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1. Introduction
K. Is'eki and S. Tanaka [22] looked into the ideals and congruences of BCK-algebras. KUS-algebras are a novel type of algebraic
structure that were introduced and explored by S. M. Mostafa and coworkers [26]. L.A. Zadeh [30] first proposed the idea of a
fuzzy set. Using the fuzzy set notion, O.G. Xi [28] described some of the characteristics of BCK-algebras. The concept of cubic
ideals in BCK-algebras was proposed by Y. B. Jun and coauthors [23], who went on to examine some of the features associated
with these ideals. Cubic KUS-ideals of KUS-algebra were first described by A.T. Hameed et al. in [21], and their homomorphisms
were subsequently investigated. The concept of cubic AT-ideals of AT-algebra was first presented and some of its features were
described by A.T. Hameed and coauthors in [1]. Here, we shall define the notion of { -dot cubic of AB-ideals, and we study some
of the relations, theorems, propositions and examples of { -dot cubic of AB-ideals of AB-algebra.
We define and investigate the homomorphic and inverse images of AB-algebraic cubic AB-ideals.
2. Preliminaries
In this section, we introduce the concepts of AB-ideals and fuzzy AB-ideals in AB-algebra and provide some definitions and
preliminary properties of these concepts.
Definition 2.1([2-4]) Let X be a set with a binary operation = and a constant 0. Then (X;=*,X ) is called an AB-algebra if
the following axioms satisfied: for all m, y, x €X,
(i) ((m*y) *(x*y)) *(m*x) =X,
(i) X *m=RX,
(if)) m*X =m,
Example 2.2([2-4]) LetX ={X , 1,2, 3,4} in which (*) is defined by the following table:

* N 1 2 3 4
N N N N N
1 1 N 1 N N
2 2 2 N N N
3 3 3 1 N N
4 4 3 4 3 N

Then (X;*, & ) isan AB-algebra.
Remark 2.3([2-4]) Define a binary relation < on AB-algebra (X; *,X ) by letting x < y ifandonlyif x xy = 0.
Proposition 2.4([2-4]) In any AB — algebra (X;*, R ), the following properties hold: for all x,y,z € X,

(1) (m=*y)*m=0.

() (m*y)*x=(m*x)*y.
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@) (m*(mx*y)*y=0.
Proposition 2.5([2-4]) Let (X; *, X ) be an AB-algebra. X is satisfies for all m, y, x €X,

(1) m<y implies m*x < y*X.
(2) m<y implies x*y <x*m.
Definition 2.6([2-4]). Let (X; *,X )be an AB — algebra and let S be a nonempty subset of X. S is called an AB-
subalgebra of X if m*y € Swheneverme Sandy € S.
Definition 2.7([2-4]). A nonempty subset I of an AB — algebra (X; *,X ) is called an AB-ideal of X if it satisfies the
following conditions: for any m, y,x € X,
()X €l,
(L) (m*y)y*x€elandy €l imply m*x €l
Proposition 2.9 ([2-4]). Every AB — ideal of AB — algebra is an AB — subalgebra.
Proposition 2.8 ([2-4]). Let {li | ie A} be a family of AB-ideals of AB-algebra (X; *, X ). The intersection of any set of AB —
ideals of X is also an AB-ideal.
Definition 2.9 ([13,14]). Let (X ; *,X )and (Y; *',X ') be nonempty sets.The mapping f:(X;*X )—(Y;* R )is
called a homomorphism if it satisfies:
f (m*y) =f (m) **f (y), forallm,y € X. The set {meX | f(m) =X '}is called the kernel of fdenoted by ker f.
Theorem 2.10 ([2-4]). Let f:(X; *,X ) — (Y; *',X ")be a homomorphism of an AB — algebra X into an AB —algebra Y,
then :
A f(R )=X "
B. fisinjective ifand only if ker f={X }.
C. m< yimpliesf (m) <f (y).
Theorem 2.11 ([2-4]). Let £:(X; *,X ) — (Y; *',X ") be a homomorphism of an AB — algebra X into an AB —algebra Y,
then:

