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1.  INTRODUCTION 

  Kuratowski [18] has introduced the concept of ideal in topological spaces. One of the most important concepts which they 

were defined in ideal topological spaces of local function was studied by Kuratowski [19 ] . After that, tis concept was developed 

by presenting a different of studies related to concept of ideal topological spaces, such as Jankovic and Hamlet [13 ], 

R.Vaidyanathaswamy [25 ], who were among the first to present a studies related to some topological concepts, Also A.Abdel 

Monsef, Radwan [2 ], Lashien.E.F, Nasef.A.A [22 ], and Al-Swidi,L.A, AL. Rubaye M.S [5] where they presented an important 

studied deals with the concept of I-open set in addition Al-Swidi .L.A., introduced a different studies with some of researchers 

in a different types of spaces and sets we can see that in [1 7,9,10,14,15 ]. 

 Njasted.O [24] defined concept α-open sets and defined via ideal concept and this study introduced by Abdel-Monsef.M.E, 

Nasef, Radwan.A.E. and Esmaeel. A.B [2 ]. 

Kelly [21] has introduced the concepts of bitopological spaces by defining two topologies on a set X. 

The investigation on various aspects of resolvability of topological spaces has been carried the concept of resolvable space was 

studied by Hewitt [14 ] called a resolvable space. After that Chandan Chattopadhyay and Uttam Kumar Roy [12] studies the 

resolvability, irresolvability space and properties of maximal spaces.  

Al-Swidi , L.A Abdaalbaqi, L. S., Hawraa Abbas Al-Bawi [ 11 ] introduced the concept of the weakly-I-dense set and invested 

it with other topological spaces.  

2.  PRELIMINARIES 

2.1 Definition [18] 

A nonempty collection I of subsets of X is called to be an ideal on X, if it satisfies the following two conditions: 

(1) A∈I, and, B⊆A→B∈I (heredity). 

(2) A∈I, and , B∈I⟶A∪B∈I (finite additivity). 

2.2 Definition [19] 

 Let (X,T) be a topological space with an ideal I on X, a set operator (.)*:p(X)→p(X), defined as follow A*(I,T)={x ∈ X: A∩U∉ I, 

for every Ux ∈T}, Which is called the local function of A with respect to I and T. 

2.3 Remark [15] 

Every I-dense is T*-dense and, then T- dense 

2.4 Definition [15] 

Let (X,T,I)be an ideal topological space ,then X is called a resolvable space iff there exist two disjoint dense set  A,B ,such that 

A⊔ 𝐵 = 𝑋 

2.5 Definition [15] 

Let (X,T,I)be an ideal topological space ,then X is called I- resolvable space iff  X  has two  disjoint I- dense set  A,B ,such that 

A⊔ 𝐵 = 𝑋. 

2.6 Theorem1[15] 

If (X,T,I) is I-resolvable space, then I is condense. 

2.7 Definition [17] 

A subset A of X is called λI-open set iff for each x∈A ,and for each αI-open set Wx such that A ⊆ W, satisfy that x∈{x:Ux⊓intT
α 

(W) ∉ I, for each Ux∈ T }.The family of all λI-open set denoted by OλI(x) 

2.8 Definition [17] 
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Let (X,T,I) be an ideal topological space an operator (.)*λI  :P(X)         P(X) called λI-local function of A with respect to I and λI-

open set is define as follow, for each A⊆X   
A⁎λI (I, λI-open) = {x∈X:U⊓A∉I,for each subset U∈OλI(x)},when there is no chance for confusion A⁎λI (I, λI-open) denoted by 

A⁎λI. 
2.9 Theorem [17] 

Let (X,T,T𝛼,I) be an ideal bitopological space and let A,B are subset of X, then the following statement is hold: 
1- If A∈ I, then A*λI(I)= ɸ. 

2- If  I={ɸ} , then A⊔ B⊆ A*λI⊔ B*λI  

3- For any ideal , then (A ⊔B)*λI =A*λI⊔ B*λI 

4- For any ideal , then (A⊓ B)*λI.=A*λI⊓B*λI 

5- If I⊆ J, then A*λJ⊆ A*λI 

6- If U∈ T ,then U⊓ A*λI⊂(U⊔ A)*λI 

7- If U∈ Tα , then U ⊓ A*λI⊂(U⊔A)*λI 

8- A*λI ⊆ ClλI(A). 

9- A*λI⊆ ClλI(A*λI) . 

