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1. INTRODUCTION 

        Sargent ([2],[3]) introduced the 𝓂(φ) space. He investigated a few 𝓂(φ) space-related properties. Later, it was examined 
from the perspective of sequence space, and several matrix classes with one member like 𝓂(φ) were used by Rath and Tipathy 

[1],Tripathy and Sen ([5],[6],[7]), Tripathy and Mahanta [4], and others.  

         The quadruple sequences space 𝓂(𝕄, φ,△𝔧
𝔦, 𝓅)𝔽

4 ,0 ≺ 𝓅 ≺ ∞ of fuzzy numbers has been introduced in this study. Section 

two contains the definitions and introductions required for our work. We examine some of the features of the space 

𝓂(𝕄, φ,△𝔧
𝔦, 𝓅)𝔽

4  for both 0 ≺ 𝓅 ≺ 1 and 1 ≼ 𝓅 ≺ ∞  in the third section .  

           Assuming that 𝔔 = (𝔔𝔫𝔱𝔭𝔮)  is a quadruple sequence, ℙ(𝔔) denotes the set of all permutations of the element of (𝔔𝔫𝔱𝔭𝔮) , 

i.e. ℙ(𝔔) = {(𝔔𝜋(𝔫𝔱𝔭𝔮)) ∶ π is a permutation on ℕ}, where ℕ is the set of natural numbers .  

          Assume that 𝔜𝔰𝔯𝔞𝔟 is the class of all subsets of ℕ that do not contain more than a certain number of each of the components 

𝔰, 𝔯, 𝔞, and 𝔟. All through (φ𝔫𝔱𝔭𝔮) is a positive quadruple numbers are arranged in a non-decreasing quadruple sequence such that 

𝔱φ(𝔫+1)(𝔱+1)(𝔭+1)(𝔮+1) ≼ (𝔫 + 1)(𝔱 + 1)(𝔭 + 1)(𝔮 + 1)φ𝔫𝔱𝔭𝔮 ,∀ 𝔫,𝔱, 𝔭,𝔮 ∈ ℕ .  

 

2. DEFINITIONS AND PRELIMINARIES 

           Ω ∶ [0, ∞) → [0, ∞) is a continuous, non-decreasing , and convex with Ω(0) = 0, Ω(𝔄) ≻ 0 as 𝔄 ≻ 0 and Ω(𝔄) → ∞ as 𝔄 →
∞ implies that  Ω  is an Orlicz function . 

 

          ℋ: [0, ∞) → [0, ∞) ∋ ℋ(𝔄) =
Ω(𝔄)

𝔄
 , 𝔄 ≻ 0 and ℋ(0) = 0, ℋ(𝔄) ≻ 0 as 𝔄 ≻ 0 and ℋ(𝔄) → 0 as 𝔄 → ∞ tends to ℋ is a 

young function .   
 
            A triple young function is a function ∶ [0, ∞) × [0, ∞) × [0, ∞)[0, ∞) × [0, ∞) × [0, ∞) ∋  𝕄(𝔄, 𝔖,ℜ) =

(𝕄1(𝔄),𝕄2(𝔖),𝕄2(ℜ)) , where 𝕄1 ∶ [0, ∞)[0, ∞) ∋ 𝕄1(𝔄) =
Ω1(𝔄)

𝔄
, 𝔄 ≻ 0 and 𝕄2 ∶ [0, ∞)[0, ∞) ∋ 𝕄2(𝔖) =

Ω2(𝔖)

𝔖
, 𝔖 ≻ 0 and 𝕄3 ∶ [0, ∞)[0, ∞) ∋ 𝕄3(ℜ) =

Ω3(ℜ)

ℜ
, ℜ ≻ 0 . These functions are non-decreasing , continuous , even , convex 

, and satisfy the following condition:  

𝕚) 𝕄1(0) = 0, 𝕄2(0) = 0 , 𝕄3(0) = 0 ⟹ 𝕄(0,0,0) = (𝕄1(0),𝕄2(0), 𝕄2(0)) = (0,0,0) 

𝕚𝕚) 𝕄1(𝔄) ≻ 0, 𝕄2(𝔖) ≻ 0, 𝕄3(ℜ) ≻ 0 ⟹ 𝕄(𝔄, 𝔖, ℜ) = (𝕄1(𝔄),𝕄2(𝔖),𝕄2(ℜ)) ≻ (0,0,0), for 𝔄 ≻ 0, 𝔖 ≻ 0, ℜ ≻ 0 we  

     mean by (𝔄, 𝔖, ℜ) ≻ (0,0,0) implies that 𝕄1(𝔄) ≻ 0, 𝕄2(𝔖) ≻ 0, 𝕄3(ℜ) ≻ 0. 

