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1. INTRODUCTION  

We present the �̅� and 𝕔0̅̅ ̅ of statistically convergent and 

statistically null double sequences, respectively, by 

combining the spaces �̅�(𝕄,△𝔪
𝔫 )𝔽
2 , 𝕔0̅̅ ̅(𝕄,△𝔪

𝔫 )𝔽
2  and so 

introduce the strongly 𝓅-Cesaro summable double sequence 

space 𝕨(𝕄,△𝔪
𝔫 , 𝓅)𝔽

2 . The statistically convergent of 

sequences spaces was independently introduced by Quick 

[3], Buck [1], and Schoenberg [9]. From a sequence space 

perspective, Fridy and Orhan [5], Salat [8], Connor [2], 

Fridy [4], Maddox [6], Rath and Tripathy [7], Tripathy ([10], 

[11], [12]), Tripathy and Sen [13], and others studied it and 

linked it to summability. 

2. DEFINITIONS AND PRELIMINARIES  

It is satisfies the following condition : 

(a) ℳ(𝔄) = 0 ⟺𝔄 = 0 .  

(b) ℳ(𝔄1+𝔄2) ≼ ℳ(𝔄1)+ℳ(𝔄2) ,∀ 𝔄1 ≽ 0,𝔄2 ≽ 0 .  

(c) ℳ is increasing.  

(d) ℳ is continuous from the right at 0 implies that 

ℳ:[0,∞) → [0,∞) is a modulus function          

 

         A double modulus functions is a function ∶ [0,∞) ×

[0,∞) ⟶ [0, ∞)× [0,∞) ∋ 𝕄(𝔄 ,𝔖 ) = (𝕄1(𝔄),𝕄2(𝔖)) 

, where  𝕄1 ∶ [0, ∞)[0,∞) and 𝕄2 ∶ [0,∞)[0,∞). 

These functions are increasing, continuous from the right at 

0, that hold the following conditions : 

𝕚) 𝕄1(𝔄)= 0 ⟺𝔄 = 0 and 𝕄2(𝔖) = 0 ⟺𝔖 = 0 then     

    𝕄(𝔄 ,𝔖 ) = (𝕄1(𝔄),𝕄2(𝔖)) = (0,0)⟺ (𝔄 ,𝔖 ) =

(0,0)      

𝕚𝕚) 𝕄1(𝔄1 +𝔄2) ≼𝕄1(𝔄1)+𝕄1(𝔄2) and 𝕄2(𝔄1+

𝔄2) ≼ 𝕄2(𝔄1)+𝕄2(𝔄2) then 

𝕄(𝔄1 +𝔄2) = (𝕄1(𝔄1+𝔄2),𝕄2(𝔄1+𝔄2)) ≼

(𝕄1(𝔄1)+𝕄1(𝔄2),𝕄2(𝔄1)+𝕄2(𝔄2)) =

(𝕄1(𝔄1),𝕄2(𝔄1))+ (𝕄1(𝔄2),𝕄2(𝔄2)) = 𝕄(𝔄1)+

𝕄(𝔄2)⟹𝕄(𝔄1 +𝔄2) ≼ 𝕄(𝔄1)+𝕄(𝔄2)   

 

          It is satisfies the following conditions : 

1. 𝔽 is a convex if for each 𝔽(𝕣2) ≽ 𝔽(𝕣1) ∧ 𝔽(𝕣3) =

min{ 𝔽(𝕣1),𝔽(𝕣3)} , ∀𝕣1 ≺ 𝕣2 ≺ 𝕣3 ,∀ 𝕣1 ,𝕣2 , 𝕣3 ∈ ℝ .   

2. 𝔽 is normal if there is a  𝕣0 ∈ ℝ and 𝔽( 𝕣0) = 1.        

3. 𝔽 is upper-semi-continuous ∀ 𝕒 ∈ 𝕀 , ∀ ε ≻ 0 and 

𝔽−1 ([0 , 𝕒+ ε)) is open in the usual topology of ℝ 

4. 𝔽 is a non-negative fuzzy number ∀ 𝕣 ≺ 0 implies 𝔽(𝕣) =

0 leads to 𝔽 ∶ ℝ → [0,1] is a fuzzy real number . 

 

 The set of all non-negative fuzzy numbers of  ℝ(𝕀) 

denoted by ℝ∗(𝕀) . Let ℝ(𝕀) denote the set of all fuzzy 

numbers which are upper-semi continuous , normal .  
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          ∀ ≻ 0, the set 𝒮({𝔲, 𝔱 ∈ ℕ: |𝔚𝔲𝔱−𝕃| ≽ }) = 0 

tends to 𝔚 = (𝔚𝔲𝔱) is statistically convergent to 𝕃. It is 

written as 𝔚𝔲𝔱

stat
→  𝕃 or stat

𝔲,𝔱→∞
lim𝔚𝔲𝔱 = 𝕃 .    

 

           Assume that  𝕩 ∈ 𝕎2 = {𝔚𝔲𝔱 = ((𝔚1)𝔲𝔱,(𝔚2)𝔲𝔱) ∶

𝔚𝔲𝔱 ∈ ℝ} and Let 𝓅 be a real positive number . If there is a 

real number 𝕃∋ lim
𝔫

1

𝔫
∑ ∑ |𝔚𝔲𝔱 −𝕃|

𝓅 = 0𝔫
𝔱=1

𝔫
𝔲=1 , 𝕩 is said to 

be a strongly 𝓅-Cesaro Summable sequence. In this case, we 

say that 𝕩 is strongly 𝔭- Cesaro Summable to 𝕃 .   

