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1. Introduction 

The idea of n-spaces of normed  and  𝔫 –inner  spaces of the product  has been studied by Gunawan, note for example[ 7,9]. 

While Diminnie , Gahler ,and White  from early researchers who introduced 2-inner spaces of the product , see for example [ 

3,4].   Generalization n- inner of the product for 𝔫 ≥ 2  expanded by Misiak [10]. 

1.1 Note: We will symbolize for: 

1) real-vector space by r. v-s; real –valued function by r. v-f ; 

 2) inner  spaces of  the product by i-p-s; 𝔫 -inner spaces of the product  by 𝔫 -i-p-s; 

3) generalized 𝔫 –inner  spaces of the product  by g- 𝔫 -i-p-s; 

4) linearly dependent by l. d and linearly independent by l.id . 

1.2 Definition[8]: Suppose that  𝔫 ∈  ℤ+ and 𝕎 is a r. v-s of dimension 𝕕 ≥ 𝔫 . A r. v-f  ⟨. , . |. , … , . ⟩ on 𝕎𝔫+1  having the conditions: 

(C1) ⟨𝔭1, 𝔭1|𝔭2, … , 𝔭𝔫⟩ > 0; ⟨𝔭1, 𝔭1|𝔭2, … , 𝔭𝔫⟩ = 0 ↔ 𝔭1, … , 𝔭𝔫 are l. d; 

(C2) ⟨𝔭1, 𝔭1|𝔭2, … , 𝔭𝔫⟩ = ⟨𝔭𝔥1
, 𝔭𝔥1

|𝔭𝔥2
, … , 𝔭𝔥𝔫

⟩ ∀  permutation (𝔥1, … , 𝔥𝔫) of (1, … , 𝔫); 

(C3) ⟨𝔭1, 𝔮|𝔭2, … , 𝔭𝔫⟩ = ⟨𝔮, 𝔭1|𝔭2, … , 𝔭𝔫⟩; 

(C4) 𝛾⟨𝔭1, 𝔮|𝔭2, … , 𝔭𝔫⟩ = ⟨𝛾𝔭1, 𝔮|𝔭2, … , 𝔭𝔫⟩  , 𝑓𝑜𝑟 𝑎𝑛𝑦 𝛾 ∈ ℝ; 

(C5) ⟨𝔭1, 𝔮|𝔭2, … , 𝔭𝔫⟩ + ⟨𝔶, 𝔮|𝔭2, … , 𝔭𝔫⟩ = ⟨𝔭1 + 𝔶, 𝔮|𝔭2, … , 𝔭𝔫⟩, 

defines an   𝔫 -i-p on 𝕎 and 𝔫-i-p-s symbolized by  (𝕎, ⟨. , . |. , … , . ⟩) . 

The idea of 2- and 𝔫 – spaces of normed  were previously studied by Gahler , see for example [5]  

1.3  Definition[5]: : A function     ‖. , … , . ‖: 𝕎𝔫 → ℝ, with  𝔫 > 0 and 𝕎 is r. v-s with 𝕕 ≥ 𝔫, having  the  following properties                                                                                               

 (C1) ‖𝔭1, … , 𝔭𝔫‖ = 0 ↔ 𝔭1, … , 𝔭𝔫  l.d; 

 (C2)  ‖𝔭1, … , 𝔭𝔫‖  is invariant under permutation ; 

    (C3) |𝛾|‖𝔭1, . . . , 𝔭𝔫‖ = ‖𝛾𝔭1, … , 𝔭𝔫‖, 𝑓𝑜𝑟 𝑎𝑛𝑦 𝛾 ∈ ℝ ; 

  (C4)  ‖𝔭1, 𝔭2, … , 𝔭𝔫‖ + ‖𝔮, 𝔭2, … , 𝔭𝔫‖ ≥ ‖𝔭1 + 𝔮, 𝔭2, . . . , 𝔭𝔫‖  

defines an  𝔫 –times norm on 𝕎, whereas n- space of normed is symbolized by   (𝕎, ‖. , , . … , . ‖). 