(F1) If S isan AB-subalgebra of X, then f (S) is an AB — subalgebra of Y.
(F2) If l'is an AB-ideal of X, then f (1) is an AB — ideal of Y ,where f is onto.
(Fs) If H is an AB — subalgebra of Y, thenf~1 (H) is an AB-subalgebra of X .
(Fs) IfJisan AB-ideal of Y, then f~1 (J) s an AB — ideal of X .
(Fs) ker fisan AB-ideal of X.
(Fs) Im(f) is an AB — subalgebra of Y.
Definition 2.12([30]). Let (X; *,X ) be a nonempty set,a fuzzy subset pu of X isa function p: X — [X ,1].
Definition 2.13 ([29]). Let X be a nonempty set and u be a fuzzy subset of (X; *,X ), for t € [R ,1], the set
L(u,t) =y, ={me X|wm)>t} is called a level subset of u .
Definition 2.14([5]). Let (X; *, & ) be an AB — algebra, a fuzzy subset u of X is called a fuzzy AB — subalgebra of X
ifforallm,y € X, p(m*y)> min {p (m), p (y)} .
Definition 2.15([5]). Let (X; *,X& ) be an AB-algebra, a fuzzy subset yu of X is called a fuzzy AB — ideal of X if it
satisfies the following conditions, for allm,y,z € X,

(FAB1) p (R )=p(m),
(FABz) p(m*x)> min {p ((m*y)*x), u(y)} .

Proposition 2.17([5]).
1- The intersection of any set of fuzzy AB — ideals of AB-algebra is also fuzzy AB-ideal.
2-  The union of any set of fuzzy AB-ideals of AB-algebra is also fuzzy AB — ideal where is chain.
Proposition 2.18([5]). Every fuzzy AB — ideal of AB — algebra is a fuzzy AB-subalgebra.
Proposition 2.19([5]).
1- Let u bea fuzzy subset of AB — algebra (X; *,8 ) .Ifuisa fuzzy AB — subalgebra of X if and only if for every t e
[X 1], u; is an AB-subalgebra of X .
2-  Letu beafuzzy AB-ideal of AB-algebra (X;, X ), u is a fuzzy AB — ideal of X if and only if for every t € [R 1], y, isan
AB-ideal of X .

Lemma 2.20([5]). Let u be a fuzzy AB-ideal of AB-algebra X and if m <y, then p(m) > u(y) , forallm, ye X.
Definition 2.21 ([33]). Letf:(X;* X ) — (Y;*',X “)be a mapping nonempty sets X and Y respectively. If u is a fuzzy
subset of X, then the fuzzy subset § of Y defined by: f(u)(y) =
{SUP{M(X):JC €T} If O =EXf)=y}#D

N otherwise
is said to be the image of p under f.

Similarly if B is a fuzzy subset of Y, then the fuzzy subset u = (8 °f) of X (i.e the fuzzy subset defined by p (m)=p (f
(m)), for all
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x € X) is called the pre-image of B under f.
Definition 2.22 ([29]). A fuzzy subset p of a set X has sup property if for any subset T of X, there exist to €T such that
p(ty ) = sup {u(t)| teT}.
Proposition 2.23 ([5]). Letf:(X;* X ) = (Y;*",X ) be a homomorphism between AB — algebras X and Y respectively.
1— For every fuzzy AB — subalgebra g of Y, f~! (B) is a fuzzy AB — subalgebra of X.
2- For every fuzzy AB — subalgebra u of X, f (u) is a fuzzy AB — subalgebra of Y.
3- For every fuzzy AB — ideal B of Y, f~1 (B) is a fuzzy AB — ideal of X.
4- For every fuzzy AB — ideal p of X with sup property, f (u) is a fuzzy AB — ideal of Y, where f is onto.
Now, we will recall the concept of interval-valued fuzzy subsets.

