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1. INTRODUCTION

K. Is'eki and S. Tanaka [22] looked into the ideals and
congruences of BCK-algebras. KUS-algebras are a novel
type of algebraic structure that were introduced and explored
by S. M. Mostafa and coworkers [26]. L.A. Zadeh [30] first
proposed the idea of a fuzzy set. Using the fuzzy set notion,
O.G. Xi [28] described some of the characteristics of BCK-
algebras. The concept of cubic ideals in BCK-algebras was
proposed by Y. B. Jun and coauthors [23], who went on to
examine some of the features associated with these ideals.
Cubic KUS-ideals of KUS-algebra were first described by
A.T. Hameed et al. in [21], and their homomorphisms were
subsequently investigated. The concept of cubic AT-ideals of
AT-algebra was first presented and some of its features were
described by A.T. Hameed and coauthors in [1]. Here, we
shall define the notion of ¢ -dot cubic of AB- subalgebra, and
we study some of the relations, theorems, propositions and
examples of ¢ -dot cubic of AB- subalgebra of AB-algebra.
We define and investigate the homomorphic and inverse
images of AB-algebraic cubic AB-subalgebra

2. Preliminaries
In this section, we introduce the concepts of AB-ideals and
fuzzy AB-ideals in AB-algebra and provide some definitions
and preliminary properties of these concepts.

Definition 2.1([2-4]) Let X be a set with a binary
operation = and a constant 0. Then (X;*, X ) is called an
AB-algebra if the following axioms satisfied: for all m,
Y, X€EX,

() ((m*y) *(x*y)) *(M*x) =X,

(i) X *m=RX ,

(itll) m*X =m,

Example 2.2([2-4]) LetX ={X ,1,2, 3,4} in which (*)
is defined by the following table:

* N 1 2 3 4

N N N N N N

1 1 N N N

1
N
1
4

IS w NP

2 2 N N
3 3 N N
4 3 3 N

Then (X;*, & )isan AB-algebra.
Remark 2.3([2-4]) Define a binary relation < on AB-
algebra (X; ,X ) byletting x < y ifandonlyif x =
y = 0.
Proposition 2.4([2-4]) In any AB — algebra (X;*, X ),
the following properties hold: forall x,y,z € X,

(1) (m*y)*m=0.

(2) (m*y)*x=(m=*x)*y.

(B (Mm*(m*y))*y=0.

Proposition 2.5([2-4]) Let (X; *, X ) be an AB-
algebra. X is satisfies for all m, y, x €X,

(1) m<y implies m*x < y*X.

(2) m<y implies x*y <x*m.

Definition 2.6([2-4]). Let (X; *,X )be an AB —

algebra and let S be a nonempty subset of X. S is
called an AB-subalgebra of X if m*y € S wheneverm € S
andy € S.

Definition 2.7([2-4]). A nonempty subsetI of an AB —
algebra (X; *,X ) is called an AB-ideal of X if it satisfies
the following conditions: for any m, y,x € X,

(X €l,

(I)(m*y)*xelandy el imply m*x el.

Proposition 2.9 ([2-4]). Every AB — ideal of AB —
algebra is an AB — subalgebra.

Proposition 2.8 ([2-4]). Let {li| ie A} be a family of AB-
ideals of AB-algebra (X; *, X ). The intersection of

any set of AB — ideals of X is also an AB-ideal.
Definition 2.9 ([13,14]). Let (X ; *,X )and (Y; *',X )
be nonempty sets.The mapping £:(X; *X ) — (Y;

* X ) is called a homomorphism if it satisfies:

f (m*y) =f (m) **f (y), forallm,y € X. The set {meX | f
(m) =X '}is called the kernel of fdenoted by ker f.
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Theorem 2.10 ([2-4]). Let £:(X; *,X ) — (Y; *',X
)be a homomorphism of an AB —
algebra X into an AB —algebra Y, then :
A (R )=X "
B. fisinjective if and only if ker f={X }.
C. m< yimpliesf (m) < f (y).
Theorem 2.11 ([2-4]). Let fi(X; *,X ) — (Y; *',X
") be a homomorphism of an AB —
algebra X into an AB —algebra Y, then:
(F1) If S isan AB-subalgebra of X,

