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Abstract:     In this article, we present the concept of -algebras, a novel type of two-operation algebraic structure, as well as its 
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1.  Introduction  

The abstract was introduced by Y. Imai and K.Iseki. algebras BCI −
algebra and BCK − algebra, respectively. 

 The BCK −algebras are a 
istinctive subclass of the BCI −algebras, as is widely 

know. In this essay,we define the 

 terms algebra,subalgebra, and  

 homomorphism of algebras.  

2.  𝛙 -algebras 

    In this section, we introduced an algebraic structure called 
a 𝜓-algebra, as the following: 

Definition  2.1.  The 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑖𝑐 𝑠𝑦𝑠𝑡𝑒𝑚 (𝑋; ¬,≀, ℶ) 
𝑤𝑖𝑡ℎ 𝑡𝑤𝑜 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 (¬) and (≀) and constant (ℶ) is called 

𝜓-algebras, if it 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 the 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠: for 
all 𝑤,   խ,𝑧 ∈  𝑋 , 

(𝜓1)  𝑤 ≀ 𝑤 = ℶ,  
(𝜓2)  (ℶ ≀ 𝑤)¬𝑤 = ℶ, 

(𝜓3)  (𝑤 ≀   խ) ≀ 𝑧 = 𝑤 ≀ (𝑧¬խ), 
(𝜓4) (խ¬𝑤) ≀ (𝑤 ≀ 𝑧) =   խ¬𝑧. 

     𝐹𝑜𝑟 𝑏𝑟𝑒𝑣𝑖𝑡𝑦 we 𝑠ℎ𝑎𝑙𝑙 call (𝑋; ¬,≀, ℶ) a 𝜓-algebra 

𝑢𝑛𝑙𝑒𝑠𝑠 otherwise specified. 

     In 𝑋 we can define a binary relation (≤) by: 𝑤 ≤   խ 

↔if 
 𝑤 ≀   խ = ℶ .   

Lemma 2.2.  Let (𝑋; ¬,≀, ℶ) be a 𝜓-algebra. Then for any  
𝑤,   խ,𝑧 ∈  𝑋,    

 (𝐿1)   Since   𝑤 ∈ 𝑋, 𝑡ℎ𝑒𝑛 (≀𝑤) ∈ 𝑋,    
(𝐿2)     𝑤¬  խ =   խ¬𝑤, 

(𝐿3)     𝑤 ≀   խ =≀   խ¬𝑤, 
(𝐿4)    ℶ ≀ 𝑤 =≀ 𝑤,  𝑤 =≀ (≀ 𝑤) 

(𝐿5)    ℶ¬ℶ = ℶ,     ℶ ≀ ℶ = ℶ, 
(𝐿6)    ≀ (𝑤 ≀   խ) =≀ 𝑤¬  խ and ≀ (𝑤¬  խ) =≀ 𝑤 ≀   խ, 

(𝐿7)    ((𝑤 ≀ 𝑧)¬(𝑧 ≀   խ)) = 𝑤 ≀   խ and((𝑤 ≀ 𝑧) ≀ (  խ ≀
𝑧)) = 𝑤 ≀   խ , 

(𝐿8)    (𝑤 ≀   խ) ≀ 𝑧 = (𝑤 ≀ 𝑧) ≀   խ.   

𝐏𝐫𝐨𝐩𝐨𝐬𝐢𝐭𝐢𝐨𝐧 2.3.   Let (𝑋; ¬,≀, ℶ) be a 𝜓 -algebra. Hence 

the following is true: for any  𝑤,   խ, 𝑧 ∈  𝑋,    
(𝑎1)    𝑤 ≀   խ = ℶ    𝑎𝑛𝑑      խ ≀ 𝑤 =
ℶ   𝑖𝑚𝑝𝑙𝑦   𝑤 =   խ,  
(𝑎2)   𝑤¬  խ = 𝑤 ≀ (≀   խ),  
(𝑎3)  𝑤 ≀   խ = 𝑤¬(≀   խ), 
(𝑎4)   (𝑤 ≀   խ) ≀ 𝑧 = (𝑤 ≀ 𝑧) ≀   խ, 
(𝑎5)    (𝑤 ≀   խ) ≀ 𝑤 = ℶ ≀   խ,  
(𝑎6)   ℶ ≀ (𝑤 ≀   խ) =   խ ≀ 𝑤, 
(𝑎7)   (ℶ ≀ 𝑤) = ℶ  𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑎𝑡   𝑤 = ℶ, 

 
(𝑎8)   𝑤 = (𝑤 ≀ ℶ) ≀ ℶ, 
(𝑎9)   𝑧 ≀ 𝑤 = 𝑧 ≀   խ   𝑖𝑚𝑝𝑙𝑖𝑒𝑠  𝑡ℎ𝑎𝑡   ℶ ≀ 𝑤 = ℶ ≀   խ. 