 

            In this study , we offer and define these spaces as 

follows :  

�̅�(𝕄,△𝔪
𝔫 )𝔽
2 = {((𝔚1)𝔲𝔱 ,(𝔚2)𝔲𝔱) ∈ 𝕎𝔽 

2 ∶ stat −

lim[𝕄1 (
𝑑(△𝔟

𝔞(𝔚1)𝔲𝔱 , 𝕃1

𝜌
) ⋎ 𝕄2 (

𝑑(△𝔟
𝔞(𝔚2)𝔲𝔱 , 𝕃2

𝜌
)] =

0, for some 𝜌 ≻ 0,𝕃 ∈ ℝ2(𝕀)} , where (𝔚𝔲𝔱)=

((𝔚1)𝔲𝔱 ,(𝔚2)𝔲𝔱) , 𝕃 = (𝕃1 ,𝕃2). 

 

𝕔0̅̅ ̅(𝕄,△𝔪
𝔫 )𝔽
2 = {((𝔚1)𝔲𝔱, (𝔚2)𝔲𝔱) ∈ 𝕎𝔽 

2 ∶ stat −

lim[𝕄1 (
𝑑(△𝔟

𝔞(𝔚1)𝔲𝔱 ,0̅

𝜌
) ⋎𝕄2 (

𝑑(△𝔟
𝔞(𝔚2)𝔲𝔱 ,0̅

𝜌
)] =

0, for some 𝜌 ≻ 0} . 

 

𝕨(𝕄,△𝔪
𝔫 , 𝓅)𝔽

2 = {((𝔚1)𝔲𝔱 ,(𝔚2)𝔲𝔱) ∈ 𝕎𝔽 
2 ∶

lim
𝔫→∞

1

𝔫
∑ ∑ [𝕄1 (

𝑑(△𝔟
𝔞(𝔚1)𝔲𝔱  , 𝕃1

𝜌
) ⋎𝔫

𝔟=1
𝔫
𝔞=1

𝕄2 (
𝑑(△𝔟

𝔞(𝔚2)𝔲𝔱 , 𝕃2

𝜌
)]
𝓅

= 0, for some 𝜌 ≻ 0, 𝕃 ∈ ℝ2(𝕀)} . 

 

          We also define 

                    (𝕞)𝔽
2 (𝕄) = �̅�(𝕄,△𝔪

𝔫 )𝔽
2  ⋂ ℓ∞ (𝕄,△𝔪

𝔫 )𝔽
2 . 

       (𝕞0)𝔽
2 (𝕄) = 𝕔0̅̅ ̅(𝕄,△𝔪

𝔫 )𝔽
2 ⋂ ℓ∞ (𝕄,△𝔪

𝔫 )𝔽
2 . 

3. MAIN RESULTS  

Theorem 3.1: 

         (𝕞)𝔽
2 (𝕄) and (𝕞0)𝔽

2 (𝕄) are complete metric space 

by the metric   

𝕘(𝔚,𝔙) =

∑ ∑ �̅�𝔫𝔪
𝕛=1

𝔫𝔪
𝕚=1 (((𝔚1)𝕚𝕛,(𝔙1)𝕚𝕛), ((𝔚2)𝕚𝕛,(𝔙2)𝕚𝕛))+

inf {(ρ, ρ) ≻ (0,0) ∶ sup
𝔯𝔰
(𝕄1(

�̅�(△𝔪
𝔫 (𝔚1)𝔯𝔰 , △𝔪

𝔫 (𝔙1)𝔯𝔰)

ρ
) ⋎

𝕄2 (
�̅�(△𝔪

𝔫 (𝔚2)𝔯𝔰 , △𝔪
𝔫 (𝔙2)𝔯𝔰)

ρ
)) ≼ (1,1)} . 

Proof:  

           Assume  𝔚(ℓ𝓀) = (𝔚𝔯𝔰
(ℓ𝓀))

𝔯,𝔰=1

∞
 be a Cauchy double 

sequence in (𝕞)𝔽
2 (𝕄) . 

∀ ε ≻ 0 . Choose 𝓇 ≻ 0 ∋ (𝕄1 (
𝓇𝓍0

2
) ⋎ 𝕄2 (

𝓇𝓍0

2
)) ≽

(1,1), ∀ ℓ,𝓀,𝓊,𝓋 ≽ 𝔫0 ,∃ a positive integer 𝔫0 = 𝔫0(ε) ∋

𝒢 (((𝔚1)
(ℓ𝓀),(𝔚1)

(𝓊𝓋)), ((𝔚2)
(ℓ𝓀) ,(𝔚2)

(𝓊𝓋))) ≺

(
ε

𝓇𝔵0
,
ε

𝓇𝔵0
) .  

As, 

∑ ∑ �̅�𝔫𝔪
𝕛=1

𝔫𝔪
𝕚=1 (((𝔚1)𝕚𝕛

(ℓ𝓀) ,(𝔚1)𝕚𝕛
(𝓊𝓋)) ,((𝔚2)𝕚𝕛

(ℓ𝓀),(𝔚2)𝕚𝕛
(𝓊𝓋)))+

inf [(ρ,ρ) ≻ (0,0) ∶ sup𝔯𝔰 {𝕄1 (
�̅�(Δ𝔪

𝔫 (𝔚1)𝔯𝔰
(ℓ𝓀)

, Δ𝔪
𝔫 (𝔚1)𝔞𝔟

(𝓊𝓋)
)

ρ
)⋎

𝕄2 (
�̅�(Δ𝔪

𝔫 (𝔚2)𝔯𝔰
(ℓ𝓀), Δ𝔪

𝔫 (𝔚2)𝔯𝔰
(𝓊𝓋))

ρ
)} ≼ (1,1)] ≺

(ε, ε),∀ ℓ,𝓀,𝓊,𝓋 ≽ 𝔫0.                                                                                           

(3-1) 

This leads that,  

∑ ∑ �̅�𝔫𝔪
𝕛=1

𝔫𝔪
𝕚=1 (((𝔚1)𝕚𝕛

(ℓ𝓀) ,(𝔚1)𝕚𝕛
(𝓊𝓋)) ,((𝔚2)𝕚𝕛

(ℓ𝓀),(𝔚2)𝕚𝕛
(𝓊𝓋)))≺

(ε, ε),∀ ℓ,𝓀,𝓊,𝓋 ≽ 𝔫0.    