1.4 Note[ 8]: The relation between 𝔫 -i-p-s and 𝔫 –spaces of normed  is defined by √⟨𝔭1, 𝔭1|𝔭2, … , 𝔭𝔫⟩ ≔ ‖𝔭1, 𝔭2, … , 𝔭𝔫‖ 

1.5 Definition [8]: Let (𝕎, ⟨. , . |. , … , . ⟩𝔫) be an n-i-p-s , for 𝔫 ≥ 2 . Confirm a l.id set {𝔠1, … , 𝔠𝔫} ∈ 𝕎. With reference to {𝔠1, … , 𝔠𝔫} 

, known ∀𝔯 ∈ {1, … , 𝔫 − 1}  the function ⟨. , . |. , … , . ⟩𝔫−𝔯  on 𝕎𝔫−𝔯+1  by  ⟨𝔭, 𝔮|𝔭2, … , 𝔭𝔫−𝔯⟩ ≔
∑ ⟨𝔭|𝔮, 𝔭2, … , 𝔭𝔫−𝔯, 𝔠𝔥1

, … , 𝔠𝔥𝔯
⟩{𝔥1,….,𝔥𝔫}⊆{1,…,𝔫} . 

The  definition of generalized n-inner spaces  of  the product was explained by Malceski and Trencevski [ 11]. Note the following 

definition 

1.6 Definition[11]: Let  𝕎 ≥ 𝔫 is a r .v-s  with  𝔫 > 0 and ⟨. , … , . |. , … , . ⟩ is a r .v-f on 𝕎2𝔫 having the following properties: 

(C1) If 𝔭1, … , 𝔭𝔫  are l.id vectors then ⟨𝔭1, … , 𝔭𝔫|𝔭1, … , 𝔭𝔫⟩ > 0    ; 

(C2) ⟨𝔮1, … , 𝔮𝔫|𝔭1, … , 𝔭𝔫⟩ = ⟨𝔭1, … , 𝔭𝔫|𝔮1, … , 𝔮𝔫⟩ ∀𝔮1, … , 𝔮𝔫, 𝔭1, … , 𝔭𝔫 ∈ 𝕎; 

(C3)𝛾⟨𝔭1, … , 𝔭𝔫|𝔮1, … , 𝔮𝔫⟩ = ⟨𝛾𝔭1, … , 𝔭𝔫|𝔮1, … , 𝔮𝔫⟩  𝑓𝑜𝑟 𝑎𝑛𝑦 𝛾 ℝ 𝑎𝑛𝑑 ∀𝔭1, … , 𝔭𝔫, 𝔮1, … , 𝔮𝔫 ∈           𝕎; 

(C4) −⟨𝔭∝(1), … , 𝔭∝(𝔫)|𝔮1, … , 𝔮𝔫⟩ = ⟨𝔭1, … , 𝔭𝔫|𝔮1, … , 𝔮𝔫⟩, 𝑓𝑜𝑟 𝑎𝑙𝑙 odd permutation ∝ ∈ {1, … , 𝔫} and ∀𝔭1, … , 𝔭𝔫, 𝔮1, … , 𝔮𝔫 ∈ 𝕎 ; 

(C5) ⟨𝔭1, … , 𝔭𝔫|𝔮1, … , 𝔮𝔫⟩ + ⟨𝔶, 𝔭2, … , 𝔭𝔫|𝔮1, … , 𝔮𝔫⟩ = ⟨𝔭1 + 𝔶, 𝔭2 … , 𝔭𝔫|𝔮1, … , 𝔮𝔫⟩ 
∀𝔭1, … , 𝔭𝔫, 𝔮1, … , 𝔮𝔫 ∈ 𝕎 ; 

(C6)If⟨𝔭1, 𝔮1, … , 𝔮𝔥−1, 𝔮𝔥+1, … , 𝔮𝔫|𝔮1, … , 𝔮𝔫⟩ = 0   ∀ 𝔥 ∈ {1, … , 𝔫},then ⟨𝔭1, … , 𝔭𝔫|𝔮1, … , 𝔮𝔫⟩ = 0  for optional vectors 𝔭1, … , 𝔭𝔫.  The 

function ⟨. , , . , … , . |. , . , … , . ⟩  defines  g-n-i-p and g-n-i-p-s symbolized by  (𝕎, ⟨. , … , . |. , … , . ⟩).  
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The relationship between g-n-i-p on 𝕎 and n-norms was defined by [10] as follows  √⟨𝔭1, … , 𝔭𝔫|𝔭1, … , 𝔭𝔫⟩ ≔ ‖𝔭1, 𝔭2, … , 𝔭𝔫‖ .  

1.7 Note [8] : In any n-i-p-s when 𝔫 ≥ 2  have been derived an (𝔫 − 𝔯)-i-p from the n-i-p ∀ 𝔯 ∈ {1, … , 𝔫 − 1}. 
1.8 Notes [2]:   

1) A g-n-i-p is sometimes symbolized by ⟨. , , . , … , . |. , . , … , . ⟩𝑛 and an n-norm by ‖. , . , … , . ‖𝔫. 

