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1. INTRODUCTION

We present the € and €, of statistically convergent and
statistically null double sequences, respectively, by
combining the spaces T(M,A")Z , T, (M,AnM)% and so
introduce the strongly p-Cesaro summable double sequence
space w(MLA®, p)2 . The statistically convergent of
sequences spaces was independently introduced by Quick
[3], Buck [1], and Schoenberg [9]. From a sequence space
perspective, Fridy and Orhan [5], Salat [8], Connor [2],
Fridy [4], Maddox [6], Rath and Tripathy [7], Tripathy ([10],
[11], [12]), Tripathy and Sen [13], and others studied it and
linked it to summability.

2. DEFINITIONS AND PRELIMINARIES

It is satisfies the following condition:

QMU =0=A=0.

(b) MU, + Ay) < M) + M(A,) VA > 0,%Ay = 0.
(c) M is increasing.

(d) M is continuous from the right at 0 implies that

M:[0,00) - [0, ) isa modulus function

A double modulus functions is a function : [0, o) X
[0,00) — [0, ) X [0,00) 3 M(A, &) = (M, (W), M,(E))
, Where M, : [0, ©0)—[0,00) and M, : [0, 0)—[0, ).

These functions are increasing, continuous from the right at

0, that hold the following conditions :

M, =0=UA=0and M,(S) =0 < S =0then
MU, &) = (M, (W),M,(8)) = (0,0 = (A,S) =

(0,0)

fif) ML, (2, + 2A,) < M, (A,) + M, (A,) and M, (A, +

A,) < M, (A,) + M, (A,) then

MU, +2A,) = (M, +Uy), M, (2, +2U,)) <

(M, () + M (0,), M, (A,) + M, (2,)) =

(M, (), M, (A)) + (M (), M, (21,)) = M(2L,) +

M(Y,) = MY, +A,) < M(Y,) + M(,)

It is satisfies the following conditions :
1. Fisa convex if for each F(r,) > F(r;) AF(r3) =
min{ F(r,),F(r;)}, vr; <r, <13,V r,Ir,r; €ER.
2. Fisnormal if thereisa r, € Rand F(r,) = 1.
3. Fis upper-semi-continuousV a € I,V £ > 0 and
F~1 ([0,a + ¢)) isopenin the usual topology of R
4. F is a non-negative fuzzy number Vv r < 0 implies F(r) =

Oleadsto F: R — [0,1] isa fuzzy real number .

The set of all non-negative fuzzy numbers of R(1)
denoted by R*(T) . Let R() denote the set of all fuzzy
numbers which are upper-semi continuous , normal .
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ve>0,theset S{u,te N: (W, —L| >¢}) =0
tends to MW = (W) is statistically convergent to L. It is

) stat
writtenas 2,;, — L or stat imW; = L.

u,t—>oo

Assume that x € W? = {,, = (W, ), (W,) )
MW, € R} and Let p be areal positive number . If there isa

real number L3 lim%anlZ{‘:llﬁBut —L|#” =0, xissaid to
n

be a strongly p-Cesaro Summable sequence. In this case, we

say that x is strongly p- Cesaro Summable to IL. .

In this study , we offer and define these spaces as

follows:
TMLALE = {((T,),, (T8,),)) € WE : stat —

lim [Ml (%) Y M, (—a(Ag(Qiz)ut. ]Lz)] _

0, for some p > 0,L. € R? (H)} , where () =
((%1)ut’(%2)ut) [l H—‘ = (]Ll lILZ)'

CoMALE = {((ml)ut' (W,),;) € WE : stat —
lim [M1 (%) v M, (w)] _

0, for some p > 0} .

WAL 22 = { (W) (B,),) € WE
.1 A(AY(TB,)yt , L
Jim e B [, (SR ) v

- a P
M, (w)l = 0,for some p > 0, L. € R? (H)}-

We also define
(m)f (M) = T(M,ALE N Lo (MATE .
(mg)f (M) =To(MARE N £o (MALE -

3. MAIN RESULTS
Theorem 3.1:

(m)Z (M) and (m,)% (M) are complete metric space
by the metric
g(W,B) =

() (B3, ()5 (B,)5) ) +

inf{(p, p) > (0,0) : sup <M1 (d(A&(%l)”s'Amwl)“)) Y
5 P

a_ﬂ(A% (%Z)rs

‘AE‘(”}Z)“))) < (1,1)} .
p

M,
Proof:

Assume WA = , be a Cauchy double

(9)3(%) .
sequence in (m)3 (M) |
V&> 0.Choose 7 > 03 (Ml (”0) Y M, (”0)) >
D,V 4, %,u,v
G ((@)eD, @), (W), (W,)“)) <
-

s ()™, @5, (@), @,)5) ) +

* 1,3 a positive integer ny = ny(e) 3

a(an @A an @)
inf[(p,p) > (0,0) : sup, {M1< ( mB1)gs : M)y )>Y

AL @ )ED AN (g,
M2<( @™ A )es )>}<(1,1)] <

p

(,€),V £, ,u,v = 1.