Proof: 

(𝑎1)   𝑤 ≀   խ = ℶ 𝑎𝑛𝑑   խ ≀ 𝑤 = ℶ, then   𝑤 ≤   խ and  

  խ ≤ 𝑤 imply  𝑤 =   խ. 

(𝑎2)  It is clear by lemma (2.4(L1)) . 

(𝑎3)  It is clear by lemma (2.4 (L3) and (L2)) . 

(𝑎4)(𝑤 ≀   խ) ≀ 𝑧 = 𝑤 ≀ (𝑧¬  խ) 𝑏𝑦 (𝜓3 ) 

                           = 𝑤 ≀ (  խ¬𝑧) 𝑏𝑦  𝑙𝑒𝑚𝑚𝑎 (2.2(𝐿2)) 
                           = (𝑤 ≀ 𝑧) ≀   խ 𝑏𝑦 (𝜓3). 

(𝑎5)  (𝑤 ≀   խ) ≀ 𝑤 = (𝑤 ≀ 𝑤) ≀   խ,𝑏𝑦(𝑎4) = ℶ ≀
  խ,𝑏𝑦(𝜓1). 

(𝑎6)   ℶ ≀ (𝑤 ≀   խ) = ℶ ≀ (≀   խ¬𝑤) 𝑏𝑦 𝑙𝑒𝑚𝑚𝑎 (2.2(𝐿3)) 

                               =≀ (≀   խ¬𝑤)¬ℶ 𝑏𝑦 𝑙𝑒𝑚𝑚𝑎 (2.2(𝐿3)) 
                               = (  խ ≀ 𝑤)¬0𝑏𝑦𝑙𝑒𝑚𝑚𝑎(2.2(𝐿6)) 
                               =   խ ≀ 𝑤   𝑏𝑦  (𝜓2). 
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(𝑎7)   ℶ ≀ 𝑤 = ℶ   𝑖𝑚𝑝𝑙𝑖𝑒𝑠  𝑡ℎ𝑎𝑡  𝑤 = ℶ, 𝑏𝑦 (𝜓2). 
 

(𝑎8)   (𝑤 ≀ ℶ) ≀ ℶ = 𝑤 ≀ (ℶ¬ℶ), 𝑏𝑦 (𝜓3)  

                              = 𝑤 ≀ ℶ  𝑎𝑛𝑑,𝑏𝑦  𝑙𝑒𝑚𝑚𝑎 (2.2(𝐿5)) 
                              = 𝑤, 𝑏𝑦 (𝜓2). 

(𝑎9)  ℶ ≀ 𝑤 = (𝑧 ≀ 𝑧) ≀ 𝑤, 𝑏𝑦(𝜓1)   

                   = (𝑧 ≀ 𝑤) ≀ 𝑧, 𝑏𝑦  (𝑎4) 
                   = (𝑧 ≀   խ) ≀ 𝑧, 𝑏𝑦  𝑎𝑠𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛 
                   = (𝑧 ≀ 𝑧) ≀   խ, 𝑏𝑦 (𝑎4) 
                   = ℶ ≀   խ, 𝑏𝑦 ( 𝜓1).  ⌂ 

