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1. Introduction 

L.A. Zadeh established the idea of a fuzzy subset, and many 
writers have since used it in a variety of mathematical fields. in 
the field of fuzzy topology, in particular. Since then, a lot of 
research has been done. BCI-algebras.. and BCK −.algebras. are 

  types. of abstract. algebra. that S. Tanaka presented. and .K. 

Is'eki.  . It is well. known that the BCK − algebra class is a 
proper subclass of the BCI-algebra class. To BCK-algebras, 
O.G. Xi utilized the idea of fuzzy subset and provided some of 

its features. 𝑀𝑜𝑟𝑒𝑜𝑣𝑒𝑟, in BCI-𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠 with 𝑑𝑒𝑔𝑟𝑒𝑒,   
S. S. Ahn and Y. S. Hwang  proposed 

𝑡ℎ𝑒 𝑐𝑜𝑛𝑐𝑒𝑝𝑡𝑠 𝑜𝛾 𝑎𝑛 𝑒𝑥𝑝𝑎𝑛𝑑𝑒𝑑 -ideal and a fuzzy -ideal. The 
algebras of 𝑙𝑜𝑔𝑖𝑐 𝑎𝑟𝑒 𝑜𝑛𝑒 𝑜𝛾 𝑡ℎ𝑒 significant and 𝑒𝑥𝑡𝑒𝑛𝑠𝑖𝑣𝑒𝑙𝑦 

researched 
classes of 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑠. BCI algebras and BCK −algebra

s are 𝑒𝑥𝑎𝑚𝑝𝑙𝑒𝑠 of these. 

𝟐. 𝑷𝒓𝒆𝒍𝒊𝒎𝒊𝒏𝒂𝒓𝒊𝒆𝒔 

     Now 𝑤𝑒. 𝑔𝑖𝑣𝑒 𝑠𝑜𝑚𝑒 definitions. . and preliminary.. 
𝑟𝑒𝑠𝑢𝑙𝑡𝑠 𝑛𝑒𝑒𝑑𝑒𝑑. in the later sections. 

 𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 2.1([2]).   Let (𝑋; 𝜎, #, ℶ) be an algebra.. with 
two. operations (𝜎) 𝑎𝑛𝑑 (#) and constant. (ℶ). X is called. 
a 𝑺𝑨-𝒂𝒍𝒈𝒆𝒃𝒓𝒂.𝑖𝑓 𝑖𝑡 𝑚𝑒𝑒𝑡𝑠. 𝑡ℎ𝑒 𝑐𝑟𝑖𝑡𝑒𝑟𝑖𝑎. 𝑙𝑖𝑠𝑡𝑒𝑑 𝑏𝑒𝑙𝑜𝑤: for 
any 𝑥, 𝑏, 𝑧 ∈  𝑋   

(𝑆𝐴1) ϑ# ϑ = ℶ, 

(𝑆𝐴_2 )  𝜗# ℶ = 𝜗, 

(𝑆𝐴_3)  (𝜗# 𝑏)#𝑧 = 𝜗#(𝑧𝜎 𝑏), 

(𝑆𝐴_4) (𝜗𝜎 𝑏)#(𝜗𝜎𝑧) =  𝑏#𝑧. 

    𝐼𝑛 𝑋 , 𝑤𝑒 𝑐𝑎𝑛 define 𝑎 𝑏𝑖𝑛𝑎𝑟𝑦 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 ( ≤ )𝑏𝑦 ∶ 

 𝜗 ≤  𝑏 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓  𝜗𝜎 𝑏 =  ℶ    𝑎𝑛𝑑  𝜗# 𝑏 =  ℶ ,𝜗,
𝑏 ∈ 𝑋.   

𝑳𝒆𝒎𝒎𝒂 2.2([22]).   Let (𝑋; 𝜎, #, ℶ) be. a 𝑆𝐴-algebra. ..  Then 
for any.  𝑥, 𝑏 ∈ 𝑋,    

           (𝐿1) 𝜗𝜎 𝑏=𝜗#(# 𝑏). 

