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Abstract— This article review aims to consider n —inner product of the spaces and study some important ideas about it. Also, we
offer the notion of generalized n — inner spaces of the product.
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1. Introduction
The idea of n-spaces of normed and n —inner spaces of the product has been studied by Gunawan, note for example[ 7,9].
While Diminnie , Gahler ,and White from early researchers who introduced 2-inner spaces of the product , see for example [
3,4]. Generalization n- inner of the product for n > 2 expanded by Misiak [10].

1.1 Note: We will symbolize for:

1) real-vector space by r. v-s; real —valued function by r. v-f ;

2) inner spaces of the product by i-p-s; n -inner spaces of the product by n -i-p-s;

3) generalized n —inner spaces of the product by g- n -i-p-s;

4) linearly dependent by I. d and linearly independent by L.id .

1.2 Definition[8]: Suppose that n € Z, and W isar. v-sofdimension d = n.Ar.v-f (.,.]|.,...,.) on W™ having the conditions:

(C1) (p1, P1lP2s s Pr) > 05 (1, P12, o, P) = 0 © py, o, prare | d;

(C2) (p1, P11z, s Pr) = (Py,, Py, [Po, - Py, ) ¥ pErmutation (by, ..., b,) of (1, ..., n);

(C3) (p1, alpz, -, Pu) = (@, P1lP2, o, Pu);

(C4) y(p1, alpz, ., Pu) = (¥P1, alp2, .., Pn) , for any y € R;

(C5) (pl' qlva !pn> + <t)! qlpZ' !pn> = (pl + 1)! quZI LN pn)x

defines an n -i-p on W and n-i-p-s symbolized by (W, {.,.|.,...,.)).

The idea of 2- and n — spaces of normed were previously studied by Gahler , see for example [5]

1.3 Definition[5]: : A function |[.,...,.||: W" - R, with n > 0and W is r. v-s with d > n, having the following properties

(C1) llpy, -, Pull = 0 © py, .., py, 105
(C2) lIp1, -, Poll is invariant under permutation ;

(C3) [yllIpa, - pull = llypa, o, pull, for any y € R ;
(C4) ”plv pZ' 'pn” + ”q' pZ! vpn” = "pl + q, pZ!"'!pn”

defines an n —times norm on W, whereas n- space of normed is symbolized by (W, |l.,,....,.1]).
1.4 Note[ 8]: The relation between n -i-p-s and n —spaces of normed is defined by /{(p1, P11P2, -, P} = l|P1, P2, -os Pl
1.5 Definition [8]: Let (W,{.,.].,...,.),) be an n-i-p-s , for n = 2. Confirm a Lid set {c,, ..., ¢,} € W. With reference to {c,, ..., ¢,.}
, known vre{l, .., n—1} the  function  {,.|,..,. ) ON WML py P, q|P2, eer Prey) =

Z{bl,....,bn}gu,...,n}(p|Cl, P2y s Prp Gy eees Cbt)-

The definition of generalized n-inner spaces of the product was explained by Malceski and Trencevski [ 11]. Note the following
definition

1.6 Definition[11]: Let W >nisar.v-s with n>0and (., ...,.].,...,.) isar.v-f on W2" having the following properties:

(C1) If pq, ..., p,, are Lid vectors then (pq, ..., PPy, s Py >0

(C2) <q1, R qnlpli L] pn) = <p1: L] pnlqlﬂ R qn) Vqlﬂ R qn' P1s ey pn € W,

(C3)y (P, s Pul A1, oo Gn) = (YD1, oo, PulG, ooy Gn) fOr any y Rand Vpy, ..., Py, Q1 oo, G € \U&

(C4) —(Poc(r)r -+ » Poc)| Gs > ) = (D1, s PulGa, -, ), fOr all 0dd permutation o< € {1, ..., n} and Vp;, ..., Py, Gp, e, Gy € W
(C5) <p11 '"!pnlqll b qn) + (I), pZ' ""pnlqlf R qn) = <p1 + D, pZ "'fpnlqlf R qn>

vp1, ""pn' 1y =) qn EW ;

(COF(P1, Q1) wve) Gy1, Gg1s oo s Gn|G1s s Gn) = 0 VB € {1, ..., n}then (py, ..., p,lay, ..., q,) = O for optional vectors py, ..., p,. The
function (.,,.,...,.|.,., ...,.) defines g-n-i-p and g-n-i-p-s symbolized by (W,{.,...,.]., ...,.)).
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The relationship between g-n-i-p on W and n-norms was defined by [10] as follows /(py, ..., PulP1, - Pu) = P2, P2, oo, Pl -
1.7 Note [8] : In any n-i-p-s when nn > 2 have been derived an (n — x)-i-p fromthe n-i-pvr e {1,...,n — 1}.

1.8 Notes [2]:

1) A g-n-i-p is sometimes symbolized by (.,, ., ...,.|.,., ...,.)p and an n-norm by ||.,., ..., . ||

2) On n-space of normed simulated from g-n-i-p-s ,we have the following result

2 .
191, D20 eoer Prcqllies = \/Z;‘Ll"pl,pz, s Pue1, G || defines an (n — 1)- norm on W.
2. The Main Results

2.1 Fact [8]: The function (., .|., ...,. ),_, determines an (n —r)- i-p-son W for all r € the set{1,...,n — 1} .Especially when r =
n— 1 we have (p;1q) = X, sie,..nP1|a cp,s 0 6, ) i an i-p on W.