Remark 2.24[1,8]. An interval numberisd = [a~,a*], where

X <a~<a*<1l Letlbeaclosed unitinterval, (i.e., I=[X ,1]).
Let D[N , 1] denote the family of all closed subintervals of [=[X , 1], thatis, D[X ,1] ={d=[a",a*]ja <at, for
a ,atel}.
Now, we define what is known as refined minimum (briefly, rmin) of two element in D[X ,1].
Definition 2.25[1,7]. We also define the symbols (), (<), (=), rmin and rmax in case of two elements in D[X , 1] .
Consider two interval numbers (elements numbers )
d=[a",a*] ,b=[b7,bT]in D[R , 1] : Then
(1) @=b ifand only if, a~>b~ and a*>b",
(2) a<bifand only if, a"<b~ and a*<b™*,
(3) a=bif and only if, a~=b~ and a*=b",

(4) rmin {&, b}= [min {a~,b~}, min {a*,b*}],

(5) rmax {@, b}= [max {a~,b~}, max {a*,b*}],

Remark2.26[1,7]. It is obvious that (D[R , 1], <,V,A) is a complete lattice with &~ =[X X ]as its least element and 1 = [1,
1] a sits greatest element. Let @;€ D[R , 1] where i€A .We define rinficpd= [r inficya™ , rinficpa™],
rsupjead= [rsupjepa™ , rsupjepa’].

Definition 2.27[1,7]. An interval — valued fuzzy subset ji,on X is defined as
i, ={<m, [ (m) x5 (m) 1> me X} Where £, (m) <y (m), for allm € X.Then the ordinary fuzzy subsetsu,: X - [X , 1]
and y:;: X - [X ,1] are called a lower fuzzy subset and an upper fuzzy subset of i respectively. Let 7z, (m) = [+, (m),
4y (m)],
7, X > D[R ,1],then A={<m, 7, (M)>meX}.

Definition 2.28([1,7]). Let (X ;*,X ) be a nonempty set. A cubic set Q in a structure
0 ={<m, fig (M),Aq (M)>| me }, which is briefly denoted by 2 =< , 1o>, where g : X = D[X , 1],{iy isan interval —
valued fuzzy subset of X and

Ao: X = [R, 1],Aq is a fuzzy subset of X.

Definition 2.29([1, 7]). For a family Q; = {{(m, {i,,(m))|m € X} on fuzzy subsets of X, where ie A and A is

index set, we define the join (V)and meet (A) operations as follows:

Viea Qi = (Viea fig;) (m) = sup{fig;(m)]i € A},

/\iE/\ Qi = (/\iEA an)(m) = lnf{ﬁgl(m)h € A}:

3. { -Dot Cubic AB-ideals of AB-algebra

In this section, we shall define the notion of { — dot cubic of AB — ideals, and we study some of the
relations, theorems, propositions and examples on { -dot cubic of AB-ideals of AB-algebra.
Definition 3.1.

Let (X ;*, & ) be an AB-algebra. A cubic set Q@ =< g (m),Aq(m) > of X is called cubic AB-ideal of X if, for all
m,y,z €X:
(1) Ao (R ) > fg (x) and Ao (R ) < Ap(m)},
() fio (m*2z) > rmin{fig ((m*y)*2z),lq (¥)} and

Ao(m+z) < max{Ao((m*y) * z), Ao(¥)}-
Definition 3.2.

Let (X ;*, X ) be an AB-algebra. A cubic set Q¢ =< ﬁé (m),ké(m) > of iscalled { — dot cubic AB —
ideal of X if it satisfies the following conditions: for all x,y,z € X:
(D) B > i (m) andig(X ) < 2gm)},

2) fy(m=*2) > rmin{fiy, ((m*y)*2z),i§ ()} and
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2 (m+2) < max{A%,((m *y) = 2), A, (")}

Example 3.3. Let X = {X ,1,2,3} in which the operation as in example * be define by the following table:

* N 1 2 3
N N N N N
1 1 N N N
2 2 2 N N
3 3 3 3 N

Then (X;*, X ) is an AB — algebra. Define a cubic set @ =< [ (m),A\o(m) > of X is fuzzy subset u: X— [X ,1] by:

[0.3,09] ifx={X 2}

o (m) = | e
[0.1,0.6] otherwise

and Ao= {0.6

Define a cubic set Q¢ =< ﬁé (m),)\é(m) >of Xand { = 0.4 as follows:

[0.12,0.32] ifx ={X ,2}

R 0
o (M) = {[0.04,0.24] otherwise

and Z:{O

The { —dot cubic set Q% =< fi§, (m), A%, (m) >is a ¢ -dot cubic AB-ideal of X.