then f (S) is an AB — subalgebra of Y.
(F2) If I'is an AB-ideal of X, then f (1) is an AB —
ideal of Y ,where f is onto.
(F3) If H is an AB — subalgebra of Y, thenf~1 (H) is an
AB-subalgebra of X .
(Fs) If Jis an AB-ideal of Y, then f~1 (J) s an AB —
ideal of X .
(Fs) ker fisan AB-ideal of X.
(Fe) Im(f) is an AB — subalgebra of Y.
Definition 2.12([30]). Let(X; *,X )
be a nonempty set,a fuzzy subset u of X isa function
w X — X 1]
Definition 2.13 ([29]).
Let X be a nonempty set and u be a fuzzy subset of
X; *X ), for t e [R ,1],theset L(u,t) = yuy ={me X|
w(m) >t} is called a level subset of u .
Definition 2.14([5]). Let (X; *, X ) be an AB —
algebra,a fuzzy subset yof X is called a fuzzy AB —
subalgebra of X if forall m,y € X, p(m*y)> min {u
(m), n (y)} .
Definition 2.15([5]). Let (X; *,X ) be an AB-algebra,
a fuzzy subset yof X is called a fuzzy AB —
ideal of X if it
satisfies the following conditions, for allm,y,z € X,

(FAB1) p(R )>p(m),

(FABz) u(m*x)> min {u ((m*y)*x), u(y)} -
Proposition 2.17([5]).
1- The intersection of any set of fuzzy AB —
ideals of AB-algebra is also fuzzy AB-ideal.
2-  The union of any set of fuzzy AB-ideals of AB-algebra
is also fuzzy AB — ideal where is chain.
Proposition 2.18([5]). Every fuzzy AB — ideal of AB —
algebra is a fuzzy AB-subalgebra.
Proposition 2.19(]5]).
1- Let u be a fuzzy subset of AB — algebra (X; *,X ).
If uis a fuzzy AB — subalgebra of X if and only if for
everyt e [X ,1], u, is an AB-subalgebra of X .
2- Letu beafuzzy AB-ideal of AB-algebra (X;*, X ), u
is a fuzzy AB — ideal of X if and only if for every t € [X
,1], u; is an AB-ideal of X .
Lemma 2.20([5]). Let u be a fuzzy AB-ideal of AB-algebra
X and if m <y, then pu(m) > p(y) , forall m, ye X.
Definition 2.21 ([33]). Letf:(X;* & ) = (¥;*
°, X )be a mapping nonempty sets X and Y respectively. If
w is a fuzzy subset of X,

then the fuzzy subset 3 of Y defined by: f(u)(y) =
{Sup{#(x):x €EfTO} if O =xEXf)=y}#0

N otherwise
is said to be the image of p under f.

Similarly if B is a fuzzy subset of Y, then the fuzzy subset
u = (B°f) of X (i.ethe fuzzy subset defined by p (m)=
B (f (m)), for all
x € X) is called the pre-image of B under f.
Definition 2.22 ([29]).
A fuzzy subset p of a set X has sup property if for any
subset T of X,thereexist to €T suchthat u(ty ) =
sup {u(t)|teT}.
Proposition 2.23 ([5]). Letf:(X;*X ) = (Y;* X )
be a homomorphism between AB — algebras X and Y
respectively.
1— For every fuzzy AB — subalgebra g of Y, =1 (B)
is a fuzzy AB — subalgebra of X.
2- For every fuzzy AB — subalgebra u of X,
f (u) is a fuzzy AB — subalgebra of Y.
3- For every fuzzy AB — ideal B of Y, f~1 (B)
is a fuzzy AB — ideal of X.
4- For every fuzzy AB — ideal p of X with sup property,
f (u) is a fuzzy AB — ideal of Y, where fis onto.

Now, we will recall the concept of interval-valued fuzzy
subsets.
Remark 2.24[1,8]. An interval numberisd =[a",a%],
where
X <a <a'*<l1. Letlbeaclosed unitinterval, (i.e., | =
X, 1]).
Let D[X , 1]
denote the family of all closed subintervals of I=[N , 1]
,thatis, D[X ,1] ={d=[a",a%]ja <a*,fora",a*e I}