           (𝐿2) 𝜗# 𝑏 = 𝜗𝜎(# 𝑏), 

           (𝐿3) 𝜗# 𝑏=# 𝑏𝜎𝜗.   

Proposition. 2.3([2]).   

  Let. (𝑋; 𝜎, #,ℶ) be.. an SA. −. algebra.. ,  the. following. is 

true.:  for any  ϑ, y, z ∈ 𝑋,   

(𝑎1)(𝜗# 𝑏)#𝑧=(𝜗#𝑧)# 𝑏, 

(𝑎2) ℶ#(𝜗# 𝑏)=( 𝑏#𝜗) , 

(𝑎3)𝜗# 𝑏≤𝑧    .imply   𝜗#𝑧≤ 𝑏  ,   

(𝑎4)𝜗≤ 𝑏   imply.   𝑧𝜎 𝑏≤𝑧𝜎𝜗 , 

(𝑎5) (𝜗# 𝑏)#(𝑧# 𝑏)≤𝜗#𝑧 and (𝜗# 𝑏)#(𝜗#𝑧) ≤ 𝑧# 𝑏, 

(𝑎6)  𝜗≤ 𝑏  𝑎𝑛𝑑    𝑏≤𝑧   𝑖𝑚𝑝𝑙𝑦   𝜗≤𝑧 . 

 

Definition 2.8 ([16]).  

     " A fuzzy. . subset.. 𝛻 of a .set. 𝑋 𝐡𝐚𝐬 𝐬𝐮𝐩 property. if for 

any. . . subset  𝑇 of  𝑋 , there . 𝑒𝑥𝑖𝑠𝑡  𝜎 ℶ  ∈ 𝑇  such. that  
𝛻(𝜎 ℶ) =  𝑠𝑢𝑝 {𝛻(𝜎) 𝜎 ∈ 𝑇}.  

3.    The 𝐫𝐞𝐥𝐚𝐭𝐢𝐨𝐧 of fuzzy 𝑺𝑨-𝐬𝐮𝐛𝐚𝐥𝐠𝐞𝐛𝐫𝐚𝐬. of  𝑺𝑨-

𝐚𝐥𝐠𝐞𝐛𝐫𝐚.: 

The relationship. between fuzzy SA-subalgebras. and fuzzy 
SA-ideals. of SA-algebra. is now presented, along with some 

of its features. 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟑. 𝟏: 

. Let.. (𝑋; 𝜎, #,ℶ) be. a 𝑆𝐴-algebra. .., a fuzzy. . subset. 𝛻 of  𝑋 
is called. .. a 𝒇𝒖𝒛𝒛𝒚. 𝑺𝑨-subalgebra. of X if  ∀ 𝑥 , 𝑏 ∈ 𝑋,  
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1 −  𝛻(𝜗𝜎 𝑏)≥𝑚𝑖𝑛 { 𝛻(𝜗), 𝛻( 𝑏)} . 

2 −  𝛻(𝜗# 𝑏)≥𝑚𝑖𝑛 { 𝛻(𝜗), 𝛻( 𝑏)} . 

𝑷𝒓𝒐𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏 3.2:” 

Suppose. is a fuzzy. . subset..of  𝑆𝐴-.algebra. (𝑋; 𝜎, #,ℶ). If μ 

𝑖𝑠 a 𝑓𝑢𝑧𝑧𝑦.  𝑆𝐴-𝑠𝑢𝑏𝑎𝑙𝑔𝑒𝑏𝑟𝑎. of 𝑋, then for.any. t  [ ℶ,1], 
𝛻𝜎is either empty. or a 𝑆𝐴-𝑠𝑢𝑏𝑎𝑙𝑔𝑒𝑏𝑟𝑎. of 𝑋 . 