10 - (A*λI)*λI ⊆ A*λI 

2.10 Definition [17] 

Let(X,T,Tα,I) be an ideal bitopological space for any A⊆X we define: 

Cl⁎λI (A)(I,T) = A⊔A⁎λI 

2.11 Theorem 

Let(X,,T,T𝛼,I) be an ideal bitopological space and let A, B are sub set of X , then the following statement is hold: 

1-Cl∗𝜆I (x) =X. 
2- If A⊆ B, then Cl∗𝜆I (A)⊆ Cl∗𝜆I(B) 

3- A⊆ Cl∗𝜆I (A) . 

4- Cl∗𝜆I (A⊔B)= Cl∗𝜆I (A)⊔ Cl∗𝜆I(B) . 

5- Cl∗𝜆I (A⊓B)= Cl∗𝜆I (A)⊓ Cl∗𝜆I(B) . 

6- Cl∗𝜆I (A) = Cl∗𝜆I (Cl∗𝜆I (A)) . 

7- Cl∗𝜆I (A) ⊆ Cl(A) . If  I is condense. 

8- Cl*λI (A) ⊆ Cl*(A) . If x is true space . 

9- Cl(A*λI) = A*λI 

10 - Cl*(A) ⊂ Cl*λI (A) . If I is condense. 

11- A*λI⊂ Cl*λI (A) . 

2.12 Proposition [17] 

Let (X,T,Tα,I) be an ideal bitopological space and let A, B are sub set of X then the following statement is hold: 

1-If I is condense set, then  A⁎λI ⊆ A⁎ . 

2-If X is true space, then  A⁎ ⊆ A⁎λI  

2.13 Definition[16] 

Let (X,T,Tα,I) be an ideal bitopological space and let A be subset of X is called λI-dense set iff A*λI= X  

2.14 Proposition [16] 

Let (X,T,Tα,I) be an ideal bitopological space, then the following properties hold: 

1- Let I is condense , then every λI- dense is I –dense set. 

2- Let x is true space , then every λI-dense is T*-dense set  

3- Let I is condense , then every λI- dense is T- dense set . 

2.15 Definition [11] 

Let (X,T,I) be an ideal topological space and A ⊆ X , then A is called weakly –I-dense if 𝐴∗∗= X 

2.16Remark [11] 

Every  weakly - I - dense is I - dense and hence T*- dense and T- dense.  

2.17 Remark [11] 

Let (X,T,I) be an ideal topological space and A⊂ 𝑋 with I is condense , then   if A is I-dense in X ,  then A is weakly -I-dense in X. 

2.18 Lemma [11] 

Let(X,T,I) be an ideal  topological space , then the following statements are hold: 

1- if A is weakly -I-dense of X , then A⊓ 𝑈 ≠ ɸ  for each U 𝜖 𝑇 

2- if A is weakly -I-dense of X , then 𝐴∗ ⊓ 𝑈 ≠ ɸ for each U 𝜖 𝑇 

2.19 Remark [11] 

Let(X ,T,I) be an ideal topological space with I and J ideals on X and A subset of X , then : 

If  I ⊆ J, then 𝐴∗∗(J) ⊆ 𝐴∗∗(I) . 



International Journal of Engineering and Information Systems (IJEAIS) 

ISSN: 2643-640X 

Vol. 7 Issue 3, March - 2023, Pages: 1-6 

www.ijeais.org/ijeais 

3 

2.20 Corollary[11]   
Let (X,T,I) be a topological space ,  I and J ideals on X such that I ⊆ J. If A is weakly -J-dense in X , then A is weakly -I-dense in 

X . 

3. On λI-resolvable spaces   

3.1 Definition:              

Let (X,T,𝑇∝, 𝐼) be an ideal bitopological space and A⊆X, then A is called weakly –𝜆𝐼-dense if (𝐴∗𝜆𝐼)∗𝜆𝐼=X . 

3.2 Example: 

Let X ={a,b,c} with a topology  T ={X, Φ,{a}}and I= Φ, then weakly - 𝜆𝐼-dense={X,{a,b},{a,c}}. 

3.3 Definition: 

Let (X,T,𝑇∝,I) be an ideal bitopological space, then I is called 𝜆I- condense if I ⊓ 𝑂𝜆𝐼(𝑥)=Φ. 
3.4 Example: 

Let X={a,b,c}, with a topology T={X,Φ,{a}} and I=Φ, then I ⊓ 𝑂𝜆𝐼(𝑥)=Φ 

3.5 Theorem : 

Let (X,T,𝑇∝, 𝐼) be an ideal bitopological space .If  I is 𝜆I- condense , then 𝑋∗𝜆I=X  

Proof 

Suppose  𝑋∗𝜆I ≠X , then there exist x𝜖X such that x ∉ 𝑋∗𝜆𝐼 ,then there exist H ∈ 𝑂𝜆𝐼(𝑥) 

Such that H⊓ 𝑥 ∈ 𝐼, then  H∈I . Since H ∈ 𝑂𝜆𝐼(𝑥) ,then H ∈ 𝐼 ⊓ 𝑂𝜆𝐼(𝑥) 

But I is 𝜆I- condense , then H∉  𝐼 ⊓ 𝑂𝜆𝐼(𝑥) and this is contradiction ,and then 𝑋∗𝜆I=X. 