Now, we define what is known as refined minimum
(briefly, rmin) of two element in D[X ,1].
Definition 2.25[1,7]. We also define the symbols (3) , (<),
(=), rmin and rmax in case of two elements in D[N
, 1] . Consider two interval numbers (elements numbers )
d=[a",a*] ,b=[b7,b*]inD[X , 1] : Then
(1) @=bifand only if, a~>b~ and a*>b*,
(2) d<bifand only if, a"<b~ and a*<b*,
(3) @=bifand only if, a~=b~ and a*=b"*,
(4) rmin {d, b}= [min {a~,b~}, min {a*,b*}],
(5) rmax {@, b}= [max {a~,b"}, max {a*,b*}],
Remark2.26[1,7]. Itis obvious that (D[R ,1],<,V,A
) is a complete lattice with & =[R X ]as its least element
and 1 =[1, 1] a sits greatest element. Let @€ D[X , 1] where
ieA .We define rinficp@= [r inficpa™ , rinficpa™],
rsup;ed= [rsupjepa” , rsupjepa’].
Definition 2.27[1,7]. An interval —
valued fuzzy subset [, on X is defined as
71, ={< m, [1;(m) 4{(m) ]>| me X} Where 7, (m)
<u;(m), for allm €
X.Then the ordinary fuzzy subsets.;,;: X - [X , 1] and
(X > [R 1] are called a lower fuzzy subset and an
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upper fuzzy subset of [ respectively. Let 7z, (m)=
Lty (M), 2 (M)],
7, X > D[X ,1],then A={<m, 7, (M)>meX}.
Definition 2.28([1,7]). Let (X ;*,X )
be a nonempty set. A cubic set () in a structure
= {< m, .aQ (m)!lQ (m)>| me }v
which is briefly denoted by 2 =<{i , 1>, where fig : X
- D[X , 1],fiq is an interval — valued fuzzy subset of X
and

Ao X = [R, 1],Aq is a fuzzy subset of X.
Definition 2.29([1, 7]). For a family ; =
{{m, fi,,(m))|m € X} on fuzzy subsets of X, where ie A and
A is index set, we define the join (V)and meet (A)
operations as follows:

ViEA Qi = (ViEA ﬁgl)(m) = Sup{ﬁQi(m)h € A}!

/\iE/\ Qi = (/\iEA ﬁQl)(m) = lnf{ﬁgl(m)h € A}:

3. £ -Dot Cubic AB-subalgebras of AB-algebra
In this section, we will introduce a new notion called

cubic AB — subalgebras of AB-
algebra and study several properties of it.

Definition 3.1[19]. Let (X ;*,& ) bean AB —
algebra. A cubic set Q =< (o (M), Ao(m) > of X is
called cubic AB — subalgebra of X if, for all m, y €X:

fig (M*y) > rmin{jig (M), g (¥)}, and Ao (M*y) < max{Aq
(M), o ()}

Definition 3.2. Let (X ;*,X ) beanAB —
algebra. A cubic set Q¢ =< [i%, (m),A%,(m) > of X is
called ¢ -dot cubic AB-subalgebraof X if (e (X ,1], for
allmeX, fiy, = fiq (x) - ¢ and Ay, = Ag(x) - T.

Example 3.3. Let X = {X ,1,2,3} in which the
operation as in example *
be define by the following table:

* N 1 2 3
N N N N N
1 1 N N N
2 2 2 N N
3 3 3 3 N

Then (X;*,8 ) is an AB — algebra. Define a cubic set
Q =< W (M), Aq(m) > of X is fuzzy subset u: X— [X
,1] by:

5 _ [0.3,0.9] ifx ={X ,1}
Ao (m) = {[0.1,0.6] otherwise
{0.1 ifx = (X 1)

0.6 otherwise

and A=

Define a cubic set Q% =< fi, (m), A (m) > of X and
(= 0.5 asfollows:

. _ ([0.15,0.45]
fo (m) = {[0.05,0.3]

{0.05 ifx = {X 1)
0.3 otherwise '

ifx = {X 1}

and 2%=
otherwise Q

The ¢ -dot cubic set Q% =< fi, (m), A% (m) >isa (-
dot cubic AB — subalgebra of X.