𝑷𝒓𝒐𝒐𝒇: 

Consider that.𝛻 is a fuzzy. 𝑆𝐴-subalgebra. of 𝑋 ,let  𝜗, 𝑏 ∈

 𝑋 be such that 𝜗 ∈ 𝛻𝜎 and   𝑏 ∈ 𝛻𝜎 , then  𝛻 (𝜗)  ≥
 𝜎  𝑎𝑛𝑑.  𝛻 ( 𝑏)  ≥  𝜎 . Since  𝛻  is a 𝑓𝑢𝑧𝑧𝑦 𝑆𝐴 −
𝑠𝑢𝑏𝑎𝑙𝑔𝑒𝑏𝑟𝑎., 𝑖𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 
that  𝛻(𝜗𝜎 𝑏) ≥min { 𝛻(𝜗), 𝛻( 𝑏)}  ≥  𝜎  𝑎𝑛𝑑.𝛻(𝜗# 𝑏) ≥
𝑚𝑖𝑛 { 𝛻(𝜗), 𝛻( 𝑏)} ≥ t  , then.  (𝜗𝜎 𝑏) ∈ 𝛻𝜎.  

Hence 𝛻𝜎is a 𝑆𝐴 − subalgebra. .. of 𝑋 . ⌂ 

 

 

𝑪𝒐𝒓𝒐𝒍𝒍𝒂𝒓𝒚 3.3: 

Let 𝛻 𝑏𝑒 𝑎 fuzzy. . subset. . . of  𝑆𝐴-algebra.  (𝑋; 𝜎, #,ℶ) . If  
𝛻  is a fuzzy.. 𝑆𝐴-subalgebra. ..,  then  for  𝑒𝑣𝑒𝑟𝑦 t  Im (μ) , 

𝛻𝜎 is a 𝑆𝐴-𝑠𝑢𝑏𝑎𝑙𝑔𝑒𝑏𝑟𝑎.. of 𝑋 ,when 𝛻𝜎 ≠ ∅ . 

𝐏𝐫𝐨𝐨𝐟:  

That is obvious by. Proposition (3.2). ⌂   

𝐏𝐫𝐨𝐩𝐨𝐬𝐢𝐭𝐢𝐨𝐧 3.4: 

.Let 𝛻 be a fuzzy. . subset. of  𝑆𝐴-.algebra. (𝑋; ¬, #,ℶ). If, ∀ t 

 [ ℶ,1], 𝛻𝜎is either. empty or a 𝑆𝐴-subalgebra.. of 𝑋, then.  
𝛻 is a fuzzy.  𝑆𝐴-.subalgebra. of 𝑋. 

𝑷𝒓𝒐𝒐𝒇: 

Assume  𝛻(𝜗𝜎 𝑏) ≥ 𝑚𝑖𝑛{ 𝛻(𝜗), 𝛻( 𝑏)} is false, then they do 

not exist. ϑ' and y'𝑋such that , 𝛻(𝜗′𝜎 𝑏′) <
𝑚𝑖𝑛{ 𝛻(𝜗′), 𝛻( 𝑏′)}.  𝑃𝑢𝑡𝑡𝑖𝑛𝑔  𝜎 ′ =
(𝛻(𝜗′𝜎 𝑏 ′)𝜎 𝑚𝑖𝑛{ 𝛻(𝜗), 𝛻( 𝑏 ′)}) 2⁄ , then  

 𝛻 (𝜗′𝜎 𝑏′)  <  𝜎′  and   ℶ ≤  𝜎′ < 𝑚𝑖𝑛{ 𝛻(𝜗′), 𝛻( 𝑏′)} ≤  1, 
hence   𝛻(𝜗′) > 𝜎′ and 𝛻( 𝑏′) > 𝜎′, which. imply that   𝜗′ ∈
 𝛻𝜎′  and   𝑏′ ∈  𝛻𝜎′ , since 𝛻𝜎′ is a  𝑆𝐴-𝑠𝑢𝑏𝑎𝑙𝑔𝑒𝑏𝑟𝑎 
,it follows that  𝜗′𝜎 𝑏′ ∈ 𝛻𝜎′ and that   𝛻(𝜗′𝜎 𝑏′) ≥ 𝜎′, this 

is also a contradiction.. 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒
   

𝛻(𝜗𝜎 𝑏) ≥
𝑚𝑖𝑛 { 𝛻(𝜗), 𝛻( 𝑏)}. 