3.6 Remark : 

Let (X,T,𝑇∝, 𝐼) be an ideal bitopological space. I and J ideals on X such that I ⊆J.If A is weakly - 𝜆𝐽-dense then A is weakly-λI-

dense 

Proof: 

Since I ⊆ J by theorem ( 2.9)(5 )we have (𝐴∗𝜆𝐽)∗𝜆𝐽 (J)⊆ (𝐴∗𝜆𝐼)∗𝜆𝐼(I), and since( 𝐴∗𝜆𝐽)∗𝜆𝐽(J)=X , then X= (𝐴∗𝜆𝐼)∗𝜆𝐼(I), hence A is 

weakly - 𝜆𝐼-dense. 

3.7 Proposition: 

Let (X,T,𝑇𝛼,I) be an ideal bitopological space, then :If  I is condense, then every ClλI (A)⊂ Cl(A). 

Proof: 

Let x∈ClλI (A), then U⊓A≠ ϕ for each U∈OλI(x) if x∉ Cl(A),then there exist H ∈ T(x) , H⊓A=ϕ since I is condense, then H is λI -

open set, ther exist λI –open set H , H⊓A=ϕ and this is contradiction.  

3.8 Theorem : 

Let (X,T,𝑇𝛼,I) be an ideal bitopological space, then the following properties hold : 

1-If x is true space , then every weakly− 𝜆𝐼-dense is dense set. 

2- If I is condense , then every weakly− 𝜆𝐼-dense is I- dense . 

3- every weakly− 𝜆𝐼-dense is 𝜆𝐼-dense. 

4- If I is condense  and  𝜆𝐼-codense  , then every dense is weakly - 𝜆𝐼-dense. 

5- If I is 𝜆𝐼-codense  , then every I- dense is weakly− 𝜆𝐼-dense. 

6- If I is 𝜆𝐼-codense  , then every 𝜆𝐼-dense is weakly− 𝜆𝐼-dense 

Proof:  

1- since (𝐴∗𝜆𝐼)∗𝜆𝐼=X, by theorem (2.9)(10), (𝐴∗𝜆𝐼)∗𝜆𝐼 ⊂ 𝐴∗𝜆𝐼,   

Then 𝐴∗𝜆𝐼 = 𝑋 , by theorem (2.11)(8) ,then 𝐴∗𝜆𝐼 ⊂ 𝐶𝐿(A) , then𝐴∗𝜆𝐼=X 

 2-since (𝐴∗𝜆𝐼)∗𝜆𝐼=X, by theorem (2.9)(10), (𝐴∗𝜆𝐼)∗𝜆𝐼 ⊂ 𝐴∗𝜆𝐼and by theorem (2.12)(1) ,then  𝐴∗𝜆𝐼 ⊂ 𝐴∗, then 𝐴∗=X 

3- since (𝐴∗𝜆𝐼)∗𝜆𝐼=x by theorem(3.8)(2),by theorem (2.12)(2) then 𝐴∗𝜆𝐼 = 𝑋  
4- Since A is dense set  then Cl (A)=X by proposition (3.7), then C𝑙𝜆𝐼=X  by  theorem (2.9)(8), then  𝐴∗𝜆𝐼=X, since I  is λI- 

codense ,then (𝐴∗𝜆𝐼)∗𝜆𝐼=X. 

5-Since A is I-dense, then A⁎=X, by proposition (2.12)(2),then (𝐴∗)∗𝜆𝐼 ⊂ (𝐴∗𝜆𝐼)∗𝜆𝐼 , then  𝑋∗𝜆𝐼 ⊂ (𝐴∗𝜆𝐼)∗𝜆𝐼  since I is λI-codense, 

then x⊂(A⁎λI)⁎λI, then (A⁎λI)⁎λI  =X.  

6- Since A is 𝜆𝐼-dense. Then 𝐴∗𝜆𝐼 =X and I is 𝜆𝐼-codense , then (A⁎λI)⁎λI=X. 