3-1)

This leads that,
2y d (@, @), ()5, (®,)()) <

(g,€),V £, ,u, v =1,

= (@), @§), (@), &))<

(e,8),V £, &, u,v

Therefore (,){™), ((@8,){*) are Cauchy double

=1y, ,VEj=123,...,nm

sequences in R™(I) by the completeness property of R" (1),
sois conwvergentin R™(I), Vv £,j = 1,2,3, ..., nm.
. () _ ; (o) _
Let &lllglm(%l)ﬁﬁ = (ﬂBl)ﬁ]i and 1?‘1}12100@)32)ﬁﬁ =
(ﬂBZ)ﬁﬁ A ﬁ,ﬁ = 1,2,3, e, IM
(3-2)
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alan (m (”é)’ n oo ) () (€2) (uv) (€2) (ur)
Moreover, sup,, {m( (dh oy pAm< Uss )>Y 2 d, (D57, @B)5) (), (@)§)) +

inf[(p, p) > (0,0) : sup, {Mh( (&

n@L?, A?n(%l)(””))> v

alar @ )E», AT (T (uv)
M2< (ancm,)¢ : )¢ ))}< (LD, V&80 =1, i
10.,)ED, A (15,) @)
33 M2< (thema)s s )>}< (1,1)] <
a(anm P, ar(m,)
= {Mh( ( g(;BW)ﬂB(w); ) v (&8),V 4w Zn.
) (wo) (3-1)

A( AL @8,) %, AT (T8,) 2

Mz( ( S ) )>}< 1D < (M1 (Z2) v Fory,s = 1, from (**) and (3-1), we get,
_ o . o8
fhinoo(%l)ﬁmjl = (%1)nm+1and {,,lllar_l;loo(%Z)lgm-gl =

M, (”")) RER RTRE S
W) me V=1, m =1,

By the continuity of M, we get . .
Proceeding inthisway of induction, we arrive that,

@ ((an @l @), (A @)L, sy E”)) < Jim (B)E = (18,),,and
(52:52) -6 ((Cam)e®, ) (), ()19, (W) ) ) ¥ £ty Fam )0 = ), Vs € N
M- Moreover,

Then

B Jim A7 (98,) 8 = A%, (), and
(d]((AE‘l(ﬂBl)r(se&)' Al (QB )(W)) (An (QB )(H’&) At (% )(Wf) ) ’

(ﬁ,ﬂ).(i,i)—( ) Vv =N,
2 2 X9 1Xg 2’2

Then

V1,5 € N. By the

Jm 4, (8)E =&,
continuity of M and taking «, v — oo and fixing (££) , it
follows that (3-3)
((anCmoEe, an,m ), (A mL?, a,@E)) < (g 5m)

sup,, 1M, = \%

p

d
( ) Ve, &uvEn.

M, (@(Arn(mz)sf‘”, AT (IB,):.)

. >}< (1,1), forsomep > 0.

Therefore (AT, (28,)¢?) , (At (28,)¢#)) are Cauchy

double sequence in R™ (1), so is convergent in R”(T) by the Now, on taking the infimum number 2's we obtain,

completeness property of R (I). &(A&(QBI)(”‘) AT () ))
s 2 om s Y

Assume lim A, (28, YD = (B,),. and

p

inf{(p. p) > (0,0) : sup,, {Ml(

(t’k) 1
lim AT, (W,)$% = (B,), in R™(I), ¥ a,b € N. M, ( (e o WQ)} < (1,1)} <(59),V ok >
p
We must prove that, n
0
1}2‘1(%1)@&) = 2B, and 1}21(%2)(1%) =W,,vI,W, € (by (3-1))
(m)§ (M) . consequently,
n —
Am (%1)1‘5 - "m Fln (((%1)&?&)' (SIBl)ﬁﬁ) ) ((%1)]5;&)' (%1)]1]])) +
( 1)( )(ﬂBl)(nhm)(sﬂm) andA (%Z)rs = (££) An
lnf{(p, p) - (0’0) : sup,, {M1< ( (%1) . , A (%1)%)) v
0( 1)( )(QBZ)(nﬂm)(sﬁm)
n (¢R) An
(*-k) M2< (Am(mz) - A (‘lehs))}< (1’1)} < (8,8)+ (8, E) _