2) On n-space of normed simulated from g-n-i-p-s ,we have the following result 

‖𝔭1, 𝔭2, … , 𝔭𝔫−1‖𝔫−1 = √∑ ‖𝔭1, 𝔭2, … , 𝔭𝔫−1, 𝔠𝔥‖
2𝕕

𝔥=1   defines an (𝔫 − 1)- norm on 𝕎. 

2. The Main Results 

 

2.1 Fact [8]: The function ⟨. , . |. , … , . ⟩𝔫−𝔯 determines an (𝔫 − 𝔯)- i-p-s on 𝕎 for all  𝔯 ∈   𝑡ℎ𝑒 𝑠𝑒𝑡{1, … , 𝔫 − 1} .Especially when 𝔯 =

𝔫 − 1 we have ⟨𝔭1|𝔮⟩ ≔ ∑ ⟨𝔭1|𝔮, 𝔠𝔥2
, … , 𝔠𝔥𝔫

⟩{𝔥2,….,𝔥𝔫}⊆{1,…,𝔫}  is an i-p on 𝕎. 

2.2 Corollary[8]:  ∀ 𝔯 = 1, … , 𝔫 − 1 , we get all n-i-p-s is an (𝔫 − 𝔯)-i-p – s , especially an n- i-p-s is an i-p –s. 

2.3 Corollary [8]: Purport  ‖. , … , . ‖𝔫   is the stimulated  n-norms on 𝕎.  Then ∀ 𝔯 ∈ {1, … , 𝔫 − 1}, we get ‖𝔭1, … , 𝔭𝔫−𝔯‖ ≔

√∑ ‖𝔭1, … , 𝔭𝔫−𝔯, 𝔠𝔥1
, … , 𝔠𝔥𝔯

‖
2

{𝔥1,….,𝔥𝔯}⊆{1,…,𝔫} ….(*) determines an (𝔫 − 𝔯)- a norm that agrees with ⟨. , . |. , … , . ⟩𝔫−𝔯 on 𝕎. Especially 

‖𝔭1‖ ≔ √∑ ‖𝔭1, 𝔠𝔥2
, … , 𝔠𝔥𝑛

‖
2

{𝔥2,….,𝔥𝔫}⊆{1,…,𝔫} ,  which determines a  norm that agrees with the derived  i-p 〈. , . 〉 on 𝕎. 

2.4 Fact [8]:  The derived (𝔫 − 𝔯)-norm described in …(*) accepts 

2 ∑ ‖𝔭1, … , 𝔭𝔫−𝔯, 𝔠𝔥1
, … , 𝔠𝔥𝔯

‖
2

{𝔥1,….,𝔥𝔯}⊆{1,…,𝔫} + 2 ∑ ‖𝔮, … , 𝔭𝔫−𝔯, 𝔠𝔥1
, … , 𝔠𝔥𝔯

‖
2

{𝔥1,….,𝔥𝔯}⊆{1,…,𝔫} = ∑ ‖𝔭1 +{𝔥1,….,𝔥𝔯}⊆{1,…,𝔫}

𝔮, … , 𝔭𝔫−𝔯, 𝔠𝔥1
, … , 𝔠𝔥𝔯

‖
2

+ ∑ ‖𝔭1 − 𝔮, … , 𝔭𝔫−𝔯, 𝔠𝔥1
, … , 𝔠𝔥𝔯

‖
2

{𝔥1,….,𝔥𝔯}⊆{1,…,𝔫}   , when the   n-norm accepts the parallelogram law  

⟨𝔭1 + 𝔮, 𝔭1 + 𝔮|𝔭2, … , 𝔭𝔫⟩ + ⟨𝔭1 − 𝔮, 𝔭1 − 𝔮|𝔭2, … , 𝔭𝔫⟩ = 2⟨𝔭1, 𝔭1|𝔭2, … , 𝔭𝔫⟩ + 2⟨𝔮, 𝔮|𝔭2, … , 𝔭𝔫⟩ . 