3.9 Theorem : 

Let (X,T,𝑇𝛼,I) be an ideal bitopological space and A subset of X ,then the following properties hold : 

1- if A is 𝜆𝐼- dense , then A⊓U≠ 𝛷  for each U∈ 𝑂𝜆𝐼 

2- If A is weakly− 𝜆𝐼-dense ,then  𝐴∗𝜆𝐼 ⊓U≠ 𝛷  for each U ∈ 𝑂𝜆𝐼 . 

Proof  

1-Since   𝐴∗𝜆𝐼= X for each x𝜖X , x𝜖  𝐴∗𝜆𝐼, then U⊓ 𝐴 ∉ 𝐼for each U ∈ 𝑂𝜆𝐼. 

2-Since (𝐴∗𝜆𝐼)∗𝜆𝐼= X for each x𝜖X , x𝜖  𝐴∗𝜆𝐼 then   𝐴∗𝜆𝐼 ⊓ U ∉ 𝐼 for each U ∈ 𝑂𝜆𝐼. 
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3.10 Definition: 

Let (X,T,Tα,I) be an ideal bitopological space ,then X is called λI- resolvable space iff  X  has two  disjoint  λI-dense set  A,B 

subset of X , such that A⊔ 𝐵 = 𝑋. 

3.11 Proposition: 

Let (X,T,𝑇𝛼,I) be an ideal bitopological space and A,B subset of X ,then the following properties hold : 

1-If I is condense, then every λI-resolvable space is I-resolvable space . 

2-Let X is true space, then every I-resolvable space is λI-resolvable space.  

3-every λI-resolvable space is resolvable space. 

4-If X is resolvable space, then X is not necessary λI-resolvable space. 

Proof: 

1-Since X is λI-resolvable, then there exist A,B subset of x such that A⊔B=X  and A⊓B=ϕ where A and B are λI-dense sets . So by 

proposition(3.8). We have that A and B are I-dense sets and, then X is I-resolvable space . 

2- Since X is I-resolvable, then there exist A,B subset of X such that A⊔B=X  and A⊓B=ϕ where A and B are I-dense sets . So by 

proposition(2.12)(2). We have that A and B are λI-dense sets and, then X is λI-resolvable space . 

3-Since X is λI-resolvable space ,then there there exist A,B subset of X such that A⊔B=X  and A⊓B=ϕ where A and B are λI-dense 

sets . So by proposition(3.8)(3). We have that A and B are dense sets and, then X is resolvable space . 

 4-Let X={a,b,c}, with a topology T={X,ϕ, {a}} and I={ϕ}.Clearly that x is resolvable space but not λI-resolvable space. 

3.11 Proposition: 

Let (X,T,𝑇𝛼,I) be an ideal bitopological space with tow ideals I,J and I ⊆J. If X is weakly –λJ-resolvable , then X is weakly –λI-

resolvable. 

Proof: 

Since X is weakly-λJ-resolvable, then there exist A,B subset of x such that A⊔B=X and A⊓B=ϕ where A and B are weakly λJ-dense 

sets. So by proposition(3.6). We have that A,B are weakly –λI-dense set, and then X is weakly –λI-resolvable.   

3.12 Definition: 

A nonempty (X,T,𝑇𝛼,I) is called:  

1- weakly- 𝜆I- resolvable , if X is the disjoint union of two weakly- 𝜆I-dense. 

2- weakly- 𝜆I- I -resolvable , if X is the disjoint union of two weakly- 𝜆I-dense and I-dense. 

3- weakly- 𝜆I-T-resolvable, if X is the disjoint union of two weakly- 𝜆I-dense and T-dense. 

4- 𝜆I-T-resolvable , if X is disjoint union of two 𝜆I-dense and T- dense. 

3.13 Theorem: 

1- Let I  is condense , if X is weakly - 𝜆I- resolvable ,then X is weakly- 𝜆I- I –resolvable. 

2- Let X is true space , if X is weakly - 𝜆I- resolvable ,then X is weakly- 𝜆I-T-resolvable. 

3- Let X is true space , if X is weakly - 𝜆I- resolvable, then X is 𝜆I-T-resolvable. 

4-Let I is condense , if X is weakly- 𝜆I- I –resolvable space ,then X is weakly- 𝜆I-T-resolvable space. 

5- If X is weakly- 𝜆I- I –resolvable space ,then X is 𝜆I-T-resolvable space. 

6-If X is weakly- 𝜆I-T-resolvable space , then X is 𝜆I-T-resolvable space. 

7- Let I is 𝜆I- condense, if X is weakly- 𝜆I- I –resolvable, then X is  weakly - 𝜆I- resolvable space. 