And
(2¢,28) VL4, £ =n
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Which indicates that,

6( (@@, @y), (@), @,))) <
(2¢,2¢),V £, £ = n,.
. HimCIB,)(*) = (18,) and im(IB,)*®) = (18,).
Now it's to show that (28,), (28,) € (m)Z (M).
Suppose (W,)#D, (W) € (m)2 (M) . Then,
VO£, 3Ly =(L)es, (Ly)ep) D

T Al (e8)
stat —lim (Ml (aﬂ(Am(ml)r; ' wl)M)) A\

15— 00

d(AR@,)E", Wo)es )
M, 5

)) = (0,0),forsomep > 0,L,, €

R2(I),V ¢, £€N.
We have to show that,
i) (Lps) convergesto L = (L, ,L,) ,V¥,£ — oo,

ii) stat — lim(M1 (7@1(%[@31%5 e )) 4

d(AT(By)ss Lz )

p )>=(0,0),forsomep>0,]L=

M

(L, ,L,) € R2(I).
Since ((2B,)“®), ((1,)“*)) are convergent double
sequence of elements from (m)2 (M) .

So forgivene >0,3ny, EN 3

g ()R, (18,)“), (1), (1,))) < (£,2)

Again, for given ¢ >0, we hawe,

S(Ap)=5({tseN:

9 (0, 1)), (@), W) ea)) < (59))) =

(1,1).
And

S(A,,) = S({r,s EN:
g (@)@, (L)), (B, W,),0)) < (£.5)]) =
(1D

LetA =A,,NA,,,then S(A) = 1L.We chooser,s €

A .Then ,V ¢,£,u,v > ny, We have,

G (e, (L)) (L), (L)) <
g (((El)”& ’ (%1)(%))'((]142){’/; ) (ﬂBz)(M))) +
g (2R, (18,) (), ((28,)4H), (28,)0)) ) +

0 (W)@, (L)), (@, (1)),00)) < (5,5) +

3’3
G+G3) =G =G
Since the double sequence ((L,),,),((IL,),,) are Cauchy
convergence condition, it must be convergent to a fuzzy
numbers L;,L,.
Consequently,
e,l/izr_?oo(ﬂ“l)% =1L, and elllibr_r}w(]]ﬂ)ﬁz =L, .Let3 > 0.
Its prove that,

S(F) = S({r,s EN:

(W), (Ly) ), (B, (L)) < G 3)}) = (L,1).
Since (2,)@® — MW, and (W,) @ — W, , thereisu,t €
N>

g (()0,18,),(()00,1,)) < (£.2).
The numbers u, t can be choseninsuch a way that together

with g (((ﬂBl)(“t),‘lBl),((QBZ)(“”,QBZ)) < (%%) we have

F((LDw L) (@) L) < (2.2).

Since
A(2n @D, W )
stat — lim <M1 < = v

15— 00 p

alAnm (ut)‘ ;
M1< (o 2);5 (L) t)>) =(0,0) , we have asubset B of N
such that S(B) = 1,where B = {r, seEN:

9 (((%1)@),(]1‘1)“)’((9)32)(“0, (H‘Z)Ut)) < (%'%)}

Therefore,

Vs € B, we hae g((W,,L,),(W,,L,)) <

g ((gBl , (28,)@), (8, (smz)w)) +

g (@)%, (1)), (W), (L)) +
oL L), (@D b)) < (3.3)+ (39)+ (5) =
(333
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Thus ,
(m)Z (M) is complete metric space .

Other case is similar .

Theorem3.2:

Let M, M;,and M, be three double modulus functions
which satisfy A,- condition then:
i) (m)§ M) € (m)§ (Mo M),
i) (m)f (M) N (m)§ (M) < (m)§ (M, + M), where
M = (M, M,),M,; = (Mg, M), M, = (M,, M)
Proof:
i) Let (B,) = (W), (Wy),,) € (m)§ (M,). Fore >
0,39 > 053 (g,¢) = M;y(») v M,(y) . Then there'saset
A € N, with

— E(Ag(ﬂ;l)rsvll) a(Ag(%z)rgvﬂ-‘z)
S(A)=15 (MS (—p ) ¥ M, (—p )) <
(m,y),Vrs €A, forsomep>0,VL=(L,,L,) € RZ(D).