Proposition 2.4.  Let (𝑋; ¬,≀, ℶ) be a 𝜓-algebra, then the 

following holds: for any  𝑤,   խ,𝑧 ∈  𝑋,    

(𝑏1)   𝑤 ≀   խ ≤ 𝑧   𝑖𝑚𝑝𝑙𝑦  𝑤 ≀ 𝑧 ≤   խ, 

(𝑏2)   𝑤 ≤   խ   𝑖𝑚𝑝𝑙𝑖𝑒𝑠  𝑡ℎ𝑎𝑡  𝑧¬  խ ≤ 𝑧¬𝑤,
 

(𝑏3)   𝑤 ≤   խ  𝑖𝑚𝑝𝑙𝑖𝑒𝑠  𝑤 ≀ 𝑧 ≤   խ ≀ 𝑧, 

(𝑏4)   (𝑤 ≀   խ) ≀ (𝑧 ≀   խ) ≤ 𝑤 ≀ 𝑧,  

(𝑏5)  (𝑤 ≀   խ) ≀ (𝑤 ≀ 𝑧) ≤ 𝑧 ≀   խ,  

(𝑏6)   𝑤 ≤   խ   𝑎𝑛𝑑    խ ≤ 𝑧  𝑖𝑚𝑝𝑙𝑦  𝑤 ≤ 𝑧.
 

Proof: 

(𝑏1)  𝑤 ≀   խ ≤ 𝑧  𝑖𝑚𝑝𝑙𝑦  (𝑤 ≀   խ) ≀ 𝑧 = ℶ  𝑖𝑚𝑝𝑙𝑦 

(𝑤 ≀ 𝑧) ≀   խ = ℶ 𝑏𝑦  𝑝𝑟𝑜𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 (2.3(𝑎4)) 𝑖𝑚𝑝𝑙𝑦  𝑤 ≀ 𝑧

≤   խ. 

(𝑏2)(𝑤¬𝑧) ≀ (  խ¬𝑧) = (𝑤 ≀   խ), 𝑏𝑦 (𝜓4)  
                      =  ≀ (  խ ≀ 𝑤),
𝑏𝑦  𝑙𝑒𝑚𝑚𝑎  (2.2(𝐿6) 𝑎𝑛𝑑 (𝐿2)), 
                      = ℶ, 𝑏𝑦  𝑎𝑠𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛  (𝑤 ≤   խ).  Then 

𝑧¬  խ ≤ 𝑧¬𝑤.
 (𝑏3) (𝑤 ≀ 𝑧) ≀ (  խ ≀ 𝑧) = (𝑤 ≀   խ),

𝑏𝑦 𝑙𝑒𝑚𝑚𝑎 (2.2(𝐿7)) 
                  = ℶ, 𝑏𝑦  𝑎𝑠𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛  (𝑤 ≤   խ), 

Then 𝑤 ≀ 𝑧 ≤   խ ≀ 𝑧.
 

(𝑏4)   [(𝑤 ≀   խ) ≀ (𝑧 ≀   խ)] ≀ (𝑤 ≀ 𝑧) 

             = (𝑤 ≀   խ) ≀ [(𝑧 ≀   խ)¬(𝑤 ≀ 𝑧)], 𝑏𝑦 (𝜓3) 

            = (𝑤 ≀   խ) ≀ (𝑤 ≀   խ), 𝑏𝑦  𝑙𝑒𝑚𝑚𝑎  (2.2(𝐿7)) 
            = ℶ, 𝑏𝑦  (𝜓1) 

Then (𝑤 ≀   խ) ≀ (𝑧 ≀   խ) ≤ 𝑤 ≀ 𝑧.
 

(𝑏5) [(𝑤 ≀   խ) ≀ (𝑤 ≀ 𝑧)] ≀ (𝑧 ≀   խ) 

         = (𝑤 ≀   խ) ≀ [(𝑤 ≀ 𝑧)¬(𝑧 ≀   խ)] 𝑏𝑦  (𝜓3) 

        = (𝑤 ≀   խ) ≀ (𝑤 ≀   խ), 𝑏𝑦  𝑙𝑒𝑚𝑚𝑎  (2.2(𝐿7)) 
        = ℶ,   𝑏𝑦   (𝜓1) 

Then (𝑤 ≀   խ) ≀ (𝑤 ≀ 𝑧) ≤ 𝑧 ≀   խ.
 