Theorem 3.4.

If (X ;*, X )beanAB — algebraand Q =< |’ (m),Aq(m) > is a cubic AB — ideal of X , then Q% =< ﬁé (m),lg(m) >

is { —dot cubic AB — ideal of X, where { € (X ,1].
Proof :

Assume that () is a { -dot cubic AB — ideal of X and let { € (X ,1]. Then forall x,y,z € X.
G ) = 1R ).0% a(m).0= fi5(m) and so f4(R ) = if(m).
R ) =2 ).T<A(m). 3= A4 (m) and 50 A5 (R ) < A% (m).

ﬁg(m * X) = filo(m * x).
= min{ifo((m*y) *x), Ko()}.T
=min{io((m *y) *x).3, o (¥).}
= min{ﬁg((m *y) *X), ﬁé()’)}- And
A5,(m * x) = A (m * x)
< max{Aq((m x y) *x), () }.T
=max{Aq((m *y) *x).7, ). 1}
= max{2§,((m y) * ), 3,0}

Hence Q° =< [i%, (m),A%(m) > isa { -dot cubic AB — ideal of X .0

Proposition 3.5.

ifx = {X 2}

otherwise

04 ifx={X 2}

.24  otherwise

Let (X ;*,X ) be an AB — algebraand Q =< |5 (m),Aq(m) > is a cubic subset of X such that Q% =< ﬁg (m),?\g(m) >

is { -dot cubic AB — ideal of X, for some ¢ € [X ,1],then Q =< 'n (m),Aq(m) > isa cubic AB — ideal of X .

Proof.

Assume that Q% =< ﬁé (m),lf)(m) > isa{-dot cubic AB — subalgebra of X for some { € (X ,1]. Let m,y,z € X, then
io(R ) = Wo® ).0> wo(m).0= fig(m)andso fig(R ) > fig,(m).
N® ) =R ).T<Aqm).7= A4 (m)and s0 A% (R ) < A5 (m).

fla(m +2) T = fi5(m+2)
= min{ig,((m * y) * x), i)}
= min{ fo((m*y) *x) - ¢ ,Aq(y) - T}
= min{io((m *y) *x), io(»)} - T.
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fa(m x z) = min{fio((m xy) *x), fio(y)} and so
Ao(m*2) - = Ay(m * z)
< max{?éz((m *y) * X),?\é(y)}
= max{Ao((m=*y) *x) -7, Ao(y) - ¢}
= max{Ao((m *y) *x),u(y)} - .
Ao(m = z) < max{Ao((m *y) *x), 1o(¥)}
Hence O =< g (M), Aq(m) > is a cubic AB —ideal of X . O

Proposition 3.6.

Let (X ;& ) bean AB — algebraand Q =< g (m),Ao(m) > is a cubic subset of X such that Q¢ =< ﬁé (m),)é(m) >
is { -dot cubic AB — ideal of X, for some { € [X , 1], then then the cubic Q of X isa fuzzy S — extension of the ¢ -dot cubic
Qs of X.

Proof:

Since (g (M) = u(m).¢ = fi, (x), and Ag (M) = Aq(m). = A%, (m) then
Q(m) is a fuzzy S — extension of Q%(m), for all me X and since Q is a fuzzy AB — ideal of X, then Q% of p is a { -dot cubic
AB- ideal, by Proposition (4.4) . o

Proposition 3.6.

Let (X ;+,X ) be an AB — algebra. A ¢ -dot cubic subset Q% =< fit, (m),A5(m) > of . If Q%isal — dot cubic AB- ideal of X,
then forall {e (X ,1], € D[X ,1]ands €[X , 1], witht <, thentheset U (2;£,s) isan AB- ideal of X.
Proof.

Assume that Q% =< ﬁé (m),?éz(m) > isa{-dot cubic AB — ideal of Xand let e D[X ,1]and s €[N |,
1], be such that U (2; £, 5)#0 .

Letm,y,z € X such that (m *y) *x,y € U (;,5), then
i ((m*y) %) >T AL0)>E and A (m*y) *x) <s.24 (v) <s.