⟹ �̅�(((𝔚1)𝕚𝕛
(ℓ𝓀) ,(𝔚1)𝕚𝕛

(𝓊𝓋)) ,((𝔚2)𝕚𝕛
(ℓ𝓀), (𝔛2)𝕚𝕛

(𝓊𝓋))) ≺

(ε, ε),∀ ℓ,𝓀,𝓊,𝓋 ≽ 𝔫0 ,∀ 𝕚,𝕛 = 1,2,3,… . , 𝔫𝔪.  

           Therefore ((𝔚1)𝕚𝕛
(ℓ𝓀)),((𝔚2)𝕚𝕛

(ℓ𝓀)) are Cauchy double 

sequences in ℝ𝓃(𝕀) by the completeness property of ℝ𝓃(𝕀), 

so is convergent in ℝ𝓃(𝕀) , ∀ 𝕚,𝕛 = 1,2,3, … . , 𝔫𝔪. 

        Let lim
ℓ,𝓀→∞

(𝔚1)𝕚𝕛
(ℓ𝓀) = (𝔚1)𝕚𝕛  and lim

ℓ,𝓀→∞
(𝔚2)𝕚𝕛

(ℓ𝓀) =

(𝔚2)𝕚𝕛  ∀ 𝕚, 𝕛 = 1,2,3,… . , 𝔫𝔪.                                                                                                             

(3-2) 
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       Moreover, sup𝔯𝔰 {𝕄1 (
�̅�(Δ𝔪

𝔫 (𝔚1)𝔯𝔰
(ℓ𝓀)

, Δ𝔪
𝔫 (𝔚1)𝔯𝔰

(𝓊𝓋)
)

ρ
) ⋎

𝕄2 (
�̅�(Δ𝔪

𝔫 (𝔚2)𝔯𝔰
(ℓ𝓀)

, Δ𝔪
𝔫 (𝔚2)𝔯𝔰

(𝓊𝓋)
)

ρ
)} ≼ (1,1), ∀ ℓ,𝓀,𝓊,𝓋 ≽ 𝔫0                                                                                              

(3-3) 

⟹{𝕄1 (
�̅�(Δ𝔪

𝔫 (𝔚1)𝔯𝔰
(ℓ𝓀), Δ𝔪

𝔫 (𝔚1)𝔯𝔰
(𝓊𝓋))

𝒢(𝔚
(ℓ𝓀),𝔚

(𝓊𝓋))
)⋎

𝕄2 (
�̅�(Δ𝔪

𝔫 (𝔚2)𝔯𝔰
(ℓ𝓀), Δ𝔪

𝔫 (𝔚2)𝔯𝔰
(𝓊𝓋) )

𝒢(𝔚(ℓ𝓀),𝔚(𝓊𝓋))
)} ≼ (1,1) ≼ (𝕄1 (

𝓇𝔵0

2
) ⋎

𝕄2 (
𝓇𝔵0

2
)) , ∀ ℓ,𝓀, 𝓊,𝓋 ≽ 𝔫0. 

 By the continuity of 𝕄 , we get 

�̅� ((Δ𝔪
𝔫 (𝔚1)𝔯𝔰

(ℓ𝓀)
,  Δ𝔪
𝔫 (𝔚1)𝔯𝔰

(𝓊𝓋)
) ,(Δ𝔪

𝔫 (𝔚2)𝔯𝔰
(ℓ𝓀)
,  Δ𝔪
𝔫 (𝔚2)𝔯𝔰

(𝓊𝓋)
)) ≼

(
𝓇𝔵0

2
,
𝓇𝔵0

2
) . 𝒢 (((𝔚1)

(ℓ𝓀), (𝔚1)
(𝓊𝓋)), ((𝔚2)

(ℓ𝓀), (𝔚2)
(𝓊𝓋))), ∀ ℓ,𝓀,𝓊,𝓋 ≽

𝔫0. 

Then  

�̅� ((Δ𝔪
𝔫 (𝔚1)𝔯𝔰

(ℓ𝓀),  Δ𝔪
𝔫 (𝔚1)𝔯𝔰

(𝓊𝓋)) ,(Δ𝔪
𝔫 (𝔚2)𝔯𝔰

(ℓ𝓀),  Δ𝔪
𝔫 (𝔚2)𝔯𝔰

(𝓊𝓋))) ≼

(
𝓇𝔵0

2
,
𝓇𝔵0

2
) . (

ε

𝓇𝔵0
,
ε

𝓇𝔵0
) = (

ε

2
,
ε

2
) , ∀ ℓ,𝓀,𝓊,𝓋 ≽ 𝔫0 .  

Then  

�̅� ((Δ𝔪
𝔫 (𝔚1)𝔯𝔰

(ℓ𝓀),  Δ𝔪
𝔫 (𝔚1)𝔯𝔰

(𝓊𝓋)) ,(Δ𝔪
𝔫 (𝔚2)𝔯𝔰

(ℓ𝓀),  Δ𝔪
𝔫 (𝔚2)𝔯𝔰

(𝓊𝓋))) ≼

(
ε

2
,
ε

2
) , ∀ ℓ,𝓀,𝓊,𝓋 ≽ 𝔫0 .  

         Therefore (Δ𝔪
𝔫 (𝔚1)𝔯𝔰

(ℓ𝓀)) ,(Δ𝔪
𝔫 (𝔚2)𝔯𝔰

(ℓ𝓀)) are Cauchy 

double sequence in ℝ𝓃(𝕀), so is convergent in ℝ𝓃(𝕀) by the 

completeness property of ℝ𝓃(𝕀).  

