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Abstract:  In this article, we presentthe concept of -algebras, a novel type of two-operation algebraic structure, as well as its
subalgebraand someofitsfeatures. In particular, we demonstratethat (X;—)is a semigroup with identity 2if (X;—,-,2) is a -algebra.
We also discussed the connection between congruences and subalgebras.
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1. Introduction

The abstract was introduced by Y.Imai and K.Iseki. algebras BCI

algebra and BCK — algebra, respectively.

The BCK —algebras are a
istinctive subclass of the BCI —algebras, as is widely
know. In this essay, we define the

terms algebra, subalgebra, and

homomorphism of algebras.

2. Y -algebras

In this section, we introduced an algebraic structure called
a -algebra, as the following:

Definition 2.1. The algebraic system (X; =,3,2)

with two operations (=) and () and constant (2) is called
P-algebras, if it satisfies the following properties: for
alw, nyz € X,

Y) wiw =2,

¥,) Qiw)-w =13,

(¥3) W )iz =w (zAw),

¥, u—w)2 (wiz) = -z

For brevity we shall call (X;—=,,2) ay-algebra
unless otherwise specified.

In X we can define a binary relation (<) by: w < ju
oif

wl ju=1.

Lemma2.2. Let (X; =, 2) be a i-algebra. Then for any
w, h,z € X,

(L,) Since w € X,then Qw) € X,

(L) w= ju= ju—-w,

(Ly) wi ju=l ju-w,

(Ly) 2tw=2w, w=2Qw)

(L) 2-1=23, 2a=2,
(Lg) *(wl p)=tw—= juand (W= ) =2wl Ju,
(L;) (Wiz)=(zt ) =wr mand((wtz)  ( jul

z)=wl Ju,
(Lg) Wl pliz=Wwiz) ju

Proposition2.3. Let (X; —,2,2) be a3y -algebra. Hence
the followingis true: forany w, h,z € X,

(a) wt u=2 and pmiw=

2 imply w= J,

(@) w— ju=weQ fu),

(az) wi u=w-Q ),

(@) W2 p)rz=Wi2) fu

(as) (W@ p)rw=20 fu,

(ag) 2w )= futw,

(a;) (Qiw) =2 implies that w =12,

(ag) w=(wi21)2],

(ag) zw=2z0 Ju implies that 2tw =20 Ju.

Proof:
(a;) wt ju=2and pw =2 then w < poand
Ju<wimply w= .

(a,) Itisclear by lemma (2.4(L1)) .
(a3) Itisclear by lemma (2.4 (Ls) and (L2)) .
(@)W p)rz=w(z= ju) by (¥3)

=w( ju—z) by lemma (2.2(L,))
=Wwz) ¢ juby (3).

(as) W f)tw = (wiw) e fuby(as) =22
Juby(y).

(ag) 22w )=20Q ju—w) by lemma (2.2(L3))
=0 ju=w)-21by lemma (2.2(L3))

= ( futw)=0bylemma(2.2(Ly))
= Juiw by ().
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(a;) 2w =2 implies that w= 21, by (},).

(ag) wWi2)2=w1(Q-2), by (3)

=w 1 and,by lemma (2.2(Ls))
=w, by (¥).

(a5) 2w = (222) tw, by(P,)
=(z1w)z, by (a,)
=(z! )z, by assumption
=(z12) [, by (a,)
=30 Ju, by (P1). O

Proposition2.4. Let (X; —,2,2) be a y-algebra, then the
following holds: forany w, h,z € X,

(b)) wt u<z imply wiz< fu,

(b)) w< Ju implies that z— ju < z—w,
(b3) w < Ju implies wiz< Julz,

(by) Wl p)(zt ) <wz,

(b)) Wl pr(wiz) <zl [,

(bg) w< Ju and ju<z imply w<z.
Proof:

(b)) wt <z imply W ju)tz =2 imply

(wiz) ¢t Ju=2by proposition (2.3(a,)) imply wiz
<

(b)) (w=z) 2 ( jumz) = (W fu), by (h,)

= ( purw),
by lemma (2.2(Lg) and (L,)),

=1, by assumption (w < Ju). Then
zZ- u< zaw.
(bz)wez)t(fjurz) =Wt fu),

by lemma (2.2(L,))
=21, by assumption W < Ju),

Thenw1z < Julz
(by) [(we )izt p)lt(wez)
=Wt p)ef(ze p)~(we2)], by (¥3)

=Wl m)(w ), by lemma (22(L,))
=121, by (%)

Then (W )t (z? ) <wiz.