2.2 Corollary[8]: Vr=1,..,n—1,we getall n-i-p-sisan (n — r)-i-p — s, especially an n- i-p-s is an i-p -s.

2.3 Corollary [8]: Purport ||.,...,.ll, is the stimulated n-norms on W. Then Vr € {1,..,n— 1}, we get [|py, ..., Preell =

......

llp, |l = \[Z{bzp_"bn}g{lp_qn}||p1,cbz, ...,cbn||2, which determines a norm that agrees with the derived i-p (.,.) on W.
2.4 Fact [8]: The derived (1 — r)-norm described in ...(*) accepts

Gy wees Pricos oy ...,cbr||2 + Xip0paenlPr — @ o Puce G e CerZ , when the  n-norm accepts the parallelogram law
(p1+ Py +alp2, o, Pr) + (P1 — 4,01 — GlP2, o, PR = 2Py, P12, o, Pr) + 2(q, GlP2, o, D)

2.5 Fact[8]: (.,.]., -, Jn_ determines an (n — r)-i-p on W.

2.6 Theorem (Hlawka's inequality) [1]: The inequality (\/(q +w,q+ w|py, ..., p,) + \/(pl + w,p; + WPy, .., Py +
Vp1 + .01 +alp2, s p0)) < (VP1 P1lP2s s ) + V(@ alP2 o, P1) + (0, 0]p5, 0, p) +

V1 +a+w,p; +q+w[py, ..., py)) holds, when py,q,m,p,, ..., p, € W are vectors got from an n-i-p -s on W.

2.7 Theorem (Hornich’s inequality)[1]: Suppose that p,p,, ..., Pn G1, -, Gy € W are vectors got from an n-i-p-s on W .The

inequa"ty Zg;l(llqr'pb 'pn” - ”qt' P2, 'pn”) < (m - 2)||P. P2, :pn” hOIdS rWhen 221:1 qt = —sp (5 2 1) .
2.8 Theorem [1]: Suppose that p,, ..., P, G4, -, G € W are vectors got from an n-i-p-s W. Thenlebl<...<bt5m||qfJ1 + -+

m

qbt' pz, ...,pn” S (T—_ZZ (__lr 81=1||qb' pz, ,pn” + ||ZET=1 qb, pz, ,pn”) When m= 3,4, and r= 2, e, M — 1

2.9 Theorem[1] : Suppose that p,, ..., P, G4, -, 0, € W are vectors got from an n-i-p-s W.Then2]15;)1<...<bt5m||qb1 + -+

Gp, P2s ...,pn”2 < (":__22 (:%—; ™ |lay pas ...,;:)n”2 +[|Z0 s a5 P2 ...,pn||2) when m=3,4,..andr=2,..,m— 1.

2.10 Theorem [2]: Suppose that (W, {.,., ..., |-, -, «we, . Jn) 1S @- N-i-p-s with finite —dimension d > n > 2.

Known the next function (.,..,.|.,.,..,.)y_1 on W20 with a Lid set {c;,...,cq} through (1, .., Pru1lGis eors Groq) =
Yo (P1, s Puc1, S|G4, v s Gno1, 6) . Which accepts (C6) in definition 1.6, then the function (., ...,.|., ., .., Jy—q is@g-(n — 1)-i-
p-s on W.

2.11 Corollary [2]: Each ¢g- nii —p s is g- (n—1) -i-p-s V r=1,2,...,n—1, through induction for g- (n—rx) -i-p-s
(P1 oo PrcelG1s oo Gn) = Ty ety {(Prs coos Prces oy ooes o G woes Qs G, ---'Cbt>n ,which accepts (C6) in definition 1.6 ,this
case is necessary forr = 1,2, ...,n — 2, which trivial forr =n — 1.

In especially,(p, a) = X, _p.cer,.ayPr oy er o, |00 o, ""Cbn—1>n

2.12 Corollary[2]: The function ||pq, ..., Pyo1llpes = \/Z;‘jl=1||p1,...,pn_1,cb||2 is an (n—1) —norm that agrees with
(orererrelerey ey dner ON'W, When ||, ., ...,. ||, is the stimulated n-norms from a g-n-i-p on W. Adding by induction ,we get

”pl' e Pr-1 ”n—r = \[Zbl,....,brg{l,...,d}||p1l v Pr—p Cb1' R cbr”z .

In especially, ||p, || = \/Zbl......brEIL...,dl||p1' Chpr orer cbn_1||2 determines a norm that agrees with the derived g- i- p on W.

2.13 Theorem [2]: The (n — 1) —norm stimulated by g-n-i-p agrees 2 ¥, ||py, p2, ...,pn_l,cb”2 + 238 ||a.p2 ...,p“_l,cb”z =
S |lps + a.p2, ...,pn_l,cb”2 + 320 lps —a.pas ---'pn—l'CbHZ- When the n-norm stimulated by g- n-i-p agrees the parallelogram
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law:  2(py, o, PulPy, s Pu) + 2(a, o, Pul G, o, Do) = (P + 4, s PulPs + 0, P0) + (P1 — @, PulPy — g, ., p0) - Adding  the
derived norm agrees

2 2 2
2 Zm,....,brell,...,dl||p1' %, ---'Cbn_1|| 4; 2 Zbl:----:bre|1v---vd|||q' Gy ---'Cbn_1|| = Zbl......btell....,dll||P1 + 9 ¢, ---'ch” +
Zf)1----ubr5|1.---.@1| ||p1 T @ Gy s Oy || :
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