          Assume lim
ℓ𝓀
Δ𝔪
𝔫 (𝔚1)𝔯𝔰

(ℓ𝓀) = (𝔙1)𝔯𝔰 and 

lim
ℓ𝓀
Δ𝔪
𝔫 (𝔚2)𝔯𝔰

(ℓ𝓀) = (𝔙2)𝔯𝔰 in ℝ𝓃(𝕀), ∀ 𝔞 ,𝔟 ∈ ℕ. 

          We must prove that, 

lim
ℓ𝓀
(𝔚1)

(ℓ𝓀) = 𝔚1  and lim
ℓ𝓀
(𝔚2)

(ℓ𝓀) = 𝔚2 ,∀ 𝔚1 ,𝔚2 ∈

(𝕞)𝔽
2 (𝕄) .  

△𝔪
𝔫 (𝔚1)𝔯𝔰 =

∑ (−1) (
𝔫
𝔦
)𝔫

𝔦=0 (𝔚1)(𝔫+𝔦𝔪)(𝔰+𝔦𝔪) and△𝔪
𝔫 (𝔚2)𝔯𝔰 =

∑ (−1) (
𝔫
𝔦
)𝔫

𝔦=0 (𝔚2)(𝔫+𝔦𝔪)(𝔰+𝔦𝔪)                                                                                   

(**) 

And  

∑ ∑ 𝕕∞
𝔫𝔪
𝕛=1

𝔫𝔪
𝕚=1 (((𝔚1)𝕚𝕛

(ℓ𝓀),(𝔚1)𝕚𝕛
(𝓊𝓋)) ,((𝔚2)𝕚𝕛

(ℓ𝓀) ,(𝔚2)𝕚𝕛
(𝓊𝓋)))+

inf [(ρ,ρ) ≻ (0,0) ∶ sup𝔯𝔰 {𝕄1 (
�̅�(Δ𝔪

𝔫 (𝔚1)𝔯𝔰
(ℓ𝓀), Δ𝔪

𝔫 (𝔚1)𝔯𝔰
(𝓊𝓋))

ρ
)⋎

𝕄2 (
�̅�(Δ𝔪

𝔫 (𝔚2)𝔯𝔰
(ℓ𝓀)

, Δ𝔪
𝔫 (𝔚2)𝔯𝔰

(𝓊𝓋)
)

ρ
)} ≼ (1,1)] ≺

(ε, ε) , ∀ ℓ,𝓀,𝓊,𝓋 ≽ 𝔫0 .                                                                                   

(3-1) 

For 𝔯, 𝔰 = 1, from (**) and (3-1), we get,   

      lim
ℓ,𝓀→∞

(𝔚1)𝔫𝔪+1
(ℓ𝓀) = (𝔚1)𝔫𝔪+1 and lim

ℓ,𝓀→∞
(𝔚2)𝔫𝔪+1

(ℓ𝓀) =

(𝔚2)𝔫𝔪+1 ,∀ 𝔫 ≽ 1,𝔪 ≽ 1.      

Proceeding in this way of induction, we arrive that,         

        lim
ℓ,𝓀→∞

(𝔚1)𝔯𝔰
(ℓ𝓀) =(𝔚1)𝔯𝔰 and 

lim
ℓ,𝓀→∞

(𝔚2)𝔯𝔰
(ℓ𝓀) =(𝔚2)𝔯𝔰 ,∀ 𝔯, 𝔰 ∈ ℕ  

Moreover, 

 lim
ℓ,𝓀→∞

Δ𝔪
𝔫 (𝔚1)𝔯𝔰

(ℓ𝓀) =Δ𝔪
𝔫 (𝔚1)𝔯𝔰 and 

lim
ℓ,𝓀→∞

Δ𝔪
𝔫 (𝔚1)𝔯𝔰

(ℓ𝓀) =Δ𝔪
𝔫 (𝔚1)𝔯𝔰 , ∀ 𝔯,𝔰 ∈ ℕ.  By the 

continuity of 𝕄 and taking 𝓊,𝓋 → ∞ and fixing (ℓ𝓀) , it 

follows that (3-3) 

sup𝔯𝔰 {𝕄1 (
�̅�(Δ𝔪

𝔫 (𝔚1)𝔯𝔰
(ℓ𝓀) , Δ𝔪

𝔫 (𝔚1)𝔯𝔰)

ρ
) ⋎

𝕄2 (
�̅�(Δ𝔪

𝔫 (𝔚2)𝔯𝔰
(ℓ𝓀), Δ𝔪

𝔫 (𝔚2)𝔯𝔰)

ρ
)} ≼ (1,1), for some ρ ≻ 0 .  

Now, on taking the infimum number 𝓅 ,s ,we obtain,         

inf {(ρ, ρ) ≻ (0,0) ∶ sup𝔯𝔰 {𝕄1(
�̅�(Δ𝔪

𝔫 (𝔚1)𝔯𝔰
(ℓ𝓀), Δ𝔪

𝔫 (𝔚1)𝔯𝔰)

ρ
)⋎

𝕄2 (
�̅�(Δ𝔪

𝔫 (𝔚2)𝔯𝔰
(ℓ𝓀)

, Δ𝔪
𝔫 (𝔚2)𝔯𝔰)

ρ
)} ≼ (1,1)} ≺ (ε,ε) , ∀ ℓ,𝓀 ≽

𝔫0                                                                                                          

(by (3-1)) 

consequently, 

 ∑ ∑ 𝕕∞
𝔫𝔪
𝕛=1

𝔫𝔪
𝕚=1 (((𝔚1)𝕚𝕛

(ℓ𝓀)
, (𝔚1)𝕚𝕛) , ((𝔚1)𝕚𝕛

(ℓ𝓀)
,(𝔚1)𝕚𝕛)) +

𝑖nf {(ρ, ρ) ≻ (0,0) ∶ sup𝔯𝔰 {𝕄1 (
�̅�(Δ𝔪

𝔫 (𝔚1)𝔯𝔰
(ℓ𝓀) , Δ𝔪

𝔫 (𝔚1)𝔯𝔰)

