzy g-ideals and we study
several basic properties which related to fuzzy g-ideals.
Definition 4.1[18]. A fuzzy relation R on any set Sis a
fuzzy subset
R: SxS —[ 21].
Definition 4.2[18]. If R is a fuzzy relation on sets S and
B is a fuzzy subset of S, then R is a fuzzy relation on B if
R(x,y) £ min {B(x), B(y)}, for all X, yeS..
Definition 4.3[18]. Let p and B be fuzzy subsets of a
set S . The cartesian product of p and P is defined by
(u % B)(xy) = min {u(x), B(y)}, forall x, yeS .
Lemma 4.4[18]. Let p and B be fuzzy subsets of a set S .
Then,
(1) (u x B)isafuzzy relationon S ,

2) (X)) =us X By, forallt e[ 2,1].
Definition 4.5[18]. If B is a fuzzy subset of a set S, the
strongest fuzzy relation on S ,that is, a fuzzy relation on 3

is R[3 given by Rﬁ (x,y) = min {B(x) , B(y)}, for all x,
yeS.

Lemma 4.6[18]. For a given fuzzy subset p of aset S,
let RB be the strongest fuzzy relation on S. Then for t

e[ 2,1], we have (R )= B, xB:.
Proposition 4.7. For a given fuzzy subset p of a KK-
algebra (X ; *, 1), let RB be the strongest fuzzy

relationon X . If B is a fuzzy g-ideal of X X X, then
Ry xx)< Ry (2, 2),forall xe X.

Proof. Since Rﬁ is a strongest fuzzy relation of X x X,
it follows from that,

Rp(x, x) = min {B(x) , B(x)}< min{B( ), B( 2)}=
R;(0,0) , which implies that Rg (x,X) < Rg( 2, 2).m
Proposition 4.8. For a given fuzzy subset P of a KK-
algebra (X ; *, 2), let RB be the strongest fuzzy

relationon X . If RB is a fuzzy g-ideal of X x X, then

B(x) < B( 2), forall xeX.
Proof. Since RB is a fuzzy g-ideal of X x X, it follows

by proposition (4.7), Ry (xx)< Ry ( 2, 2) . Where

(2, Q) isthe zero element of X x X. But this means that,
min{B(x), B(x)} < min{B( 2), B( 2)}which implies that
B)<P( ) .m

Remark 4.9. Let (X; *, 2)and (Y; *°, 2") be KK-
algebras, we define () on X x Y by: for all (x,y),(u,v) €
X XY, (xy) - (uyv) =(x*u, y='v). Then clearly (X x
Y,-, (23, 2))isaKK-algebra.

Theorem 4.10.

Let u and B be fuzzy g-ideals of KK-algebra (X ; *
, 2). Then u x B isafuzzy g-ideal of X x X.

Proof. Note first that for every (x,y)e X X X,
(w xpB)( 3, Y =min{u(2),B(N}zmin{u (x),
BY)}= (1 x B)(xy) -

Now let (X1, X2) , (V1,V¥2), (Z1, 22) € X X X. Then
(X B) (X121, X2-zz2) =min{ u (X1 -21) , B (X2°Z2)}
>min { min{ g (X1 y1) - 22), ¢ (Y1)}, min{ B (X2 y2) -
z2) , B (y2)}}
=min{min{ u (x1-y1) - 21)) , B (X2*y2) - 22)) },
min{ u (Y1), B (y2)}}
=min{ (1 X B)((x1-y1) - 21) , ((X2* ¥2) ~ 22)) , (u X B)
(1, y2)}