(b)) [wr p)r(wez)]e(ze fu)
=Wl p[wez)=(ze )] by (3)

=wl p)r(wl ), by lemma (2.2(L,))
= :11 by (lpl)

Then(w?! )t (wiz)<z! hu

(be) By applying (¥,) , (x<y) and (¥,),
ziw=(z12)w, by (V)
= (2t ( fu= W) 2w, by ()
=z (( e [wew), by (¥,)
=z ( fu=we ), by (3)
=z (fu=d), by w< h)
=(z12) h, by (¥3)
=2z hl, by (¢2)

=3 by (ju<s2)
Hence,z:w=2andso w<z. n

Proposition 2.5. Let (X;—,},2) be 1 -algebra and (<)
be arelation onX , then (X,<)is apartially orderedset.

Proof:

Let (X; =,0,2) bea y-algebra and let w, T,z € X, since
X—x=21.

Suppose that w < fu and ju<w,then x—-y=21=y-—
x and x =y, by Proposition (2.3(a,)).

Suppose that w < hu and fu < z, then by Proposition
(2.6(bg)), x <z Thus (X, <) is a partiallly ordered set. &

3. On y-subalgebras of Y-algebras

We explain the idea of -subalgebra in -algebra in this
sectionand provide some instances and results.

Definition 3.1.

Let (X;=,2,2) be ay-algebra and S be a nonempty set of
X. S isknow a y-subalgebraof X if w— ju€

Sand wi ju € S,whenever w, ju € S.

Example 3.2. Let (Zg; —6.06,2) the following tables to
formaset.:
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Then (Z,;—4,04,2) isaip-algebra. It is easy to show that
L={32}=<2>ad[,=2Z,=<1> arey-
subalgebras of (Z,;—14,04,2) .

Proposition 3.3. Let I be a-subalgebra of iy-algebra
(X;=,¢,2) and J be a y-subalgebra of I. Then J isa -

subalgebra of X.

Proof:

Let w, u € X,suchthatw— juej andw? luej, we

seethat w— juel and w i € I, by assumption, I isa

-subalgebra of X, it followsthatw— juej Sl and w
hu € J < I. Therefore J is ay-subalgebra of X. o

Proposition 3.4. Let {I;:i € A}be a family of -
subalgebras of y-algebra (X; —,2,2), then N;c, [; isay-
subalgebra of X.

Proof:

Since {I;:i € A} be a family of y-subalgebras of X,
suppose W € Ny l; and w € Nyl then wel; ,w e
I;, foralli eA,but I; isa -subalgebra of X, Vi eA. Then
w— u€el; ,and wl ju€;Vi €A, therefore, w— ju€
Nical; and we hu € Ny l;. Hence Niey I;isa -
subalgebra of X . o

Remark 3.5.

The union of y-subalgebra of y-algebra (X; —,2,2), is
not a y-subalgebra as seen in the following example.

Example 3.6.

Let (Zg;—6.6,2) be a set with the following tables:

- |2|2|4|3|1|5 ¢ |24 |5(1]2]3
3l2|2(4(3|1]|5 2(32|2|1[|5[4]3
1/1(3|5|4[2]32 111(3[2|2|5]|4
2(214|32|5|3]|1 2(2(4(3[1]2|5
3[3|5|1|2[4]2 3[3(5(4|2|1]|3
41412(2|1(5]3 4142|5(3[2]1
5(5(1(3|2|2|4 5(5(1(2|4|3]|2

Then (Z4;—6.26,2) isaip-algebra. It is easy to show that
L ={33}=<3>and [, ={3,2,4} =<2 > are -