(𝑏6) By applying (𝜓2) ,  (x ≤ y) and (𝜓4) , 
𝑧 ≀ 𝑤 = (𝑧 ≀ ℶ) ≀ 𝑤, 𝑏𝑦  (𝜓2) 
          = (𝑧 ≀ (  խ¬  խ)) ≀ 𝑤, 𝑏𝑦 (𝜓1) 

          = 𝑧 ≀ ((  խ ≀   խ) ≀ 𝑤), 𝑏𝑦  (𝜓3) 

          = 𝑧 ≀ (  խ¬(𝑤 ≀   խ)), 𝑏𝑦 (𝜓3) 

          = 𝑧 ≀ (  խ¬ℶ) , 𝑏𝑦 (𝑤 ≤   խ) 
         = (𝑧 ≀ ℶ) ≀   խ, 𝑏𝑦 (𝜓3) 
         = 𝑧 ≀   խ, 𝑏𝑦  (𝜓2) 
         = ℶ, 𝑏𝑦  (  խ ≤ 𝑧) 
Hence, 𝑧 ≀ 𝑤 = ℶ and so  𝑤 ≤ 𝑧. ⌂ 

𝐏𝐫𝐨𝐩𝐨𝐬𝐢𝐭𝐢𝐨𝐧 2.5.  𝐿𝑒𝑡 (𝑋; ¬,≀, ℶ) be  𝜓 -algebra and (≤ ) 
be a 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 on 𝑋 , then  (𝑋, ≤ ) is a partially ordered set. 

Proof: 

𝐿𝑒𝑡 (𝑋; ¬,≀, ℶ) bea 𝜓-𝑎𝑙𝑔𝑒𝑏𝑟𝑎  and 𝑙𝑒𝑡  𝑤,   խ,𝑧 ∈  𝑋, since 
x – x = ℶ . 

Suppose that  𝑤 ≤   խ  𝑎𝑛𝑑    խ ≤ 𝑤, then   x – y = ℶ = y – 
x and x = y, by Proposition (2.3(𝑎1)). 

Suppose that  𝑤 ≤   խ  𝑎𝑛𝑑    խ ≤ 𝑧 , then by Proposition 
(2.6(𝑏6)), x ≤ z. Thus (𝑋, ≤ ) is a partiallly ordered set. ⌂ 

 

3.  On 𝝍-subalgebras of 𝝍-algebras 

       We explain the idea of -subalgebra in -algebra in this 
section and provide some instances and results.  

Definition 3.1. 

Let (𝑋; ¬,≀, ℶ)  be a 𝜓-𝑎𝑙𝑔𝑒𝑏𝑟𝑎  and 𝑆 be a nonempty set of 

𝑋.  𝑆 is know  a 𝝍-𝒔𝒖𝒃𝒂𝒍𝒈𝒆𝒃𝒓𝒂 of 𝑿 if  𝑤¬  խ ∈
𝑆 𝑎𝑛𝑑  𝑤 ≀   խ ∈ 𝑆, whenever  𝑤,   խ ∈  𝑆. 

Example 3.2.   Let (𝑍6;¬6 ,≀6 ,ℶ) the following tables to 
form a set.: 
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Then (𝑍4;¬4 ,≀4 ,ℶ) is a 𝜓-algebra. It is easy to show that 

𝐼1 = {ℶ̄, 2̄} =< 2̄ >  and 𝐼2 = 𝑍4 =< 1̄ >  are 𝜓-
subalgebras of  (𝑍4;¬4 ,≀4 ,ℶ) . 

𝐏𝐫𝐨𝐩𝐨𝐬𝐢𝐭𝐢𝐨𝐧 3.3.  Let 𝐼 be a 𝜓-subalgebra of 𝜓-algebra 
(𝑋; ¬,≀, ℶ) and 𝐽 be a 𝜓-subalgebra of 𝐼. Then 𝐽 is a 𝜓-

subalgebra of 𝑋.  
Proof: 
Let  𝑤,   խ ∈  𝑋, such that 𝑤¬  խ ∈ 𝐽  and 𝑤 ≀   խ ∈ 𝐽, we 

see that  𝑤¬  խ ∈ 𝐼  and 𝑤 ≀   խ ∈ 𝐼, by assumption, 𝐼 is a 
𝜓-subalgebra of  𝑋, it follows that 𝑤¬  խ ∈ 𝐽 ⊆ 𝐼  and   𝑤 ≀
  խ ∈ 𝐽 ⊆ 𝐼. Therefore 𝐽 is a 𝜓-subalgebra of 𝑋. ⌂ 

𝑷𝒓𝒐𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏 3.4.  𝐿𝑒𝑡 {𝐼𝑖: 𝑖 ∈ 𝛬}be a 𝑓𝑎𝑚𝑖𝑙𝑦  of 𝜓-
subalgebras of 𝜓-algebra (𝑋; ¬,≀, ℶ), then ⋂ 𝐼𝑖𝑖∈𝛬   is a 𝜓-

subalgebra of 𝑋. 