ρ
) ⋎

𝕄2 (
�̅�(Δ𝔪

𝔫 (𝔚2)𝔯𝔰
(ℓ𝓀), Δ𝔪

𝔫 (𝔚2)𝔯𝔰)

ρ
)} ≼ (1,1)} ≺ (ε,ε) + (ε, ε) =

(2ε, 2ε) ,∀ ℓ,𝓀 ≽ 𝔫0     
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Which indicates that, 

         𝒢(((𝔚1)
(ℓ𝓀),(𝔚1)), ((𝔚2)

(ℓ𝓀),(𝔚2))) ≺

(2ε, 2ε),∀ ℓ,𝓀 ≽ 𝔫0. 

i.e.  lim
ℓ𝓀
(𝔚1)

(ℓ𝓀) = (𝔚1) and lim
ℓ𝓀
(𝔚2)

(ℓ𝓀) =(𝔚2). 

Now it's to show that (𝔚1),(𝔚2) ∈ (𝕞)𝔽
2 (𝕄).  

        Suppose (𝔚1)
(ℓ𝓀),(𝔚2)

(ℓ𝓀) ∈ (𝕞)𝔽
2 (𝕄) . Then, 

∀ ℓ,𝓀 , ∃ 𝕃ℓ𝓀 = ((𝕃1)ℓ𝓀  , (𝕃2)ℓ𝓀) ∋

stat
𝔯𝔰→∞

−lim(𝕄1 (
𝕕(△𝔪

𝔫 (𝔚1)𝔯𝔰
(ℓ𝓀), (𝕃1)ℓ𝓀 )

𝜌
)⋎

𝕄1 (
�̅�(△𝔪

𝔫 (𝔚2)𝔯𝔰
(ℓ𝓀) , (𝕃2)ℓ𝓀  )

𝜌
))= (0,0) , for some ρ ≻ 0 , 𝕃ℓ𝓀 ∈

ℝ2(𝕀) , ∀ ℓ,𝓀 ∈ ℕ . 

We have to show that,  

          i) (𝕃ℓ𝓀) converges to 𝕃 = (𝕃1 ,𝕃2) ,∀ℓ,𝓀 → ∞.   

          ii) stat − lim
𝔯𝔰→∞

(𝕄1 (
�̅�(△𝔪

𝔫 (𝔚1)𝔯𝔰  ,𝕃1  )

𝜌
)⋎

𝕄1 (
�̅�(△𝔪

𝔫 (𝔚2)𝔯𝔰  ,𝕃2  )

𝜌
)) = (0,0) , for some ρ ≻ 0 , 𝕃 =

(𝕃1 ,𝕃2) ∈ ℝ
2(𝕀).  

            Since ((𝔚1)
(ℓ𝓀)),((𝔚2)

(ℓ𝓀)) are convergent double 

sequence of elements from (𝕞)𝔽
2 (𝕄) .  

            So for given  ≻ 0,∃ 𝔫0 ∈ ℕ ∋  

ℊ (((𝔚1)
(ℓ𝓀) ,(𝔚1)

(𝓊𝓋)),((𝔚1)
(ℓ𝓀) , (𝔚1)

(𝓊𝓋))) ≺ (


3
,


3
 ) 

.  

Again, for given  ≻ 0, we have,  

𝒮(𝔸ℓ𝓀) = 𝒮 ({𝔯, 𝔰 ∈ ℕ ∶

ℊ (((𝔚1)
(ℓ𝓀), (𝕃1)ℓ𝓀), ((𝔚2)

(ℓ𝓀),(𝕃2)ℓ𝓀)) ≺ (


3
,


3
)}) =

(1,1). 

And 

𝒮(𝔸𝓊𝓋) = 𝒮 ({𝔯, 𝔰 ∈ ℕ ∶

ℊ (((𝔚1)
(𝓊𝓋),(𝕃1)𝓊𝓋),((𝔚2)

(𝓊𝓋),(𝕃2)𝓊𝓋)) ≺ (


3
,


3
)}) =

(1,1)  

         Let 𝔸 = 𝔸ℓ𝓀 ∩𝔸𝓊𝓋, then 𝒮(𝔸) = 1.We choose 𝔯, 𝔰 ∈

𝔸 . Then , ∀ ℓ,𝓀 ,𝓊,𝓋 ≽ 𝔫0, we have, 

ℊ(((𝕃1)ℓ𝓀  ,(𝕃1)𝓊𝓋),((𝕃2)ℓ𝓀 ,(𝕃2)𝓊𝓋)) ≼

ℊ (((𝕃1)ℓ𝓀  , (𝔚1)
(ℓ𝓀)),((𝕃2)ℓ𝓀 ,(𝔚2)

(ℓ𝓀)))+

ℊ (((𝔚1)
(ℓ𝓀), (𝔚1)

(𝓊𝓋)), ((𝔚2)
(ℓ𝓀) ,(𝔚2)

(𝓊𝓋)))+

ℊ (((𝔚1)
(𝓊𝓋),(𝕃1)𝓊𝓋),((𝔚1)

(𝓊𝓋),(𝕃1)𝓊𝓋))≺ (


3
,


3
) +

(


3
,


3
) + (



3
,


3
) = (

3

3
,
3

3
) = (,) .  

Since the double sequence ((𝕃1)ℓ𝓀) ,((𝕃2)ℓ𝓀) are Cauchy 

convergence condition, it must be convergent to a fuzzy 

numbers 𝕃1 ,𝕃2.  