2.5 Fact[8]:  ⟨. , . |. , … , . ⟩𝔫−𝔯 determines an (𝔫 − 𝔯)-i-p  on 𝕎. 

2.6 Theorem (Hlawka′s inequality) [1]:  The inequality  (√⟨𝔮 + 𝔴, 𝔮 + 𝔴|𝔭2, … , 𝔭𝔫⟩ + √⟨𝔭1 + 𝔴, 𝔭1 + 𝔴|𝔭2, … , 𝔭𝔫⟩ +

√⟨𝔭1 + 𝔮, 𝔭1 + 𝔮|𝔭2, … , 𝔭𝔫⟩) ≤ (√⟨𝔭1, 𝔭1|𝔭2, … , 𝔭𝔫⟩ + √⟨𝔮, 𝔮|𝔭2, … , 𝔭𝔫⟩ + √⟨𝔴, 𝔴|𝔭2, … , 𝔭𝔫⟩ +

√⟨𝔭1 + 𝔮 + 𝔴, 𝔭1 + 𝔮 + 𝔴|𝔭2, … , 𝔭𝔫⟩)   holds , when    𝔭1, 𝔮, 𝔴, 𝔭2, … , 𝔭𝔫 ∈ 𝕎 are vectors got from an n-i-p –s  𝑜𝑛 𝕎. 

2.7 Theorem (Hornich´s  inequality)[1]: Suppose that  𝔭, 𝔭2, … , 𝔭𝔫, 𝔮1, … , 𝔮𝔪  ∈ 𝕎 are vectors got from an n-i-p-s on  𝕎 .The 

inequality ∑ (‖𝔮𝔯, 𝔭2, … , 𝔭𝔫‖ − ‖𝔮𝔯, 𝔭2, … , 𝔭𝔫‖) ≤ (𝔪
𝔯=1 𝔪 − 2)‖𝔭, 𝔭2, … , 𝔭𝔫‖  holds ,when ∑ 𝔮𝔯 = −𝔰𝔭       (𝔪

𝔯=1 𝔰 ≥ 1) .  

2.8 Theorem [1]: Suppose that 𝔭2, … , 𝔭𝔫, 𝔮1, … , 𝔮𝔪  ∈ 𝕎  are vectors got from an n-i-p-s 𝕎.   Then ∑ ‖𝔮𝔥1
+ ⋯ +1≤𝔥1<⋯<𝔥𝔯≤𝔪

𝔮𝔥𝔯
, 𝔭2, … , 𝔭𝔫‖ ≤ (𝔪−2

𝔯−2
) (

𝔪−𝔯

𝔯−1
∑ ‖𝔮𝔥, 𝔭2, … , 𝔭𝔫‖𝔪

𝔥=1 + ‖∑ 𝔮𝔥, 𝔭2, … , 𝔭𝔫
𝔪
𝔥=1 ‖)  when  𝔪 = 3,4, … 𝑎𝑛𝑑 𝔯 = 2, … , 𝔪 − 1.  

2.9 Theorem[1] : Suppose that 𝔭2, … , 𝔭𝔫, 𝔮1, … , 𝔮𝔪  ∈ 𝕎  are vectors got from an n-i-p-s 𝕎 .Then ∑ ‖𝔮𝔥1
+ ⋯ +1≤𝔥1<⋯<𝔥𝔯≤𝔪

𝔮𝔥𝔯
, 𝔭2, … , 𝔭𝔫‖

2
≤ (𝔪−2

𝔯−2
) (

𝔪−𝔯

𝔯−1
∑ ‖𝔮𝔥, 𝔭2, … , 𝔭𝔫‖

2𝔪
𝔥=1 + ‖∑ 𝔮𝔥, 𝔭2, … , 𝔭𝔫

𝔪
𝔥=1 ‖

2
)  when  𝔪 = 3,4, … 𝑎𝑛𝑑 𝔯 = 2, … , 𝔪 − 1. 

2.10 Theorem [2]: Suppose that (𝕎, ⟨. , . , … , . |. , . , … , . ⟩𝔫)  is g- n-i-p-s with finite –dimension 𝕕 ≥ 𝔫 ≥ 2.  

Known the next function ⟨. , … , . |. , . , … , . ⟩𝔫−1 𝑜𝑛 𝕎2(𝔫−1)  with a l.id set {𝔠1, … , 𝔠𝕕}  through   ⟨𝔭1, … , 𝔭𝔫−1|𝔮1, … , 𝔮𝔫−1⟩ =
∑ ⟨𝔭1, … , 𝔭𝔫−1, 𝔠𝔥|𝔮1, … , 𝔮𝔫−1, 𝔠𝔥⟩𝕕

𝔥=1  , which accepts  (C6)  in definition 1.6 ,  then the function ⟨. , … , . |. , . , … , . ⟩𝔫−1  is a g-(𝔫 − 1)-i-

p-s on 𝕎. 
2.11 Corollary [2]: Each g- n-i –p –s is g- (𝔫 − 𝔯) -i-p-s ∀  𝔯 = 1,2, … , 𝔫 − 1,  through induction for g- (𝔫 − 𝔯) -i-p-s 