Proof: 

Since {𝐼𝑖: 𝑖 ∈ 𝛬} be a family of 𝜓-subalgebras of 𝑋 , 

suppose  𝑤 ∈ ⋂ 𝐼𝑖𝑖∈𝛬   and   𝑤 ∈ ⋂ 𝐼𝑖𝑖∈𝛬 , then  𝑤 ∈ 𝐼𝑖 , 𝑤 ∈
𝐼𝑖, for all i , but 𝐼𝑖 is a  𝜓-subalgebra of 𝑋, ∀i . Then   

𝑤¬  խ ∈ 𝐼𝑖  , and  𝑤 ≀   խ ∈ 𝐼𝑖∀ i , therefore,  𝑤¬  խ ∈
⋂ 𝐼𝑖𝑖∈𝛬  and 𝑤 ≀   խ ∈ ⋂ 𝐼𝑖𝑖∈𝛬 . Hence ⋂ 𝐼𝑖𝑖∈𝛬  is a 𝜓-

subalgebra of 𝑋 . ⌂ 

𝐑𝐞𝐦𝐚𝐫𝐤 3.5. 

   The union of 𝜓-subalgebra of 𝜓-algebra (𝑋; ¬,≀, ℶ), is 

not a 𝜓-subalgebra as seen in the following example. 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 3.6. 

Let (𝑍6;¬6 ,≀6 ,ℶ) be a set 𝑤𝑖𝑡ℎ the 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 tables: 

Then (𝑍6;¬6 ,≀6 ,ℶ) is a 𝜓-algebra. It is easy to show that 

𝐼1 = {ℶ̄, 3̄} =< 3̄ >  and 𝐼2 = {ℶ̄, 2̄, 4̄} =< 2̄ >  are 𝜓-

subalgebras of  (𝑍6;¬6 ,≀6,ℶ), but the union 𝐼 ∪ J =
{ℶ, 2,3}  is not a 𝜓-subalgebra  of 𝑋, since   

(2¬1) = 3 ∈ (𝐼 ∪ J) , but  (2 ≀ 1) = 1 ∉ (𝐼 ∪ J). 

𝐏𝐫𝐨𝐩𝐨𝐬𝐢𝐭𝐢𝐨𝐧 3.7.  assume{𝐼𝑖: 𝑖 ∈ Λ} the family of 𝜓-

subalgebras on 𝜓-algebra (𝑋; ¬,≀, ℶ), where
  

𝐼𝑖 ⊆ 𝐼𝑖¬1, ∀ i ∈ 
Λ .   Then ⋃ 𝐼𝑖

∞
𝑖∈Λ   is a 𝜓-subalgebra of 𝑋.   

Proof: 

Since {𝐼𝑖: 𝑖 ∈ Λ} be a family of 𝜓-subalgebras on 𝑋 , 

for any 𝑤,   խ ∈  𝑋 , suppose 𝑤¬𝑧 ∈ ⋃ 𝐼𝑖
∞
𝑖∈Λ  and   խ¬𝑧 ∈

⋃ 𝐼𝑖
∞
𝑖∈Λ ,  ∀i Λ. It follows that  𝑤¬𝑧 ∈ 𝐼𝑖 ,   խ¬𝑧 ∈ 𝐼𝑖,  for 

some i Λ. By assumption   𝐼𝑖 ⊆ 𝐼𝑘 . Hence ¬𝑧 ∈ 𝐼𝑘 , 
  խ¬𝑧 ∈ 𝐼𝑘 ,  but

  
𝐼𝑘 is a 𝜓-subalgebra of 𝑋 , it follows that  

𝑤 ≀   խ ∈ 𝐼𝑘 , therefore,  𝑤 ≀   խ ∈ ⋃ 𝐼𝑖
∞
𝑖∈Λ . Hence ⋃ 𝐼𝑖

∞
𝑖∈Λ  is 

a 𝜓-subalgebra of 𝑋. ⌂ 

4. Homomorphism of 𝝍-algebras 

We examine and discuss the characteristics of -algebra 

homomorphism in this section. 