Consequently, 

 lim
ℓ,𝓀→∞

(𝕃1)ℓ𝓀 =𝕃1 and lim
ℓ,𝓀→∞

(𝕃1)ℓ𝓀 =𝕃1 . Let 𝔷 ≻ 0.  

Its prove that,  

    𝒮(𝔽) = 𝒮({𝔯,𝔰 ∈ ℕ ∶

ℊ(((𝔚1)𝔯𝔰 ,(𝕃1)ℓ𝓀), ((𝔚2)𝔯𝔰 ,(𝕃2)ℓ𝓀)) ≺ (𝔷, 𝔷)}) = (1,1). 

Since  (𝔚1)
(𝔞𝔟)→ 𝔚1 and (𝔚2)

(𝔞𝔟)→ 𝔚2 , there is 𝔲, 𝔱 ∈

 ℕ ∋   

 ℊ (((𝔚1)
(𝔲𝔱),𝔚1),((𝔚2)

(𝔲𝔱),𝔚2))≺ (
𝔷

3
,
𝔷

3
) .  

The numbers 𝔲, 𝔱 can be chosen in such a way that together 

with  ℊ (((𝔚1)
(𝔲𝔱),𝔚1),((𝔚2)

(𝔲𝔱),𝔚2)) ≺ (
𝔷

3
,
𝔷

3
), we have 

ℊ(((𝕃1)𝔲𝔱 ,𝕃1),((𝕃1)𝔲𝔱 ,𝕃1)) ≺ (
𝔷

3
,
𝔷

3
) .  

Since 

          
         

stat − lim
𝔯𝔰→∞

(𝕄1 (
�̅�(△𝔪

𝔫 (𝔚1)𝔯𝔰
(𝔲𝔱) , (𝕃1)𝔲𝔱  )

𝜌
)⋎

𝕄1 (
�̅�(△𝔪

𝔫 (𝔚2)𝔯𝔰
(𝔲𝔱)
, (𝕃2)𝔲𝔱  )

𝜌
))= (0,0) , we have a subset 𝔹 of ℕ 

such that 𝒮(𝔹) = 1,where 𝔹 = {𝔯, 𝔰 ∈ ℕ ∶

ℊ (((𝔚1)
(𝔲𝔱),(𝕃1)𝔲𝔱),((𝔚2)

(𝔲𝔱), (𝕃2)𝔲𝔱)) ≺ (
𝔷

3
,
𝔷

3
)}.  

Therefore, 

 ∀ 𝔯, 𝔰 ∈ 𝔹 , we have ℊ((𝔚1 ,𝕃1),(𝔚2,𝕃2)) ≼

ℊ ((𝔚1 , (𝔚1)
(𝔲𝔱)), (𝔚2 , (𝔚2)

(𝔲𝔱)))+

ℊ (((𝔚1)
(𝔲𝔱),(𝕃1)𝔲𝔱),((𝔚1)

(𝔲𝔱),(𝕃1)𝔲𝔱))+

ℊ(((𝕃1)𝔲𝔱 ,𝕃1),((𝕃1)𝔲𝔱 ,𝕃1)) ≺ (
𝔷

3
,
𝔷

3
)+ (

𝔷

3
,
𝔷

3
)+ (

𝔷

3
,
𝔷

3
) =

(𝔷, 𝔷, 𝔷) .  
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Thus , 

       (𝕞)𝔽
2 (𝕄) is complete metric space .  

Other case is similar . 

 

Theorem 3.2 :  

        Let 𝕄,𝕄1 ,and 𝕄2 be three double modulus functions 

which satisfy △2- condition then : 

i) (𝕞)𝔽
2 (𝕄1)⊆ (𝕞)𝔽

2 (𝕄∘ 𝕄1),  

ii) (𝕞)𝔽
2 (𝕄1) ∩ (𝕞)𝔽

2 (𝕄2) ⊆ (𝕞)𝔽
2 (𝕄1+𝕄2), where 

𝕄 = (𝕄3 ,𝕄4),𝕄1 = (𝕄5 ,𝕄6),𝕄2 = (𝕄7 ,𝕄8) 

Proof:         

 𝕚) Let  (𝔚𝔯𝔰) = ((𝔚1)𝔯𝔰,(𝔚2)𝔯𝔰) ∈ (𝕞)𝔽
2 (𝕄1). For  ≻

0,∃ 𝔶 ≻ 0 ∋ (,) = 𝕄3(𝔶) ⋎𝕄4(𝔶) . Then there's a set 

𝔸 ⊆ ℕ, with 

𝒮(𝔸) = 1 ∋ (𝕄5 (
�̅�(△3

2(𝔚1)𝔯𝔰,𝕃1)

𝜌
) ⋎ 𝕄6 (

�̅�(△3
2(𝔚2)𝔯𝔰,𝕃2)

𝜌
)) ≺

(𝔶, 𝔶) ,∀ 𝔯,𝔰 ∈ 𝔸 , for some ρ ≻ 0,∀ 𝕃 = (𝕃1 ,𝕃2) ∈ ℝ
2(𝕀). 

          Assume 𝔙𝔯𝔰 = (𝕄5 (
�̅�(△3

2(𝔚1)𝔯𝔰,𝕃1)

𝜌
) ⋎

𝕄6 (
𝕕(△3

2(𝔚2)𝔯𝔰,𝕃2)

𝜌
)) ,for some 𝜌 ≻ 0. Since 𝕄 = (𝕄3 ,𝕄4) 

is increasing and continuous, we get  

(𝕄3 ,𝕄4)(𝔙𝔯𝔰)= (𝕄3,𝕄4)(𝕄5 (
�̅�(△3

2(𝔚1)𝔯𝔰,𝕃1)

𝜌
) ⋎

𝕄6 (
𝕕(△3

2(𝔚2)𝔯𝔰,𝕃2)

𝜌
)) ≺ (𝕄3 (𝕄5 (

�̅�(△3
2(𝔚1)𝔯𝔰,𝕃1)

𝜌
)) ⋎

𝕄4 (𝕄6 (
�̅�(△3

2(𝔚1)𝔯𝔰,𝕃1)

𝜌
))) ≺ (𝕄3(𝔶) ⋎𝕄4(𝔶)) = (,) , 

for some 𝜌 ≻ 0.  