Remark 3.4. Let (X ;& )beanAB —
algebra, then it is clearly that

Qb =<fip (m),A5(m) > =0 =< (M), Ag(m) >

Proposition 3.5. Let (X ;*, X ) be an AB-algebraand Q0 =
< Wq (m),Aq(m) > isacubic AB — subalgebra of X such
that Q% =< fig, (m),A%,(m) > is ¢ -dot cubic AB —
subalgebra of X, where { € (X , 1], then forall x,y € X,
fia (M*y)- ¢ > rmin{fiq (M), fAq (¥)}- ¢ and
Ao(M*y)-C < max{Aq (M), Ao (V)}-C.
Proof. Forall x,y € X, we have
K6, (M*y)= fig (M*y)-{ > rmin{izg (m), g (N},
=rmin{dg (M)-C, fg (¥)-C}
= rmingii¢, (), 7, () }
and
2%, (M*Y)= Aq (M*y)-L < max{Ag (M), Ag (1)}
= max{Aq (M)-C, Aq (y)-C}
= max{AS, (M), 25, (¥)}. o

Itis clear that { — dot cubic AB — subalgebra of an AB-
algebra (X ;*, X ) is a generalization of a cubic AB-
subalgebra of X and a cubic AB-subalgebra of X is special
case, when ¢ = 1.

Proposition 3.6. Let Q% =< {i¢, (m), A%, (m) >bea (-
dot cubic AB — subalgebra of AB-algebra (X ;*, & ), then
i (R ) =g (m) andAg (R ) <A%(m), for all

meX.
Proof. Forallm € X, we have
i () =g (X *xm)-¢
b 7"min{|1§2 ((N *m) * N ),ﬁg(m)} - T
= rmin {[1,((R *m) =R ), (M)], [ (R *
m) *R ),y (mM)]} - ¢
rmin {[x, (R ), 1, ()], [1z (R ), iy ()]} - €
= [ (m), 1t (m)] - ¢
fg (M) -
= fig, (m).
Similarly, we can show that
26 (R ) < max (g (R )25 (M} =24, (m) . o
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Proposition 3.7. If a { -dot cubic set Q% =<
ﬁé (m),k;(m) > of AB-algebra (X ;x, X ) isa(-dot cubic
AB-subalgebra, then Q5 (m*y) = Q5 (m = ((y*X ) *
X ), forallm,y € X.
Proof.
Let X be an AB — algebra ands,y € X, then we know
that y = (y X ) = 0. Hence,
AH(m = y)=fg(m= (7 * X )*X ))and Ag(m «
y)=A(m + ((y * X ) * R ). Therefore Q% (m*y) =
Qo (m*(*R )*R )).o
Proposition 3.8.
Let (X ;*, X ) bean AB — algebra and 0 =<
o (Mm),Aq(m) > is a cubic subset of X such that Q% =<
ﬁé (m), A;(m) > is { -dot cubic AB — subalgebra of , for
some { € [X ,1],then Q =< o (M), Aqg(m) >
is a cubic AB — subalgebra of X .
Proof.
Assume that Q% =< [i{, (m),A,(m) > isa{ —
dot cubic AB — subalgebra of X for some £ € (X ,1]. Let
m,y € X, then
fa(m=y) - § = fig(m*y)
= min{jig,(m), i, )}
= min{ fig(m) - ¢ , fo(y) - ¢}
= min{fip(m), An(»)} - C.
fa(m =y) = min{fig(m), Aq(y)} and so
Ao(m*y) ¢ = 2 (m )
< max{?éz( m), ké )
= max{Ao(m) - , Ao(y) - ¢}
= max{Ao(m),u(y)} - ¢.
Ao(x *y) < max{Ao(m), Ao(y)}
Hence Q =< g (m),Aq(m) > is a cubic AB —
subalgebra of X . o

Proposition 3.9.

Let (X ;*,X ) bean AB — algebra and 0 =<
I (M), Ao(m) > is a cubic subset of X such that Q% =<
ﬁé (m), lf)(m) > is { — dot cubic AB — subalgebra of ,
for some ¢ € [X , 1], then then the cubic Q of X is
a fuzzy S — extension of the { -dot cubic Q° of X.
Proof:

Since 10, (m) = u(m).¢ = fi§, (m), and Aq (m) =

Aq(m).¢ = A%, (m) then
Q(m) is a fuzzy S-extension of
Q%(m), for all me X and since Q is a fuzzy AB —
subalgebra of X, thenQ¢ of y is a { -dot cubic AB —
subalgebra, by Proposition (3.8) . o

Definition 3.10[19].

For a fuzzy subset p of an AB — algebra (X; «, 8 ), {e (X ,1]

, teD[X ,1]and s€[X ,1], witht<¢, letU (;E,s) =
{me X | fig (m) > £,1o(m) < s}.

Proposition 3.11.

