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Abstract: In this paper, we study the indigraphic topology t,p for a directed edges of a digraph. We give some properties of this
topology, in particular we prove that 7,; is an Alexandroff topology and when two digraphs are isomorphic, their indigraphic
topologies will be homeomorphic. We give some properties matching digraphs and homeomorphic topology spaces. Finally, we
investigate the connectedness of this topology and some relations between the connectedness of the digraph and the topology ;.
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1.Introduction:

Topological structures are mathematical models that
can be used to analyze data without the concept of distance.
Topological structures, in our opinion, are a crucial
adjustment for the extraction and processing of knowledge
[2]. This publication provides a few topological fundamentals
that are pertinent to our study. One of the most crucial
structures in discrete mathematics is the graph [1]. Two
observations explain their pervasiveness. Graphs are
mathematically elegant, to start, from a theoretical standpoint.
Although a graph merely has a set of vertices and a
relationship between pairs of vertices, it is a simple structure,
yet graph theory is a vast and diverse field of study. This is
partially because graphs can be thought of as topological
spaces, combinatorial objects, and many other mathematical
structures in addition to being relational structures [1]. This
brings us to our second argument about the significance of
graphs: many ideas may be abstractly represented by
graphs[3], which makes them very helpful in real-world
applications. Several earlier studies on the subject of
topological graphs we can see in [4-11]. In this paper we
discuss a new method to generate topology t; on graph by
using new method of taking neighborhood is determining a
vertex on the digraph and calculate each vertex and its edges

indgree of it and we defined S;, = { E,|v € V}, where E, is

the set of all edges indgree to v, we have E = U,y E,. hence
S;p forms a subbasis for a topology t;p on E, called
indigraphic topology,(briefly digtopology) of D.

Definition 2.1: A digraph D is a triple consisting of a vertex
set (V(D), E(D)) , an edge set, and a relation that associates
with each edge two vertices (not necessarily distinct) called
it’s end point and we express a graph to arranged pairs D =
(V.E) orD = (V(D),E(D)).

Definition 2.2: Let D = (V,E) be a digraph, we call H is a
subdigraph from D if V(H) € V(D) ,E(H) € E(D), in this
case we would write HS D .

Definition 2.3 : Let D = (V,E) be a digraph, we say that
two vertices v and w of a graph (resp., digraph D ) are adjacent
if there is an edge of the form vw (rsep., wv or yw) joining

them, and the vertices v and w are then incident with such an
edge.

Definition 2.4 : If Y is non-empty set, a collection T € P (Y)
is called topology on Y if the following holds:

(1) ,0€er.

(2) The intersection of a finite number of elements in , is in
T.
(3) The union of a finite or infinite number of elements of
sets in T belong t . Then (,) is called a topological space.
Any element in (Y, 1) is called open set and it is complement
is called closed set .

Definition 2.5 : Let Y is a non-empty set and let 7 is the
collection of every subsets from Y. Then t is named the
discrete topology on the set Y. The topological space (, 7) is
called a discrete space. If 7 = { , @}. Then 7 is named
indiscrete topology and the topological space (, 7) is named
an indiscrete topological space .

Definition 2.6 : Let (Y, 7) be a topological space, A € Y.
The closure of A symbolized by (A) is defined as the smallest
closed set that includes A.It is thus the intersection of every
closed sets that include A .

Definition 2.7 :"Let (Y, 7) be a topological space, AS Y. The
interior of A symbolized by Int (A) is defined as the largest
open set included in A. It is thus the union of every open sets
included in A .

Definition 2.8 : Let (Y, 1) be a topological space, A S Y is
said dense if A = Y.

3. INDIGRAPHIC SPACE.

In this section, we offer our novel subbasis family of a
digraph D = (V, E) to build a topology on the set of Edges.
Definition 3.1 : Let D = (V,E) be a digraph, we defined

Sip = { E,|v € V}, where E, is the set of all edges indgree to
v, we have E = U, E,. hence S;;, forms a subbasis for a

topology t;p on E, called indigraphic topology,(briefly
indigtopology) of D.