Definition 4.1 .  assume(𝑋; ¬,≀, ℶ) & (𝑌; ¬′,≀′, ℶ′) be 𝜓 -

algebras , the mapping 𝑓: (𝑋; ¬,≀, ℶ) → (𝑌; ¬′ ,≀′ ,ℶ′) is 

called  a 𝐡𝐨𝐦𝐨𝐦𝐨𝐫𝐩𝐡𝐢𝐬𝐦 if it satisfies: ∀ 𝑤,   խ ∈  𝑋 

1- 𝑓(𝑤¬  խ) = 𝑓(𝑤)¬′𝑓(  խ) ,  
2-  𝑓(𝑤 ≀   խ) = 𝑓(𝑤) ≀′ 𝑓(  խ),    

We specify (𝑘𝑒𝑟 𝑓)(𝑤) = {𝑤 ∈ 𝑋: 𝑓(𝑤) = ℶ′  } . 

Theorem 4.2.   Let 𝑓: (𝑋; ¬,≀, ℶ) → (𝑌; ¬′ ,≀′ ,ℶ′) be a 

homomorphsm of  𝜓-algebras, then: 

(𝐴1)
    

 𝑓(ℶ) = ℶ′. 

(𝐴2)
   

 𝑓 is injective ↔ if  ker 𝑓 = {ℶ}. 

(𝐴3)
    

If  x ≤  y  → 𝑓 (x) ≤ 𝑓 (y) . 

Proof: 

¬ 2̄ �̄� �̄� ℶ̄  ≀ 1̄ 3̄ 2̄ ℶ̄ 

ℶ̄ 2̄ 3̄ 1̄ ℶ̄ ℶ̄ 3̄ 1̄ 2̄ ℶ̄ 

1̄ 3̄ ℶ̄ 2̄ 1̄ 1̄ ℶ̄ 2̄ 3̄ 1̄ 

3̄ 1̄ 2̄ ℶ̄ 3̄ 3̄ 2̄ ℶ̄ 1̄ 3̄ 

2̄ ℶ̄ 1̄ 3̄ 2̄   2̄ 1̄ 3̄ ℶ̄ 2̄ 

¬ ℶ̄ 2̄ 4̄ 3̄ 1̄ 5̄  ≀ ℶ̄ 4̄ 5̄ 1̄ 2̄ 3̄ 

ℶ̄ ℶ̄ 2̄ 4̄ 3̄ 1̄ 5̄ ℶ̄ ℶ̄ 2̄ 1̄ 5̄ 4̄ 3̄ 

1̄ 1̄ 3̄ 5̄ 4̄ 2̄ ℶ̄ 1̄ 1̄ 3̄ 2̄ ℶ̄ 5̄ 4̄ 

2̄ 2̄ 4̄ ℶ̄ 5̄ 3̄ 1̄ 2̄ 2̄ 4̄ 3̄ 1̄ ℶ̄ 5̄ 

3̄ 3̄ 5̄ 1̄ ℶ̄ 4̄ 2̄ 3̄ 3̄ 5̄ 4̄ 2̄ 1̄ ℶ̄ 

4̄ 4̄ ℶ̄ 2̄ 1̄ 5̄ 3̄  4̄ 4̄ ℶ̄ 5̄ 3̄ 2̄ 1̄ 

5̄ 5̄ 1̄ 3̄ 2̄ ℶ̄ 4̄  5̄ 5̄ 1̄ ℶ̄ 4̄ 3̄ 2̄ 
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(𝐴1)  𝑓(ℶ) = 𝑓(ℶ¬ℶ) = 𝑓(ℶ)¬′𝑓(ℶ) = ℶ′¬′ℶ′ = ℶ′  and  

  𝑓(ℶ) = 𝑓(ℶ ≀ ℶ) = 𝑓(ℶ) ≀ ′𝑓(ℶ) = ℶ′ ≀ ′ℶ′ = ℶ′ , hence 

(ℶ) = ℶ′ . 

(𝐴2)   Suppose that 𝑓 is injective and x  ker 𝑓. 