Let (X ;% & ) be an AB — algebra. A { -dot cubic subset Q% =<

i, (m),A5,(m) > of . If Q%isa(-dot cubic AB —

subalgebra of X, then forall { € (X ,1], te D[X ,1]ands €[N ,

1], witht < ¢, thentheset U (2;£,s) is an AB-subalgebra of X.
Proof.

Assume that Q% =< [i{, (m),A5,(m) > isac
—dot cubic AB — subalgebra of X and let € D[X , 1] and
S€[X , 1], besuchthat U (2;,5)#0 .

Letx,y € X suchthat ,y € U (;5), then i, (m) >£

i, (y)=E and A%, (m) <'s, A% (y) <'s. Since Q%isa (-
dot cubic AB — subalgebra of X, we get
ﬁé (mxy) = rmin{ ﬁg (m),ﬁg (y)} =t and )\g (m*y) < max
{28 (M2, 1} <s.
Hence the set U (2; £, s)is an AB — subalgebra of X. o

Proposition 3.12. Let (X ;*,X )be an AB —
algebra. A { — dot cubic subset
Q8 =< i, (m),A5,(m) > of . If theset U (12;,5) isan

AB — subalgebra of X, forall { € (X ,1], t e D[N ,1]
and
s € [R ,1], witht < T, then QS isa{—dot cubic AB —
subalgebra of X.

Proof.
Suppose that U (2; £, s)is an AB — subalgebra of X and

let x,y € X be such that ﬁé (m=y) < rmin {ﬁg (m),ﬁé
()} and A5, (m=y) > max {45, (M).A¢, (1)}
Consider {= 1/2 { fi§, (m+y) + rmin{ii¢, (), &, ()}
} and
L= 1/2{N, (mwy) +max{A, (m), A5, (¥)}}-
We have (e D[X ,1]and (€ (X , 1], and
fig, (may) <T<rmin {iG(m).iie, 03 4
26,(M=y) >T> max {6, (M) A, () 3 ~
It follows that x,y € U (2;£,s), and (m=y) & U (2; ¢, s).
This is a contradiction and therefore Q¢ is a { -dot cubic
AB-subalgebraof X . o

Theorem 3.13. Let (X ;*,X ) be an AB — algebra. A { -
dot cubic subset

0% =< i, (m),A5,(m) > of X isa{ —dot cubic AB —
subalgebra of X if and only if, u‘é, and p*é are

fuzzy AB — subalgebras of X and ?\é are anti —
fuzzy AB — subalgebra of X.

Proof. Let p_é ,u*é and ?\g be fuzzy AB — subalgebras of
Xandx,y € X, then

W5 (mxy) = min{p=g (m)umqM} 1t (mxy)z
mingu*e, (m),u*¢, (y)}and
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A(m xy) <max{l, (m), A5 ()} Now,
i (m*y) = [w g (m* y), e (m * y)]
> [minfu=4 (m),w=8 (V)3 minfutd (m),u*?, (193]
= min{[u=¢m), wte, (m)], [, 0, 1601}
= rmin{fiS, (m), i, (v)3,
therefore Q is a { -dot cubic AB —subalgebra of X.
Conversely, assume that QS is a { —dot cubic AB —
subalgebra of X, foranyx,y € X,
[LS, (m*y), w+e (m = y)]=iiy(m * y) 3= rmin{fid, (m) i,
)}
= mmin{[u=, (m), w*d, ()], [w8, ), 18,1
= [min{u?, (m), w™ o, (m), minfu* S (), 1, -
Thus
WS (m oy ) > min {p=g (m), w5 (m)}ute (mxy)
>min{ p*? (m), p*?, (m)} and

2 (mxy)s max{xg(m),ngy)} :
-3
Therefore, =, and p*;, are fuzzy AB —

subalgebras of X and ké are anti — fuzzy AB —
subalgebra of X. o

Proposition 3.14.

Let (X ;*, 8 ) beanAB —algebraand 0 =<
Wq (m),Aqg(m) > is a cubic AB — subalgebra of X and
{1, (e (R ,1].1f{, = (3, then the { —dot cubic AB —
subalgebra Q% is a fuzzy S — extension of the Q% (-
dot cubic AB — subalgebra of X.