Since Q% is a { —dot cubic AB — ideal of X, we get
fi§, (M= 2) > rmin{ &, ((m * y) * x),i§, ()} £ and
A5 (m * x) < max {4, ((m * y) *x).A8 (N} <s.

Hence the set U (2;t, s)is an AB- ideal of X. o

Proposition 3.7.
Let (X ;*,X ) bean AB — algebra. A { — dot cubic subset

Q% =< [, (m),A5,(m) > of . If theset T (2;s)isan AB — ideal of X, forall{ e (X ,1], € D[X ,1]ands € [X ,1],
witht < ¢, then QSisa{-dot cubic AB — ideal of X.

Proof.

Suppose that U (2; £, s)is an AB — ideal of X and letm ,y,z € X be such that
fie, (M#x) < rmin {55, ((m = ) * x),ie, ()} and &, (M=x) > max {A¢, ((m *y) * x).A¢, ()}

Consider = 1/2 { i, (m*x) + rmin{{i, (m * y) * x), fig, (y)} } and

6= 1/2 {0, (mex) +max{as, ((m = y) %), A6, ()3}

We have (e D[R , 1]and (€ (R , 1], and
G, () <3< min {i,((m =) * x5 0} ang
26,(m=x) >¢> max {A4((m * y) * )28 1)}

It follows that (x * y) * z,y € U (2; £,5), and (m * x) ¢ U (Q;£,5). This is a contradiction and therefore Q% is a { -dot
cubic AB-ideal of X . o

Theorem 3.8. Let (X ;*,X ) be an AB — algebra. A { -dot cubic subset Q% =< ﬁé (m), ?\é(m) > of X isa(-dot cubic AB —
ideal of X if and only if, u_é and H+§2 are fuzzy AB-ideals of X and Aé are anti — fuzzy AB-ideal of X.
Proof.

Let u_é ,;ﬂg and 7\52 be fuzzy AB — ideals of X and m,y,z € X, then
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w8, (m*x) > min{p=% ((m *y) *x),u" (0

wHe) (m x> min{ptd, (m+y) *x)u*s ()} and

2%(m * x) <max{Ag, ((m *y) *x),25 ()}, Now,

fig, (m *x) = [u™8 (m * %), w+E (m * x)]
> [mindu=5,((m + y) )05 ()}, mindut§,((m + y) «x).1%E, ()]
= min{[u=5((m *y) *x), 1, (M xy) * 0], [0g, @) 1 51}
= rmin{ﬁf.2 (m),ﬁf.2 ()}, therefore Qs a ¢ -dot cubic AB-ideal of X.

Conversely, assume that Q% is a { -dot cubic AB-ideal of X, for anyx,y € X,
[n=2, (m * %), w+e) (m = )]=g(m * x) > min{jig, (m *y) *x),i, ()}
= min{[u=4 ((m*y) * %), 0¥ ((m*y) * 0], [W8 0, 18,01
= [mindu=?, ((m * y) %), 1, ((m * ) * %)}, min{u* S (), wte, ()}
Thus
W7o (mxx)>min {p=g ((m*y) *x), 1= (M *y) * )},
WG (mxy) = min{ W (m), u*y, (m)} and
28, (m * x )< max (A%, ((m * y) * ) A},
Therefore, u_é and u’fl are fuzzy AB — ideals of X and 7\?2 are anti — fuzzy AB — ideal of X. o

Proposition 3.9.

Let (X;* & ) bean AB — algebra and Q) =< [ (m),Aq(m) > isacubic AB —idealof Xand {;,{,e (R ,1].If{, = (i,
then the { -dot cubic AB — ideal Q% is afuzzy S — extension of the Q5! ( -dot cubic AB-ideal of X.
Proof:

Forevery me X and {;, {,e (X ,1] and {, > {;,we have

52 (m) = fq(m).{ > fq(m).¢ =iy (m), and

Ay () = do(m).3; = Ao(m).& =2 (m), then
i (m) > fig (m),and A (m) = A4 (m), therefore Q% is a fuzzy S — extension of Q.