Simareily, 
  

𝛻(𝜗# 𝑏) ≥ 𝑚𝑖𝑛{ 𝛻(𝜗), 𝛻( 𝑏)}.  

Hence. μ is a .fuzzy. 𝑆𝐴-subalgebra. of X .  ⌂ 

4. Image ( Pre-image) 𝑆𝐴-𝒊𝒅𝒆𝒂𝒍𝒔 under 𝒉𝒐𝒎𝒐𝒎𝒐𝒓𝒑𝒉𝒊𝒔𝒎 

of 𝑆𝐴-algebras: 

The homomorphism of the. .image and .pre-image. of fuzzy. 
SA-ideals. andSA-subalgebras of SA-algebra is discussed. 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 4.1:      

pre-image of a homomorphic fuzzy. 𝑆𝐴-subalgebra of 𝑆𝐴-

algebra. is also. a𝑓𝑢𝑧𝑧𝑦 𝑆𝐴-𝑠𝑢𝑏𝑎𝑙𝑔𝑒𝑏𝑟𝑎. of 𝑆𝐴-algebra.. 

𝑷𝒓𝒐𝒐𝒇: 

Let 𝛾: (𝑋; 𝜎, #, ℶ) → (𝑌; 𝜎′, #′, ℶ′) pre-image of a 
homomorphic.  𝑆𝐴-algebras, δ a fuzzy  𝑆𝐴-𝑠𝑢𝑏𝑎𝑙𝑔𝑒𝑏𝑟𝑎. of 𝑌   

and 𝛻 the . pre−. image.. of δ under. 𝛾 , then 𝛽(𝛾(𝜗)) =
𝛻(𝜗), ∀ ϑ  𝑋.  

𝐿𝑒𝑡   𝜗 ,𝑏 ∈  𝑋, 𝑡ℎ𝑒𝑛 𝑤𝑒 𝑔𝑒𝑡 

𝛻(𝜗𝜎 𝑏) = 𝛽(𝛾(𝜗𝜎 𝑏)) = 𝛽(𝛾(𝜗)𝜎′𝛾( 𝑏))   

                 ≥ 𝑚𝑖𝑛 { 𝛽(𝛾(𝜗)), 𝛽(𝛾( 𝑏))}   

= 𝑚𝑖𝑛 { 𝛻(𝜗), 𝛻( 𝑏)} 

𝑖. 𝑒. , 𝛻(𝜗𝜎 𝑏) ≥ 𝑚𝑖𝑛 { 𝛻(𝜗), 𝛻( 𝑏)}, 𝛾𝑜𝑟 𝑎𝑙𝑙 𝜗 ,
𝑏 ∈  𝑋. 

𝑆𝑖𝑚𝑒𝑎𝑙𝑖𝑡𝑦, 𝛻(𝜗# 𝑏) ≥ 𝑚𝑖𝑛 { 𝛻(𝜗), 𝛻( 𝑏)},
𝛾𝑜𝑟 𝑎𝑙𝑙 𝜗 , 𝑏 ∈  𝑋. 

𝐻𝑒𝑛𝑐𝑒. , 𝛻  𝑖𝑠 𝑎 𝛾𝑢𝑧𝑧𝑦 𝑆𝐴 − 𝑠𝑢𝑏𝑎𝑙𝑔𝑒𝑏𝑟𝑎. 𝑜𝛾 𝑋.   ⌂ 

𝑷𝒓𝒐𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏 4.2:      

Let 𝛾: (𝑋; 𝜎, #, ℶ) → (𝑌; 𝜎′, #′, ℶ′) be. an epimorphism. of 

𝑆𝐴-algebras. For every. fuzzy 𝑆𝐴-subalgebra..  𝛻 of 𝑋 and. 
with .sup property.., 𝛾 (𝛻) is a . fuzzy 𝑆𝐴- subalgebra. of 𝑌. 

𝑷𝒓𝒐𝒐𝒇:  

By Definition. (2.10),   𝛽( 𝑏′) = 𝛾(𝛻)( 𝑏′) = 𝑠𝑢𝑝{ 𝛻(𝜗): 𝜗 ∈
𝛾−1( 𝑏′)}, ∀y' 𝑌 (𝑠𝑢𝑝( ∅) =  ℶ).  