Hence (u x B) is afuzzy g-ideal of X X X. m

Theorem 4.11.
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Let u and B be fuzzy subsets of KK-algebra X such
that u x B isafuzzy g-ideal of X x X. Then for all
xe X
(i) either u( 2) = u(x)or B(2) = B(x).
(ii) 1fu( 2) = u(x), forall xe X, theneither B( 2) =
ux) or B(2) = BX).
(iii) If B( 2) = B(x), for all xe X, then either p( 2) >
ux) or u( 1) = B(x).
(iv) Either u or B isafuzzy g-ideal of X.
Proof.
(i) suppose that p(x) > p( 2 and S(y) > B( 2), for
some x,y € X .Then
(u x B)xy)=min{u(x),B ()} >min{u(2),B(
D} =(u x B)( 2, 2).This is a contradiction and we
obtain (i).
(i) Assume that there exist x,y e X such that u (x) >
B(2) and B(y) > B( ). Then (u xB)( 3 I)=
min{ « ( 2), 8 ( 2)} =L ( 2) it follows that
(u xB)(xy)=min{p(x), B (V)}>P( )= (u xB)( 2,
J) . which is a contradiction. Hence (ii) holds.
(iii) is by similar method to part (ii).
(iv) Since by (i) either p( 2) = w(x) or B(2) =
B(x), forallx € X.
Without loss of generality we may assume that
B( ) = B(x), forall x € X, from (iii) it follows that
either p( 2)>w(x) or p( 2)>Px) .If pu( ) >px) ,
forany xe X ,then (u X B)( 2x)=min{u ( 2), 8 (X)}
=B (x).
Let (X1,X2) , (Y1.Y2) , (Z1,22) € X X X,
since u X B isafuzzy g-ideal of X x X, we have
(X B)(X1-z1, X2zz) Zmin{ (u X B)(((X1- Y1) - 71) ,
((x2-y2) = 22)) , (1 X B) (Y1, Y2)} ------- (F).
If we take x; =y1 = 2, then
B X2+ z2)= (u xB)( 2, (X2- 22)
> min{(g X B) (2, (%" y2)  22)), (WX P) (2, y2)}
= min{min{u(2),B((x2y2) - 22}, min{ . ( 2), B
(y2)}}
= min{ B (X2 y2) * 22), B (X2)}
This prove that 8 is a fuzzy g-ideal of .
Now, we consider the case
u( ) 2p ), forall x € X.Suppose that
u( Q) < u(y),forsome y e X. then
B()=P()>u( ). Sinceu( 2) =
u(x), for all x € X, it follows that
B(2) = u(x) forany x € X. Hence
(u x B)(x, 2)=min {u(x), B( )} = p(x), taking x2=Y2
= 2in (F), then
M- z1) = (0 x B)((X1-z1), 2)
. >min{(p X f)((X1-y1)-z1), 2), (u xB) (yz,

= min{min {u ((x1- y1) - z1)) , B ( D} min{u (1), B
( D3}
=min{ p ((X2° Y1) - 1)), p (Y1)}
Which proves that u is a fuzzy g-ideal of X. Hence
either 4 or B isafuzzy g-ideal of X.

Theorem 4.12. Let B be a fuzzy subset of a KK-
algebra X and let RB be the strongest fuzzy relation on

then B isafuzzy g-ideal of X if and only if RB isa

fuzzy g-ideal of X X X.

Proof: Assumethat B isa fuzzy g-ideal of X. By .
proposition (4.7), we get,

Rg (2,2 2 Ry (xy), forany (xy)e X x X.

Let (X1,X2) , (Y1,Y2) , (21,22) € X X X, we have;
Rp (- 21), (x2* z2)) =min {B (x1- 21) , B (X2* 22)}

> min{min {f ((X1* Y1) - 21) , B (YO}, min{B ((x2" y2) -
22), B (Y2)}}
=min{min {# ((X1- Y1) - 1) , B ((X2* Y2) - z2)}, min{B
(Y1), B (y2)}}

=min { RB ((X1-y2) - 22), (X2 - ¥2) - 22)) , R[} (Y y2) }
Hence R isafuzzy g-ideal of X x X.

Conversely, suppose that Rﬁ is a fuzzy g-ideal of

X x X, by Proposition (4.8)
B(2) = B(x), forall x € X, which prove (1) .
Now, let (X1,X2) , (Y1,¥2) , (z1,22) € X X X, then

min{B (x1-21) . B (x2- 22) } = Ry (1 21), (%2~ 22))
> min{ RB ((X1,%2) * (Y1, ¥2) ) - (21,22)) RB (yu y2) }

=min{ Ry (0 y1)-z).( (e y2) - 22)), Ry (ay2) }

=min{ min {B ((X1 - y1) - 22), B ((X2* y2) - z2)} , min
{B (). B (y2)}}
In particular if we take X, =y, = 2, then B (X1-21) >
min {8 (X - y1) - z2), B (y1)}-
This proves (2) and g is a fuzzy g-ideal of .m
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