Example 3.2 : Let D = (V,E) be digraph as in Figure (1), such
that V={V11 V2,V3,V4, Vs, V6} ' E ={¢1' €2,€3,€4,65, e6} .
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Figure(1)

We have,E,, = 9, E,. = {e;}, E,, = {&,}.E,, = {es}, E,, =

{es, eﬁ}rE_y; = {es}.and Sm ={9,{e1}, {e2} {es}.{es
}v{¢4-1¢6}}'
By taking finitely intersection the basis obtained is :
{0,{e1}, {e2}, {es}.{es} {es,e6}}- Then by taking all unions
the topology can be written as:
Tp ={E(D).®, {e1}, {ez}, {es}, {es}, {esec}{ €1, €2}.{
en €3} {er, es} { ez €3} {ez, €5},
{es,es} {e1, e2,€3}, {61, €2, €5}, {e1, €3, €5}, {e2, €3, €5},
{el' €4, ¢6}' {(.32' €4 (.36}' {e3' €4, ¢6}' {QSI €4 @6}'
{e1, e2,€3, €5}, {e1, €2, €4, €6}, {€1, €3, €4, €5},
{er es,€4, €5}, {€2,€3, €4, €5}, {€2, €5, €4, €5},
{e3' €5, €4, (.35}' {elﬁ €2,€3,€4, ¢6}' {(.31' €2,€5,€4, @6}'

{el’ €3,€5,€4, (.36}' {QZ' €3,€5,€4, e6}}
Then typ is topology is called indigtopology Ty, -
Definition 3.3 : Let D = (V, E) be a digraph then E_V) is the
set of all edges that indgree to the vertice v.
Example 3.4 : According to example 3.2 , we get
Ey1 = (Z)' Eyz = {'.31}' EV3 = {62}' E.:y4_ = {e3}' Eys =

{es, €6} By, = {es}
Proposition 3.5 : Suppose that t;p, is the indigtopology of the

adigraph D = (V.E), then {e} € Typ if T, #1; forallé€E

Prove: Let e € E then I_: = {v} for some v €V and by
hypothesis T, # T, for all é € E then we get ¢ is only edge
is directed to v and hence then E_V) = {e} and by definition
indigtopology t;p, we get {e} € tip .

Remark 3.6 : Let D = (V, E) be a digraph, then the

indigtopology Tty is not necessary to be discrete topology in
general .

Example 3.7 : Let Cs be cyclic digraph such that the edges
are not all in the same direction, shown in Figure (2).
We have
EVl = {1?1,1?6} ) E‘./z = @ ) Ev3 2{62}! E\_/4 =
{‘.33,'.34}; Eys z{‘?s}‘Evé = Q.
And Sip = {Q), {erec} {eseq), {ez},{es}}-
tp ={ E(D), 0, {@1,@6}' {'.33,'.34}‘ {es} {esh]
€2 €5}, {€1, €6 €2}, {€1, €6, €5}.{€3, €4, €2},
{es, €4 €5}, {€1,€6,€3,€4},{€1, €6, €2, €5},
{e1, €6 €5, €2}{€3, €4, €2, €5},{€3, €4, €5, €2},
{e1, €6, €3,€4,€2},{€1,€6,€3,€4,€5}}. Then we get the
indigtopology Tt;p of C¢ is not discrete topology .
Proposition 3.8 : The indigtopology (E, t;p) of digraph D
= (V,E) is Alexandroff space .
Prove : It is adequate to show that arbitrary intersection
of elements of S;p is open, Let ACV : ﬂveAET =
{ ET if A contin one vertexv

1] owther wise
And by Definition 3.1 of indigtopology t;p, we get @,E, €
Tip, then ﬂveAET_, is open . Hence the indigtopology Ttp is
satisfies property of Alexandroff.

Ve eé
Vi1
>
€ e,
\4)
Vs
e, ©2
<
Vy e, V3
Figure (2)

Definition 3.9 : In any digraph D = (V,E) since (E, tjp) is
Alexandroff space, for each e € E, the intersection of all open
set containing e is the smallest open set containing e and
denoted by U, Also the family My, = {U.|e € E} is the
minimal basis for the indigtopology T;p -
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Proposition 3.10 : Inany digraph D = (V,E), U, = E, where
I_: = {v} forevery e €E.

Prove : = Since every e € E then I_;v = {v} forsomev €YV
and by Definition3.1.1,0f indigtopology t;p, E, is open
contain ¢ and by of U, then we get U, € E_V) .