Since Q is a cubic AB — ideal of X, then Q¢ is a { -dot cubic AB — ideal of y, by Proposition (4.4). Hence Q% of X
is a fuzzy S — extension of the { -dot cubic AB-ideal Q% of X. o

Theorem 3.10.
Every { — dot cubic AB — ideal of AB-algebra (X; *, X ) isa ( -dot cubic AB — subalgebra of an AB-algebra (X ;*, X ).

Proof: Let (X;* & ) bean AB — algebra and Q =< [ (m),A\o(m) > is a cubic AB — ideal of X and Q% =<
ﬁé (m),)\g(m) > isa ( -dot cubic subset of .

Since Q% is an ¢ -dot cubic AB — ideal of X,then by Proposition (4.6), for every { e (R ,1], t€D[R ,1]and s e [X
A1,
U(Q;Es) ={me X |fig (m) > Ao(m) < s}, is AB-ideal of X .

By Proposition (2.9), forevery { e (X ,1] , T€ D[X , 1]ands e [R ,1], U (Q;{ s) is AB — subgalgebra of X . 0

Hence p is a { -dot cubic AB — subalgebra of X by Proposition (3.12). 0
Remark 3.11. The converse of proposition (4.10) is not true as the following example:
Example 3.12. LetX={X , 1,2, 3,4} in which (*) is defined by the following table:
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Then (X;*,X )isan AB — algebra.Define a cubic setQ =< [ (m),Aq(m) > of X is fuzzy subset u: X— [X ,1] by:

[0.3,09] ifx ={X ,1,2}

S 01 ifx={X 1.2}
fia (M) {[0.1,0.6] otherwise '

and A=
2 {0.6 otherwise

Define a { — dot cubic set Q% =< ﬁé (m),?\é(m) >of Xand { = 0.4 as follows:

[0.12,0.32] ifx = {X ,1,2}

RN 0.04 ifx ={X ,1,2)
o, (M) {[0.04,0.24] otherwise '

[
and A= {0.24 otherwise
The { — dot cubic set Q% =< ﬁé (m), ﬁé(m) > isnot a { — dot cubic AB — subalgebra of X.
Note that A_Q is not an anti — fuzzy AB-ideal of X since
Ao (4% 2) = Ag(4) = 0.24 > 0.04 = max{Ao((4 * 1) * 2),2o(1)}
= max{Ao (3 * 2), 4o(1)} = max{io (1), Ao(1)} = (1) .
Hence Q¢ is not { -dot cubic AB — ideal of X.

4. Homomorphism of { -Dot Cubic AB-ideals (AB-subalgebras) of AB-algebra
In this section, we will present some results on images and preimages of  -dot cubic AB — ideals of AB — algebras.

Definition 4.1[3].
Let : (X;x & ) » (V;*',X ") be amapping from the set Xtoaset Y. If Q% =< ﬁé (m), Aé(m) > isal-
dot cubic subset of X, then the cubic subset f =<fig , A\g>0f Y defined by:

N NP X _
) = {mgyggy)ug(@lff O) ={meX,f(m)=y}+¢

N otherwise

inf Am)if f () = X _
f(xg)(y)={me;’£1f(y)kg(m)sz D =(meX,fm)=y}l+o

] 1 otherwise
is said to be the image of Q under f.

Similarly if B¢ =< ﬁg (m),?\[(3 (m) > isa{-dot cubic subset of Y , then the cubic subset QS = (B¢ °f) in X (i.e the {-
dot cubic subset defined by
fig, (M) = i (f (M), A¢, (m) = A% (f (m)) for all m €X) is called the preimage of p under f).
Theorem 4.2.
A homomorphic pre — image of ¢ -dot cubic AB-ideal is also { -dot cubic AB — ideal.

Proof.
Let f: (X;%,X ) - (YV;+*',8 ) be homomorphism from an AB-algebra X into an AB — algebra Y.