Which implies that, 

  (𝔚𝔯𝔰)=  ((𝔚1)𝔯𝔰,(𝔚2)𝔯𝔰) ∈ (𝕞)𝔽
2 (𝕄∘𝕄1). 

𝕚𝕚) Suppose (𝔚𝔯𝔰) = ((𝔚1)𝔯𝔰, (𝔚2)𝔯𝔰) ∈ (𝕞)𝔽
2 (𝕄1) ∩

(𝕞)𝔽
2 (𝕄2).  

Then there is a set 𝔸 ⊆ ℕ, with 𝒮(𝔸) = 1 ∋  

          (𝕄5 (
�̅�(△3

2(𝔚1)𝔯𝔰,𝕃1)

𝜌
) ⋎𝕄6 (

�̅�(△3
2(𝔚2)𝔯𝔰,𝕃2)

𝜌
)) ≺

(,), ∀ 𝔯,𝔰 ∈ 𝔸 and for some 𝜌 ≻ 0. 

 And 

         (𝕄7(
�̅�(△3

2(𝔚1)𝔯𝔰,𝕃1)

𝜌
)⋎ 𝕄8 (

�̅�(△3
2(𝔚2)𝔯𝔰,𝕃2)

𝜌
)) ≺

(,), ∀ 𝔯,𝔰 ∈ 𝔸 and for some 𝜌 ≻ 0. 

The remainder of the proof is come of the equality, 

((𝕄5 ,𝕄6) + (𝕄7 ,𝕄8))((
�̅�(△3

2(𝔚1)𝔯𝔰,𝕃1)

𝜌
) ⋎

(
�̅�(△3

2(𝔚2)𝔯𝔰,𝕃2)

𝜌
)) = ((𝕄5 (

�̅�(△3
2(𝔚1)𝔯𝔰,𝕃1)

𝜌
) ⋎

 𝕄6 (
�̅�(△3

2(𝔚2)𝔯𝔰,𝕃2)

𝜌
)) + (𝕄7 (

�̅�(△3
2(𝔚1)𝔯𝔰,𝕃1)

𝜌
) ⋎

𝕄8 (
�̅�(△3

2(𝔚2)𝔯𝔰,𝕃2)

𝜌
))) ≺ (,) + (, ) = (2,2) , for some 

≻ 0 .   

This leads that, 

(𝔚𝔯𝔰) = ((𝔚1)𝔯𝔰,(𝔚2)𝔯𝔰) ∈ (𝕞)𝔽
2 (𝕄1+ 𝕄2). 

 

Theorem 3.3 :  

𝕚)𝕨(𝕄,△𝔪
𝔫 , 𝓅)𝔽

2 ⊆ �̅�(𝕄,△𝔪
𝔫 )𝔽
2 ,  

𝕚𝕚) For = (𝔚𝔯𝔰) ∈ �̅�(𝕄,△𝔪
𝔫 )𝔽
2 , (𝔚𝔯𝔰) is strongly 𝓅-Cesaro 

summable to 𝔚00 , if it is bounded . 

Proof : 

𝕚) Let (𝔚𝔯𝔰)= ((𝔚1)𝔯𝔰 ,(𝔚2)𝔯𝔰) ∈ 𝕨(𝕄,△𝔪
𝔫 , 𝓅)𝔽

2 . ∀ ε ≻ 0 

and 𝓅 ∈ ℝ ,0 ≺ 𝓅 ≺ ∞ and using the continuity of 𝕄 , we 

get  

∑ ∑ [𝕄1 (
𝒹̅(△𝔪

𝔫 (𝔚1)𝔯𝔰 ,(𝔚1)00)

𝜌
)⋎𝔫

𝔰=1
𝔫
𝔯=1

𝕄2 (
𝒹̅(△𝔪

𝔫 (𝔚2)𝔯𝔰 ,(𝔚2)00)

𝜌
)]
𝓅

≽ (ε𝓅 , ε𝓅) ⋅ |{𝔯, 𝔰 ≼ 𝔫 ∶

[𝕄1 (
𝒹̅(△𝔪

𝔫 (𝔚1)𝔯𝔰 ,(𝔚1)00)

𝜌
) ⋎𝕄2 (

𝒹̅(△𝔪
𝔫 (𝔚2)𝔯𝔰 ,(𝔚2)00)

𝜌
)] ≽

(ε, ε)}| , for some 𝜌 ≻ 0 .   

Therefore (𝔚𝔯𝔰)= ((𝔚1)𝔯𝔰 ,(𝔚2)𝔯𝔰) is statistically 

convergent to (𝔚00)= ((𝔚1)00 ,(𝔚2)00). Consequently 

(𝔚𝔯𝔰) = ((𝔚1)𝔯𝔰 ,(𝔚2)𝔯𝔰) ∈ �̅�(𝕄,△𝔪
𝔫 )𝔽
2  . 

Thus , 

           𝕨(𝕄,△𝔪
𝔫 , 𝓅)𝔽

2 ⊆ �̅�(𝕄,△𝔪
𝔫 )𝔽
2 . 