We. have to prove that 𝛽(𝜗′𝜎′ 𝑏′) ≥min{ δ(ϑ'),δ(y')}  ,∀  
𝜗′, 𝑏′ ∈  𝑌. 

(I) Let 𝛾: (𝑋; 𝜎, #, ℶ) → (𝑌; 𝜎′, #′,ℶ′) be a epimorphism. of  
𝑆𝐴-algebras., 𝛻 is a fuzzy. 𝑆𝐴-subalgebra.  of 𝑋   

with sup 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 and  δ  the 𝑖𝑚𝑎𝑔𝑒 of µ under 𝛾.  
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Since 𝛻 is a fuzzy..  𝑆𝐴- subalgebra.. of 𝑋,  

        𝐹𝑜𝑟 any ϑ′, y′  𝑌 , let 𝑥 ℶ ∈ 𝛾−1(𝑥′) ,  𝑏 ℶ ∈
𝛾−1( 𝑏′)be such. that:  

𝛻(𝜗 ℶ𝜎𝑧 ℶ ) = 𝛽(𝛾(𝜗 ℶ𝜎𝑧 ℶ)) = 𝛽(𝛾(𝜗′𝜎′𝑧′)) 

                           = sup𝑥 ℶ𝜎𝑧 ℶ∈𝛾−1(𝑥′𝜎′𝑧′) 𝛻(𝜎) ,

        

  

        𝛻(𝜗 ℶ  ) = 𝛽(𝛾(𝜗 ℶ)) = sup𝑥 ℶ∈𝛾−1(𝜗′) 𝛻(𝜎) and  

        𝛻( 𝑏 ℶ ) = 𝛽(𝛾( 𝑏 ℶ)) = sup 𝑏 ℶ∈𝛾−1( 𝑏′) 𝛻(𝜎), then  

        
𝛽(𝜗′𝜎′ 𝑏′) = 𝑠𝑢𝑝𝛻 (𝜎) = 𝛻𝜎∈𝛾−1(𝑥′𝜎′ 𝑏′)(𝜗 ℶ𝜎 𝑏 ℶ) 

                          ≥min{𝛻(𝜗 ℶ),𝛻( 𝑏 ℶ)}

     

                         

=
𝑚𝑖𝑛{ 𝑠𝑢𝑝𝜎∈𝛾−1(𝜗′) 𝛻(𝜎) , 𝑠𝑢𝑝𝜎∈𝛾−1( 𝑏’) 𝛻 (𝜎) } 

                         = 𝑚𝑖𝑛{ 𝛽(𝜗′), 𝛽( 𝑏′) } 

       Therefore., 𝛽(𝑥′𝜎′ 𝑏′) ≥ 𝑚𝑖𝑛{ 𝛽(𝑥′), 𝛽( 𝑏′)}.  

 
        

𝛽(𝜗′#′ 𝑏′) = 𝑠𝑢𝑝𝛻 (𝜎) = 𝛻𝜎∈𝛾−1(𝑥′#′  𝑏′)(𝜗 ℶ# 𝑏 ℶ) 

                          ≥ 𝑚𝑖𝑛{ 𝛻(𝜗 ℶ),𝛻( 𝑏 ℶ)}

     

                         

=
𝑚𝑖𝑛{ 𝑠𝑢𝑝𝜎∈𝛾−1(𝜗′) 𝛻(𝜎) , 𝑠𝑢𝑝𝜎∈𝛾−1( 𝑏’) 𝛻 (𝜎) } 

                         = 𝑚𝑖𝑛{ 𝛽(𝜗′), 𝛽( 𝑏′) } 

      Therefore., 𝛽(𝜗′#′ 𝑏′) ≥ 𝑚𝑖𝑛{ 𝛽(𝜗′),𝛽( 𝑏′)}. . 

      .Hence δ is a fuzzy. 𝑆𝐴- . subalgebra. of 𝑌 . 
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