If g8 =< ﬁé (m), )‘(B (m) > isa(-dot cubic AB — ideal of Y and Q% =< {i§, (m), A, (m) >the pre — image of B under f,
then fi¢, (m) = fi§ (f (M) , A5, (M) =25 (f (m)), forall x € X . Letm€X, then
(X ) =1 (f (X )=itg (F (M) = fig, (M), and Ag)(X ) =25 (f (X N<AG (F (M) = 4§, (m).
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Now, let x,y,z € X, then
figy (M*x) = fi§ (f (M=x))zrmin {iig (f ((m * y) = 2),i5 (f () }
=rmin {fig,(m+ (y*x),fi¢, (v)}, and
2§ (M#x) = A% (F (mx))< max A% (f ((m = y) * 2).45 (F ()}
= max {A,((m * y) * 2), A5 ()} . o

Definition 4.3. Let f: (X;+,& ) — (Y;*/,& ') be a mapping from a set X into asetY. Q% =< uQ (m), Aé(m) >isacl-
dot cubic subset of X has sup and inf properties if for any subset T of X, there exist t, s € T such that

ﬁf)(t) = rsupii, (t0) and Aé(s) = inf?éz(so).
tOET SOET
Theorem 4.5.

Let : (X;%,X ) — (YV;*/,X ') be an epimorphism from an AB-algebra X into an AB-algebra Y. For every ( -dot cubic AB-
ideal Q% =< fi, (m),A%(m) > of X with sup and inf properties, then f (Q°) is a { -dot cubic AB-ideal of Y.

Proof.

By definition if(y) = f(li)(y) = rsup fi(x) and

xef~1(y)
MO)=fA)O) = inf A@m)forally' €Y and
xef 1)

rsup(@)=[X ,X Jand inf(@)=X . We have prove that
fig (m'sx) =rmin {fig (" =y)*™x) i (v')}, and
AG (MHx)< max{Ad (' =y)*x) A5 (y' )} forallm',y ,x €Y.

Let f: (X #X ) - (V;*',X ) be epimorphism of AB-algebras,

Q¢ =< ug (m), 2 o(m) >is a-dot cubic AB-ideal of X has sup and inf properties and BS =< ﬁg (m),?\g(m) > the image of

Q under f.
Since Q¢ =< i, (m),A4,(m) > is a { —dot cubic AB — ideal of X, we have
[)R )= fiy (M), and A4 (X ) <2g (m), forall meX.
Note that, X €f~1 (X ") where X X 'are the zero of X and Y, respectively.
Thus

(X ) = . ;Sup fa(t) = fo(R )
7 fBo(m) = rsup ﬂn(t) = fig(x), and

tef1
B )= inf ,xg(t) =15 )
< }\Q(x) = lnf Xﬂ(t) = AZ (x") ,(forall m eX, which implies that

tef~1(

g (X )= B(x’),and Ag(x ) <A (x), forall mey .
Foranym',y',x' €Y, let xo€f~1(M"), Yo€f ~1(Y") , and zo€f ~1(Xx")be such that
BO)=FO)0) = inf AH(0)

xef~1(y)

Bo((my *yx )*z5 )= rsup  fy(t), and
tef ~1((x"*y)*z")

iSO )= rsup fi5(t) . then

tef~1( y?
Ao(my *zx )= Hg(f(xx *2zy )
= fig(m '+ 2)
= rwp jh0my +zg)

(mx *zx )Ef~ 1("1 *2)

= rsup uQ(t) Also,

tef~1(m'z")
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(g xydxzg )= inf  AOMOx )= inf A0
tef ~1((mxy")*z?) tef~1(»")

and
Mg *z5 ) =M (Fmy *zg )
SR UCEED)
= inf Ao (my *zy )
(my *zx )Ef~1(m'*z")

= inf }\;(t). Then

tef~1(m'’z")
igm'*z) =  rsup [H(6) = Eh(my * 2y )
tef~1(m’z"
rmin {iig, (ko Yo) 20) iy (¥o)3,
= rmin{ rsup ﬁé(t), rsup ﬁé(t)}
tef~1(xr«(yr+zr)) tef~1(yn
= rmin { fig ((m' * y) * 27), fig (»") Yand
N(m'xz) = inf  A4(t)
tef~1(m'xz")
< max {Ag((my *yx ) *z¢ ), AG(x ) }
=max { inf Ao(8), inf 29(t) }
tef~1((m'xyN*z") tef1()
Hence, B* =< fi§ (m),A5(m) > isa( -dot cubic AB — ideal of Y . o
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