& since U, is open set and contain ¢ then by definition
indigtopology Typ there exist E, for some v € V such that ¢ €
E_V’ c U, andsince é ¢ U, implies € ¢ E_Y)When eE€E E_‘; then
¢ ¢ E, when T, = {v} thus E, € U, when T, = {v}, then
U, = E, where T, = {v}forevery e €E.

Remark 3.11 : Let D = (V, E) be a digraph, if T, #1, for
all é € Ethen U, = {e}.

Proof : clear

Theorem 3.12 : For any ¢,é € E in a digraph D = (V,E) we
have T, =T, iff e€ U; ie U, ={6€El T, =T }.
Proof : = LetT, =T, toprovee€ U, Since I, =T, =
{v}, implies ¢,é € E, and by Proposition3.11, U, = E, and
Us =E,,and hence U, =U; =E, then e € U .

& let e € Ug and by Proposition 3.111, we get U, = E
where T, = {v}, since e € U, we get e € E, where T, =
T ={v}hence T, =T, .

Corollary 3.13 : In any digraph D = (V,E), U, = E_v) where
gv = {v}foreverye €E.

Proof : = Since every e € E then E:] = {v} for somey € V
and by definition of indigtopology tp, E, is open contain e.
by Definition 3.12, of U, then we get U, C E, .

< since U, is open set and contain ¢ then by definition
indigtopology Ty, there exist E for some v € V such that e €
E, € U,, and since é ¢ U, implies é ¢ E, when e € E,, then

¢ ¢ B, when T, = {v} thus E, € U, when T, = {v}, then
U, = E, where T, = {v}forevery e €E.
4. Properties of Indigraphic Topology.

In this section, some properties of our new structure we
investigated.

Proposition 4.1 : Let T, be indigtopology of the a digraph
D = (V.E) then we have the following:

(i) If H={e€E|l, #I; Vé€E} then HE
TI’D.
(i) IfKz{eEEll_e):I_é)forsomeéEE},then
K is closed in tp.
Proof:
(i) Let ec H then I, #1, for all é€E and by

Remark3.11, U, = {é}, As result, e € U, € H and
S0 e is interior point of H, Hence H € 1y

(ii) By assumption K = U.c{e} andso, K = U.er{e}
= Ugek@ by proposition of closure. let é € K, then
é € {e} for some e € K. by Theorem 3.13, I, = I,

and so é€K hence K €K, and the proof
complete.

Example 4.2: According to Example 3.7, by a cyclic
digraph Cg then we get H = {e,, e5}, K= {e;, &4} .

We note that {e,,es} € T;p = H € T1;p and K is closed in
Trp Since {ey, €6} ={ez, €3, €465} € Tpp -

Proposition 4.3 : Let D = (V,E) be a digraph, then (E, T;p)
is a compact indigtopology typ if and only if E is finite.

u €1 u
1’ < ° 2
Vl el Vz eZ V3 @3 V4 e4 VS é4 + A é2
*r—> *—> P —>——0—> o
Us & } — Uy
€3
(Dy1) (D2)
Figure (3)
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Proof: Let (E,t;p) is a compact indigtopologyt;, suppose
that E is infinite Then Mp = {U¢| e € E} is an open
covering of (E, T;p) which has no finite sub cover. Therefore,
(E, 1yp) is incongruous since it is not compact. for the
converse, it follows directly that (E, T;p) is a compact because
the number of open subsets on the finite space is finite.

Definition 4.4 : Two digraph D, = (V1,E;) and D, =
(V,, E,) are said to be isomorphic to each other, and written
D, = D, if there is a bijection F : V; —V, with {x,y} €
E, ifand only if {F(x),F(y)} € E, forall x,y € V; the
function F is called an isomorphism .

Example 45 : Let D; = (V,,E;) D, = (V,,E,) are b
digraph in figure (3) such that Vi =
{a,b,c,d} 'VZZ{VI’V21V3’V4—}'

Thin the digraph D, , D, are isomorphic. since a - b —
c>d and vy, >vy—> vy, vz andput F: V-V,
suchthat F(a) = vy, Fb) =vy, F(c) =v,, F(d) =v;
Remark 4.6 : It is clear that the indigtopology (E;, Tip, )
and (E;, typ,) are homeomorphic if the digraphs D; =
(V4,E;) and D, = (V,, E;) are isomorphic but in general the
opposite is not true.