⟨𝔭1, … , 𝔭𝔫−𝔯|𝔮1, … , 𝔮𝔫⟩ = ∑ ⟨𝔭1, … , 𝔭𝔫−𝔯, 𝔠𝔥1
, … , 𝔠𝔥𝔯

|𝔮1, … , 𝔮𝔫−𝔯, 𝔠𝔥1
, … , 𝔠𝔥𝔯

⟩
𝔫𝔥1,….,𝔥𝔯⊆{1,…,𝕕}  ,which accepts  (C6) in definition 1.6  ,this 

case is necessary for 𝔯 = 1,2, … , 𝔫 − 2, which trivial for 𝔯 = 𝔫 − 1.  

In especially,〈𝔭, 𝔮〉 = ∑ ⟨𝔭, 𝔠𝔥1
, … , 𝔠𝔥𝔫−1

|𝔮, 𝔠𝔥1
, … , 𝔠𝔥𝔫−1

⟩
𝔫𝔥1,….,𝔥𝔯⊆{1,…,𝕕}   

2.12 Corollary[2]: The function ‖𝔭1, … , 𝔭𝔫−1‖𝔫−1 = √∑ ‖𝔭1, … , 𝔭𝔫−1, 𝔠𝔥‖
2𝕕

𝔥=1   is an (𝔫 − 1)  –norm that agrees with 

⟨. , . , … , . |. , . , … , . ⟩𝔫−1  on 𝕎, When ‖. , . , … , . ‖𝔫  is the stimulated  n-norms from  a g-n-i-p on 𝕎. Adding by induction ,we get 

‖𝔭1, … , 𝔭𝔫−1‖𝔫−𝔯 = √∑ ‖𝔭1, … , 𝔭𝔫−𝔯, 𝔠𝔥1
, … , 𝔠𝔥𝔯

‖
2

𝔥1,….,𝔥𝔯⊆{1,…,𝕕}  .  

In especially, ‖𝔭1‖ = √∑ ‖𝔭1, 𝔠𝔥1
, … , 𝔠𝔥𝔫−1

‖
2

𝔥1,….,𝔥𝔯∈|1,…,𝕕|   determines a norm that agrees with the derived g- i- p on 𝕎. 

2.13 Theorem [2]: The (𝔫 − 1) –norm stimulated by g-n-i-p agrees 2 ∑ ‖𝔭1, 𝔭2, … , 𝔭𝔫−1, 𝔠𝔥‖
2𝕕

𝔥=1 + 2 ∑ ‖𝔮, 𝔭2, … , 𝔭𝔫−1, 𝔠𝔥‖
2𝕕

𝔥=1 =

∑ ‖𝔭1 + 𝔮, 𝔭2, … , 𝔭𝔫−1, 𝔠𝔥‖
2𝕕

𝔥=1 + ∑ ‖𝔭1 − 𝔮, 𝔭2, … , 𝔭𝔫−1, 𝔠𝔥‖
2𝕕

𝔥=1 .  When the n-norm stimulated by g- n-i-p agrees the parallelogram 
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law: 2⟨𝔭1, … , 𝔭𝔫|𝔭1, … , 𝔭𝔫⟩ + 2⟨𝔮, … , 𝔭𝔫|𝔮, … , 𝔭𝔫⟩ = ⟨𝔭1 + 𝔮, … , 𝔭𝔫|𝔭1 + 𝔮, … , 𝔭𝔫⟩ + ⟨𝔭1 − 𝔮, … , 𝔭𝔫|𝔭1 − 𝔮, … , 𝔭𝔫⟩ . Adding the 

derived norm agrees   

2 ∑ ‖𝔭1, 𝔠𝔥1
, … , 𝔠𝔥𝔫−1

‖
2

𝔥1,….,𝔥𝔯∈|1,…,𝕕| + 2 ∑ ‖𝔮, 𝔠𝔥1
, … , 𝔠𝔥𝔫−1

‖
2

𝔥1,….,𝔥𝔯∈|1,…,𝕕| = ∑ ‖𝔭1 + 𝔮, 𝔠𝔥1
, … , 𝔠𝔥𝔫−1

‖
2

𝔥1,….,𝔥𝔯∈|1,…,𝕕| +

∑ ‖𝔭1 − 𝔮, 𝔠𝔥1
, … , 𝔠𝔥𝔫−1

‖
2

𝔥1,….,𝔥𝔯∈|1,…,𝕕| . 
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