𝕚𝕚) ∀ ε ≻ 0 and suppose 𝕂 =

�̅� (((𝔚1)𝔯𝔰 , 0̅), ((𝔚2)𝔯𝔰 , 0̅)) + 

�̅� (((𝔚1)00 , 0̅), ((𝔚2)00 , 0̅)) . Since 𝔚 = (𝔚𝔯𝔰)=
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((𝔚1)𝔯𝔰 ,(𝔚2)𝔯𝔰) ∈ (𝕞)𝔽
2(𝕄) is bounded and statistically 

convergent to (𝔚00)= ((𝔚1)00 ,(𝔚2)00) , ∃ a positive 

number 

𝒩(ε) ∋
1

𝔫
|{𝔯,𝔰 ≼ 𝔫 ∶ [𝕄1 (

𝒹̅(△𝔪
𝔫 (𝔚1)𝔯𝔰 ,(𝔚1)00)

𝜌
)⋎

𝕄2 (
𝒹̅(△𝔪

𝔫 (𝔚2)𝔯𝔰 ,(𝔚2)00)

𝜌
)]
𝓅

≽ (
ε

2
,
ε

2
)}| ≺

ε

𝕂𝓅
 , ∀ 𝔫 ≽ 𝒩(ε) . 

Now , the set 

          𝕁𝔫 = {𝔯, 𝔰 ≼ 𝔫 ∶ [𝕄1(
𝒹̅(△𝔪

𝔫 (𝔚1)𝔯𝔰 ,(𝔚1)00)

𝜌
)⋎

𝕄2 (
𝒹̅(△𝔪

𝔫 (𝔚2)𝔯𝔰 ,(𝔚2)00)

𝜌
)]
𝓅

≽ (
ε

2
,
ε

2
)} . 

Then ∀ 𝔫 ≽ 𝒩(ε) , we have  

1

𝔫
∑ ∑ [𝕄1 (

𝒹̅(△𝔪
𝔫 (𝔚1)𝔯𝔰 ,(𝔚1)00)

𝜌
) ⋎𝔫

𝔰=1
𝔫
𝔯=1

𝕄2 (
𝒹̅(△𝔪

𝔫 (𝔚2)𝔯𝔰 ,(𝔚2)00)

𝜌
)]
𝓅

=

1

𝔫
(∑ ∑ [𝕄1 (

𝒹̅(△𝔪
𝔫 (𝔚1)𝔯𝔰 ,(𝔚1)00)

𝜌
)⋎𝔰∈𝕁𝔫𝔯∈𝕁𝔫

𝕄2 (
𝒹̅(△𝔪

𝔫 (𝔚2)𝔯𝔰 ,(𝔚2)00)

𝜌
)]
𝓅

+

∑ ∑ [𝕄1 (
𝒹̅(△𝔪

𝔫 (𝔚1)𝔯𝔰 ,(𝔚1)00)

𝜌
)⋎𝔰∉𝕁𝔫,𝔰≼𝔫𝔯∉𝕁𝔫,𝔯≼𝔫

𝕄2 (
𝒹̅(△𝔪

𝔫 (𝔚2)𝔯𝔰 ,(𝔚2)00)

𝜌
)]
𝓅

) ≺ ε , for some 𝜌 ≻ 0.  

 

Proposition 3.4 : 

        ℤ(𝕄,△𝔪
𝔦 )𝔽
2 ⊂ ℤ(𝕄,△𝔪

𝔫 )𝔽
2 ,∀ 0 ≼ 𝔦 ≺ 𝔫 , ∀ ℤ= 𝒸̅  and  

𝒸0̅ . 

Proof  

      Let = (𝔚𝔯𝔰) = ((𝔚1)𝔯𝔰 ,(𝔚2)𝔯𝔰) ∈ 𝒸(̅𝕄,△𝔪
𝔫−1)𝔽

2 . 

Then , we have  

        stat − lim
𝔯𝔰→∞

(𝕄1(
�̅�(△𝔪

𝔫 (𝔚1)𝔯𝔰  ,𝕃1  )

𝜌
)⋎

𝕄1 (
�̅�(△𝔪

𝔫 (𝔚2)𝔯𝔰  ,𝕃2  )

𝜌
)) = (0,0) , for some 𝜌 ≻ 0 and 𝕃1 , 𝕃2 ∈

ℝ(𝕀) . 

Now , we have  

stat − lim
𝔯𝔰→∞

(𝕄1 (
�̅�(△𝔪

𝔫 (𝔚1)𝔯𝔰  ,0̅ )

2ρ
)⋎ 𝕄1 (

�̅�(△𝔪
𝔫 (𝔚2)𝔯𝔰  ,0̅ )

2ρ
))=  

stat − lim
𝔯𝔰→∞

(𝕄1 (
�̅�(△𝔪

𝔫−1(𝔚1)𝔯𝔰  −△𝔪
𝔫−1(𝔚1)(𝔯+1)(𝔰+1)  ,0̅ )

2ρ
) ⋎

𝕄1 (
�̅�(△𝔪

𝔫−1(𝔚1)𝔯𝔰  −△𝔪
𝔫−1(𝔚1)(𝔯+1)(𝔰+1)  ,0̅ )

2ρ
)) ≼stat − lim

𝔯𝔰→∞

1

2
(𝕄1 (

�̅�(△𝔪
𝔫−1(𝔚1)𝔯𝔰  ,0̅ )

ρ
)⋎

𝕄1 (
�̅�(△𝔪

𝔫−1(𝔚1)𝔯𝔰  ,0̅ )

ρ
))+

stat − lim
𝔯𝔰→∞

1

2
(𝕄1(

�̅�(△𝔪
𝔫−1(𝔚1)(𝔯+1)(𝔰+1)  ,0̅ )

ρ
) ⋎

𝕄1 (
�̅�(△𝔪

𝔫−1(𝔚1)(𝔯+1)(𝔰+1)  ,0̅ )

ρ
)) = (0,0) . 

Proceeding in this way by induction , we have ℤ(𝕄,△𝔪
𝔦 )𝔽
2 ⊂

ℤ(𝕄,△𝔪
𝔫 )𝔽
2 ,∀ 0 ≼ 𝔦 ≺ 𝔫 ,∀ ℤ = 𝒸̅  and  𝒸0̅ . 
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