The following example is applied to the opposite is not true.
Example 4.7: Let D; = (V1,E;),D, = (V,, E,) are be two
digraphs in Figure (4), such that V; ={v,, v,, v3, v,} and
Vo = {uq, Uy, Uz, Uy}

The indigtopology ( E; tp,) and (Ep Tp,)are
homeomorphic ( since both are discrete topology ), But they
are not isomorphic digraph .

0 Quee—a b " ’

é

Y
N

d c ¢
Va V3

D

D, 2
Figure (4)

5. stipulations on Topological Space to be Digraph Space.
This section illustrates the prerequisite for topology space to
be a indigraphic topology space.

Definition 5.1: Any topological space (A,) is called
indigtopology if T = t;p for some digraph D with edge set A

Remark 5.2 :
) if T is discrete topology on A, then by
Corollary 3.8, T = 14 for some digraph D with

edges set A, such that I_;] * Evfor all every
distinct pairs of edge ¢, é € E. hence T is an
indigtopology.

(i) If T is not discrete topology on A, if all the
elements of basis of t;p are disjoint then 77 =
Tpp for some digraph D with edges set A, such
that all open set u of basis of t;p then u is set
of edges are directed to the same vertex.

Example 5.3 : Let A= {a,b,c,d } we note that the topology
Ty = {0, A{a}{b}{c}{d}{a b}{a c}{a d}{b,c}{b,
d}{c, d}, {a, b ,c} , {a, b .d}, {b ,c ,d}.{a c, d}} is
indigtopology T, since 7; is discrete topology. shown in
Figure (5)(A).

Figure (5)

Also, we note that the topology T, =
{0.A.{a}.{b}{a b}{c,d}{a c ,d}, {b, c.d}} is
indigtopology Tt  Since every element in basis
B={{a},{b}.{c,d}} are disjont, shown in Figure(5)(B)

But the topology 73 ={®, A{a}{b}{a b}{ac}{a b
, C}}Hs not indigtopology T, since {a}n{a,c}={a} in basis
B ={{a},{b}.{a,c}} hence 75 is not form indigtopology t;p .
proposition 5.4: Let t;p be the a indigtopology of the a
digraph D = (V.E) the topological space (E*,T) is
indigtopology t,p if it is homeomorphic to (E,typ).
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Proof : Suppose that F: (E, tp) — (E°T) is a
homeomorphism. since (E,t;p) is an Alexandroff space and
(E,tip) = (E*7), (E*,T) is an  Alexandroff space. to
construct on E* adigraph D* = (V*, E*) we put { F(é), F (e)}
is indegree edges in E* if anf only if {é,¢} is indegree in E for
every é,e € E. Thenwe have F({é,¢}) ={ F(é),F(e)}andso
T = 1p+. As a result, U”, = M, such that U*, M, are the
smallest open set containing é in (E*, t;p<) and (E*,T)
respectively. Since F is ahomeomorphism, F(U*¢) = Mg,
such that U*;is the smallest open set containing é in
(E*, Typ+). also F is an isomorphism between D and D*, then
FUe) =Ulpee -

6. Density Indigraphic Topology space .

This section examines several prerequisites for digraph-
related dense subsets of the indigraphic space.

Remark 6.1: It is known that in (E, T;p) ) the subset K € E
is dense in E if and only if the complement of K has empty
interior .

Proposition 6.2 : Let (E,t;p) be indigtopology t;, of a
digraph D = (V,E) then the set K={c € E[T, #1; ,Vée€
E}is dance in (E, Tip).

Proof : By Remark6.1, it is enough to prove that the
complement of K has empty interior. For every ¢ € K¢, ¢ is a

edge such that T, =T, for some é €E. And hence by
Proposition3.1.14, we get {¢}€& 1;p for every ¢ € K¢. As a
result, B € K¢, for every B cannot be written as a union of
finitely intersection of elements of S, i.e B & t;p hence
int(K¢) = @. and this means K is dense subset in (E, Tip) .
Example 6.3: According to Example 3.2, we note that H =
{e1,€2,€3,65} implies H® ={e,e6}€ Tpthen (H)° =
{e4, €6} SO H is not dense in indigtopology Ty .

Also, in Example 3.2, we note that if K={e;, ex} then K¢ =
{e2,€3,€4, €5} € Typ implies (K)? = {ey, €3,€4,€5} 50 Kiis
not dense in indigtopology Typ.
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