8- Let I is condense and I is 𝜆I- condense, if X is weakly- 𝜆I-T-resolvable space then X is weakly - 𝜆I- resolvable space. 

9- Let I is condense and I is 𝜆I- condense, if X is 𝜆I-T-resolvable space then X is weakly - 𝜆I- resolvable space. 

10- Let I is 𝜆I- condense, if X is 𝜆I-T-resolvable space, then X is weakly - 𝜆I-T- resolvable space. 

 

 

Proof: 

1- Since X is weakly - 𝜆I- resolvable, then there exist A,B subset of X where A and B 𝑎𝑟𝑒  𝑤𝑒𝑎𝑘𝑙𝑦 − 𝜆I-dense sets such that A⊔
𝐵=X, and A⊓ 𝐵 = Φ . So by theorem (3.8)(2). We have that B is I-dense set and then X is weakly- 𝜆I- I –resolvable.  

2- Since X is weakly - 𝜆I- resolvable, then there exist A,B subset of X where A and B  𝑎𝑟𝑒  𝑤𝑒𝑎𝑘𝑙𝑦 − 𝜆I-dense sets such that A⊔
𝐵=x and A⊓ 𝐵 = Φ, and by theorem (3.8)(1). We have that B is T- dense set and, then x is weakly- 𝜆I-T-resolvable. 

3- Since X is weakly - 𝜆I- resolvable, then there exist A,B subset of X where A and B 𝑎𝑟𝑒  𝑤𝑒𝑎𝑘𝑙𝑦 − 𝜆I-dense sets such that A⊔
𝐵=X, A⊓ 𝐵 = Φ and by theorem (3.8)(3), then A is 𝜆I- dense set and by theorem(3.8)(1) B is T-dense set such that A is λI-dense 

and B is T-dense where  A⊔ 𝐵=X and A⊓ 𝐵 = Φ then X is 𝜆I-T-resolvable. 

4- Since X is weakly - 𝜆I-I- resolvable, then there exist A,B subset of X such that A is  weakly - 𝜆I-dense set and B is I-dense 

where  A⊓B =ϕ and  𝐴 ⊔B =X. So by theorem(2.3) we have that B is T –dense set, then X is weakly – 𝜆I-T-resolvable space. 

5- Since X is weakly - 𝜆I-I- resolvable, then there exist A,B subset of X such that  A⊔B=X and A⊓B = Φ,and A is weakly - 𝜆I-

dense set and B is I-dense set by theorem(3.8)(3), then A is λI-dense and by theorem (2.3) B is  T- dense set , then X is 𝜆𝐼 − T –

resolvable space . 
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6- Since X is weakly - 𝜆I-I- resolvable, then there exist A,B subset of X  such that  A⊔B=X and A⊓B = Φ, and A is weakly - 𝜆I-

dense set and B is T-dense set by theorem(3.8)(3), then A is λI-dense, then X is 𝜆𝐼 − T –resolvable space . 

7- Since X is weakly - 𝜆I-I- resolvable, then there exist A,B subset of X  such that  A⊔B=X   and A⊓B = Φ , A is weakly - 𝜆I-

dense set and B is I-dense set ,  since I is 𝜆𝐼- condense  ,then B is weakly - 𝜆I-dense and A is weakly - 𝜆I-dense set , then X is 

weakly – 𝜆I-resolvable. 

8-Since X is weakly- 𝜆I-T-resolvable, then there exist A,B subset of X such that  A⊔B=X and A⊓B=Φ,A is weakly – 𝜆I- dense 

and B is T-dense by theorem (3.8)(4) ,then B is weakly – 𝜆I- dense ,then X is weakly – 𝜆I-resolvable.  

9-Since X is 𝜆I-T-resolvable, then there exist A,B subset of X  such that  A⊔B=X and A⊓B=ϕ where A is 𝜆I-dense set and B is T-

dense set by theorem(3.8)(4), then B is weakly λI-dense and by theorem (3.8)(6) A is  weakly λI-dense set dense set , then X is 

weakly –λI-resolvable space . 

10-Since X is 𝜆I-T-resolvable, then there exist A,B subset of X  such that  A⊔B=X and A⊓B=ϕ where A is 𝜆I-dense set and B is 

T-dense set by theorem(3.8)(6), then A is weakly λI-dense, then X is weakly –λI-resolvable space . 

 

3.14 Remark: 

1-Since not every  T-dense set is I-dense set , then not necessary that weakly – 𝜆I-T- resolvable space is weakly – 𝜆I-I- resolvable 

space . 

2-Since  not every T-dense set is I-dense set , then not necessary that 𝜆I-T- resolvable pace is weakly – 𝜆I-I- resolvable space  
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