. 2
Assume B,, = <M5 (M) v

T 2
M (W)) ,forsome p > 0. Since Ml = (M, M)
is increasing and continuous, we get

(M, M) (B,,) = (M3, M,) <M5 (w) v

M, (&(A%(Qﬁz)wﬂ,z))> < <M3 <M5 (&(Aé(ﬂzl)ts.h)» v

M, <M6 (M))) < (M;(@m) YM, () = (g,8),

p

forsome p > 0.
Which implies that,
(W) = (W), (TB),.) € (m)? (Mo M,).
iit) Suppose (W) = ((W;)ye, (W,),) € (m)F (M) N
(m)§ (M,).
Then thereisa set A € N, withS(A) =153

lI_ﬂ(Ag(QBl)rsvlLl) a(Ag(%z)rglz)
(MS (Heonty)) gy, (AiBsta)))
(g,€),V 1,5 € A and forsome p > 0.

And

<M7 EECRER)Y (a(aé(ﬂjz)rslz)» <

(g,€),V 1,5 € A and forsome p > 0.
The remainder of the proof is come of the equality,

(M, M) + (M,,Mjg)) ((W) y

(mAgaln)z)wmz))) _ ((MS CCLYED

M, (a(Aéwzz),s,mz))) N <M7 (a(&@iowml)) v

Mg (%))) < (g,€) + (g,¢) = (2¢,2¢) , for some

>0.
This leads that,
(W) = (W), (W,),,) € (m)§ (M, + M).

Theorem3.3:

DwMAL, p)F S T(MADE,

ii) For = (W,,) € T(M,AN)Z , (W,,) is strongly p-Cesaro
summable to W, , if itis bounded .

Proof:

) Let (3B,,) = ((B)),s , (B,),) € WMAL, p)%.V e> 0
and p € R,0 < p < o and using the continuity of M, we

get

Bi B [, (FERE 2 )

M, (J(A%(%zz:s ,(9)32)00))]‘? = (e?,e?) - |{r’ s<n:
[M1 (J(A?n(%li:g ,(%1)00)) v M, (J(A“m(ﬂlkz‘): .(%z)oo))] >

(s, s)}| ,forsome p> 0.
Therefore (MB,,) = (W), , (W,),,) is statistically
convergentto (MWy,) = (W) 0 , (MW, )00)- Consequently
@Bm) = ((%1)15 :(SIBz)rs) € @(M'A&)% :
Thus ,
w(MAR, 2§ S T(MATDE .
iif) v € > 0 and suppose K =
a ((Wy),,0), (W), ,0)) +
d (((WB1)go ,0), (W,)g0,0)) . Since W = (W,,) =
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((m,),, ,(W,),,) € (m)z(M) is bounded and statistically stat — lim (M1 (@(A;—l(%l)w _Aglz—l(gnl)(rﬂxgﬂ) 0 )) v

convergent to (Wy,) = (W) g0, (W) 00) » I a positive e P

number M, (ﬁ(A'&‘l(ﬂBi)w ~ AR W) 1)) O ))) < stat — lim1<M1 (@(A&‘l(%l
2p 15— 00 2 P

1 , AEmW1)es (B1)oo)
N(s)9;|{r,5<n-[M1( p )Y

M (LB 0| (2 i)}‘ < S V=N,

p, (A 0 ))) ¥
p 5' 2 "

TAn—1 =
Now , the set stat — ogim% <M1 (aﬂ(Am (%1):+1)(s+1) 0 )) ¥
AN (D)5 (B1) o)
J. = {r,s Sno | M (e 100 )y a(Am-1(m,) 3
[ ( p ) Ml( ( M 1p(r+1)(s+1) ))) — (0’0) )
M (‘Z(A%(%z)rs:(%z)oo))]p - (f E)}
2 P 2’2 Proceeding inthis way by induction, we have Z(M,Al )z c
Then ¥ 13> V'(e) , we have Z(M,AMZ YV 0<i<n,VZ=¢and ¢.
1 A(AT (W), (B1)g0)
L 3 i, (H00)
M (d—wﬂ (W), ,(%2)00))];; B References:
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