It follows that  

𝜌(𝑤) = ℶ′ . Since  𝑓(ℶ) = ℶ′, so 𝑓(𝑤) = 𝑓(ℶ) . By 

assumption,  x = ℶ. Thus (𝑘𝑒𝑟𝑓) = {ℶ}. 

         Conversely, suppose that  (𝑘𝑒𝑟𝑓) = {ℶ}  . Let 
𝑤,   խ ∈  𝑋 be such that 𝑓(𝑤) = 𝑓(  խ). We get that  

𝑓(𝑤 ≀   խ) = 𝑓(𝑤) ≀′ 𝑓(  խ) = ℶ′ and 𝑓(  խ ≀ 𝑤) =
𝑓(  խ) ≀′ 𝑓(𝑤) = ℶ′, then 𝑤 ≀   խ, խ ≀ 𝑤 ∈ (𝑘𝑒𝑟𝑓), 

this means that 𝑤 ≀   խ = ℶ =   խ ≀ 𝑤  by Proposition 
(2.5(a1)), then x = y.  

      Hence  𝑓 is injective. 

(𝐴3)  Let x ≤ y. It follows that   x ≀ y = ℶ. So, from (𝐴1) 
implies 

        
𝑓(𝑤) ≀ ′𝑓(  խ) = 𝑓(𝑤 ≀   խ) = 𝑓(ℶ) = ℶ′. Hence 

(𝑤) ≤ 𝑓(  խ) . ⌂ 

Theorem 4.3. Let 𝑓: (𝑋; ¬,≀, ℶ) → (𝑌; ¬′,≀′ ,ℶ′) be a 

homomorphism of 𝜓-algebras, then  

(F1)  If 𝑆 is a 𝜓-subalgebra of 𝑋, then 𝑓 (𝑆) is a 𝜓-

subalgebra of 𝑌. 

(F2)  If 𝐾 is a 𝜓-subalgebra of 𝑌, then𝑓 ≀1 (𝐾) is a 𝜓-

subalgebra of 𝑋 . 
Proof: 

Since𝑓: (𝑋; ¬,≀, ℶ) → (𝑌; ¬′ ,≀′ ,ℶ′) is a homomorphism of 
𝜓- algebras,   

(F1)    Let 𝑆 be a 𝜓-subalgebra of 𝑋 and 𝑎 , 𝑏 ∈ 𝑆, since 𝑆 is 
a  𝜓-subalgebra we have 𝑎¬𝑏 ∈ 𝑆  and 𝑎 ≀ 𝑏 ∈ 𝑆.   

Then there exist x, y f (S) such that 𝑤 =
𝑓(𝑎) 𝑎𝑛𝑑    խ = 𝑓(𝑏).  

        Hencef(𝑎¬𝑏) = 𝑓(𝑎)¬′𝑓(𝑏) = 𝑤¬′  խ ∈ 𝑓(𝑆) and 

        𝑓(𝑎 ≀ 𝑏) = 𝑓(𝑎) ≀′ 𝑓(𝑏) = 𝑤 ≀ ′  խ ∈ 𝑓(𝑆). 

    Thusf (𝑆) is a 𝜓-subalgebra of 𝑋. 

(F2)   Let 𝐾 be a 𝜓-subalgebra of 𝑌 and
  

𝑤, խ ∈ 𝑓≀1(𝐾).  

        Let  𝑓≀1(𝑎) = 𝑤  𝑎𝑛𝑑  𝑓≀1(𝑏) =   խ, for some 𝑎, 𝑏 ∈
 𝐾, thus 

        𝑓(𝑤¬  խ) = 𝑓(𝑤)¬′𝑓(  խ) = 𝑎¬′𝑏 ∈ 𝐾,  and  

       𝑓(𝑤 ≀   խ) = 𝑓(𝑤) ≀′ 𝑓(  խ) = 𝑎 ≀′ 𝑏 ∈ 𝐾, as 𝐾 is a 𝜓-

subalgebra. Thus  𝑤¬  խ ∈ 𝑓≀1(𝐾) 𝑎𝑛𝑑 𝑤 ≀   խ ∈
𝑓≀1(𝐾).  

        Hence 𝑓≀1(𝐾) is a 𝜓-subalgebra of 𝑋 . 
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