Proof: Forevery me X and {;, {be (X ,1] and {, >
{1, we have

i (m) = fAa(m).¢; > Aa(m).& = fig (m), and

Ag (M) = Aa(m).& 2 Ag(m).& =2 (m), then

B2 (m) = [ (m),and AY (m) = A% (m), therefore
0% is a fuzzy S-extension of Q5.

Since Q is a cubic AB — subalgebra of X, then Q%isa( -
dot cubic AB — subalgebra of p, by Proposition (3.8).
Hence Q% of X is a fuzzy S—extension of the { —
dot cubic AB —subalgebra Q! of X. o

4. Homomorphism of { -Dot Cubic AB-ideals (AB-
subalgebras) of AB-algebra

In this section, we will present
some results on images and preimages of { -
dot cubic AB — ideals of AB — algebras.

Definition 4.1[3].

Let : (X;*,8 ) » (V;*,R 1)
be a mapping fromthe set X toaset Y. If Q¢ =<
ﬁé (m), )\g(m) > isa{-dot cubic subset of X,
then the cubic subset B =<fig , Ag>0f Y defined by:

f({e) )
mggxgy)ﬁé(x)iff*(y) =(meXx,fm)=y}#o

N otherwise

FOS®)

[ i AIFFTIO) = {mEX f(m) =y} £ ¢
= ymef~t(y)

1 otherwise

is said to be the image of Q under f.

Similarly if ¢ =< ﬁé (m),?\é(m) > isa(-
dot cubic subset of Y , then the cubic subset Q¢ = (B¢ °f)
in X (i.e the { -dot cubic subset defined by

iy (M) = fig (F () , A, (M) =2g (f (m)) for all m €X)
is called the preimage of p under f).

Theorem4.2. A homomorphic preimage of { -
dot cubic AB — subalgebra is also

¢ -dot cubic AB-subalgebra.

Proof. Let f: (X;*,X ) —(Y;*',\X ")

be homomorphism from an AB-algebra X into an AB-
algebra Y.

If B° =< ﬁg (m),kg(m) > is a cubic AB-subalgebra of
Y and Q% =< i, (m), A% (m) > the preimage of ¢ under
£, then fig,(m) = i (F (M) , A4, (M) = A% (F (m)), for all m X

Let m€X, then
(AR ) =[5 (F (R ) =T (F (M) = fif, (), and
A ) =25 (f (R N=AS (F (M) =25, (m).
Now, let x,y € X, then
fig, (Mxy) = i (F (mxy)) = G5 ()= £(y)
= rmin {5 (f (M), i (F () }
= rmin {f&, (m),fi;, (v)}, and
AG(My) = A (F (M=y)) = A5(f ()= (y)
<max (A (f (M)A (F ()}
= max {15, (M)A, ()} o

Definition 4.3. Let f: (X;*,8 ) - (Y;*',8 )

be a mapping from a set X into aset Y. Q% =<

ﬁg (m), 7\52 (m) >isa{-dot cubic subset of X

has sup and inf properties if for any subset T of X,
there exist t, s € T such that

i5,(t) = rsupfin(t0) and A5,(s) = inf A%, (s0).
tOET SO€ET

Theorem 4.4, Letf: (X;*,X ) - (V;*", X )
be an epimorphism from an AB — algebra X into an AB-
algebra Y. For every { -dot cubic AB — subalgebra
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08 =< [, (m), A4 (m) > of
with sup and inf properties, then f (Q°) is a

€ -dot cubic AB — subalgebra of Y.
Proof. By definition ﬁg(y') = f(ﬁf-z)(y') =
rsup ﬂf-z(m) and
mef~1(y)
MO =FODE) = inf AG(m)forally €Y and
x€f71(y)

rsup(@) = [X ,X Jand inf(@) =X
We have prove that
fig (i) > rmin {jig (m) i (v)}, and
A§ (Mhy) < max{A% (M) A5 (y)} forallm',y €Y.
A(m'xy) = rsup [i5(0) = ihxx *¥x )
tef~1(xy")
= rmin {15 (e ), {15 0 )},
= rmin { rsup ﬁé(t) , rsup ﬁé(t)},
tef~1(x") tef 1y
= rmin { fiz(m), fi5(y") Yand
M ey) = inf  AG(0)
tef T (xy)
< max {Ag,(my ), 26 ) }
=max{ inf A5(t), inf A,(t)}
tef~1(x) tef~1(y")
Hence, Q¢ =< fi§, (m),A5(m) >isa(-
dot cubic AB — subalgebra of . o
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