- [2(3]1]|23 v 1132|232
a(2(3(1]|3 1131122
113221 1/32]2[3]|1
3/1(2|13]|3 31212113
2121|132 2113|2322

subalgebras of (Zg;—4,6,2), but the union /U] =
{3,2,3} is nota y-subalgebra of X, since

(2-1)=3€(u]),but 2:1)=1¢ (1U])).
Proposition 3.7. assume{/;:i € A} the family of -

subalgebras on y-algebra (X; —,3, 2), where I; S 1
A. Then U, I; isa-subalgebra of X.

Vie

i-1

Proof:

Since {I;:i € A} be a family of y-subalgebras on X,
foranyw, hu € X, suppose w—z € Ujgpl;and fu—z €
Ugenl;, Vi eA. Itfollows that w—z € l;, ju—-z€ [;, for
somei eA. By assumption I; € I, . Hence =z € I,

hu—=z € I, , but I, is a-subalgebraof X, it follows that
w €I, therefore, w i fu€ Ufgs ;. Hence Ui, I; is
a -subalgebraof X. o

4, Homomorphism of y-algebras

We examine and discuss the characteristics of -algebra
homomorphism in this section.

Definition4.1. assume(X; —,3,2) & (Y;=',¢,2") be i -

algebras , the mapping f: (X; =,,2) = (Y;='2,2)is
called a homomorphism if it satisfies: Vw, jue X

L fwah)=fw)-'f( ),
2 fwr py=fw)r f(Ch),

We specify (ker f)(w) ={w € X:f(w) =2'}.

Theorem4.2. Let f: (X;—=,2,2) = (Y;=,0,2) bea
homomorphsm of -algebras, then:

(4) f@=2.
(A,) fisinjective & if ker f = {1}.

(43)

Proof:

If x<y >fX<f(y).
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4) fQ) =f@-2) =fQ)-'f(1=2-2=2" and

fAQ=fQ)=f@)f(@=2"1"2"=12", hence
Q) =12.

(A,) Suppose that f isinjective and x € ker f.
It follows that

p(w) =2".Since f(2) =2',s0f(w)=f().By
assumption, x = 2. Thus (kerf) = {1}.

Conversely, suppose that (kerf) = {1} . Let
w, hu € Xbe suchthat f(w) = f( hu). We get that
fwe )= fw) ¥ f(hw)=2"and f( huew) =
fChY f(w)y=2",thenw h, jutw € (kerf),
thismeans that w? hu=23 = hutw by Proposition
(2.5(a1)), thenx=y.

Hence f is injective.

(A3) Letx<y. It followsthat X !y=2. So, from(4,)
implies

fW)U'f( ) = f(w e Ju)=f(3) =2". Hence
W) =f(p.o

Theorem4.3. Let f: (X; —=,,2) = (Y;=0,2) be a
homomorphism of i-algebras, then

(Fy) IfSisay-subalgebra of X, then f (S)isa -
subalgebra of Y.

(F,) If K is ay-subalgebra of Y, thenf 1 (K) is a -

subalgebra of X .
Proof:

Sincef: (X; =,2,2) = (Y;=',0,2) is a homomorphism of
- algebras,

(Fy) LetS beay-subalgebraofX and a,b € S, since S is
a -subalgebrawe have a-b €S anda ! b € S.
Then there existX, y ef (S) suchthat w =

f(@) and tu= f(b).
Hencef(a—b) = f(@)='f(b) = w=' lu€ f(S) and
flatb) =f(@) ¥ f(b) =w ' ue f(S).
Thusf (S) is a y-subalgebra of X.
(F,) Let K be ay-subalgebra of Y and w, hu € f11(K).

Let f%(a) =w and f*(b) = f,forsomea,b €
K, thus

fw— hw) = fw)="f( [u) =a-"b €K, and

fwr W=fw)'f(lw=albeK,asKisay-
subalgebra. Thus w— fu€ f2(K)andw u e
fHHE).

Hence f(K) is a -subalgebra of X .
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