𝕚𝕚𝕚) 𝕄1(𝔄) → 0, 𝕄2(𝔖) → 0, 𝕄3(ℜ) → 0 as 𝔄 → ∞, 𝔖 → ∞, ℜ → ∞ then 𝕄(𝔄, 𝔖, ℜ) = (𝕄1(𝔄),𝕄2(𝔖),𝕄2(ℜ)) → (0,0,0)  
      as (𝔄, 𝔖, ℜ) → (∞, ∞, ∞),we mean by  𝕄(𝔄, 𝔖,ℜ) → (0,0,0) as 𝕄1(𝔄) → 0, 𝕄2(𝔖) → 0, 𝕄3(ℜ) → 0 .       

 
           It is satisfies the following conditions : 
1. 𝔽 is a convex if for each 𝔽(𝕣2) ≽ 𝔽(𝕣1) ∧ 𝔽(𝕣3) = min{ 𝔽(𝕣1),𝔽(𝕣3)} , ∀𝕣1 ≺ 𝕣2 ≺ 𝕣3 , ∀ 𝕣1,𝕣2 , 𝕣3 ∈ ℝ .   

2. 𝔽 is normal if there is a 𝕣0 ∈ ℝ and 𝔽( 𝕣0) = 1.        
3. 𝔽 is upper-semi-continuous ∀ 𝕒 ∈ 𝕀 , ∀ ε ≻ 0 and 𝔽−1 ([0 ,𝕒 + ε)) is open in  

     the usual topology of ℝ 
4. 𝔽 is a non-negative fuzzy number ∀ 𝕣 ≺ 0 implies 𝔽(𝕣) = 0 leads to 𝔽 ∶ ℝ → [0,1] is a  
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     fuzzy real number . 

 
 The set of all non-negative fuzzy numbers of  ℝ(𝕀) denoted by ℝ∗(𝕀) . Let ℝ(𝕀) denote the set of all fuzzy numbers which 
are upper-semi continuous , normal .  

 

          In this study, we introduce and define the space  𝓂(𝕄, φ,△𝔧
𝔦, 𝓅)𝔽

4  as follows :  

 

𝓂(𝕄, φ,△𝔧
𝔦, 𝓅)𝔽

4 = {𝔔𝔫𝔱𝔭𝔮 =

((𝔔1)𝔫𝔱𝔭𝔮 ,(𝔔2)𝔫𝔱𝔭𝔮,(𝔔3)𝔫𝔱𝔭𝔮) : sup𝔰,𝔯,𝔞,𝔟≽1,ℴ∈𝔜𝔰𝔯𝔞𝔟

1

φ𝔰𝔯𝔞𝔟
 ∑ ∑ ∑ ∑ {(𝕄1 ((

𝒹̅(△𝔧
𝔦(𝔔1)𝔫𝔱𝔭𝔮  ,   0̅)

ρ
)) ⋎ 𝕄2 ((

𝒹̅(△𝔧
𝔦(𝔔2)𝔫𝔱𝔭𝔮 ,   0̅)

ρ
)) ⋎𝔮∈ℴ𝔭∈ℴ𝔱∈ℴ𝔫∈ℴ

𝕄3 ((
𝒹̅(△𝔧

𝔦(𝔔3)𝔫𝔱𝔭𝔮 ,   0̅)

ρ
)))

𝓅

} ≺ ∞, for some ρ ≻ 0}, for 0 ≺ 𝓅 ≺ ∞, where 𝕄 = (𝕄1,𝕄2 , 𝕄3  ).  

 

3. MAIN RESULTS  

Theorem 3.1 :  

          𝓂(𝕄,φ,△𝔧
𝔦, 𝓅)𝔽

4  is a complete metric space under the metric, 

𝒢(𝔔, 𝔖) = ∑ ∑ ∑ ∑ 𝒹̅𝔦𝔧
ℓ=1

𝔦𝔧
𝓀=1 (((𝔔1)𝒾𝒿𝓀ℓ ,(𝔖1)𝒾𝒿𝓀ℓ) ,((𝔔2)𝒾𝒿𝓀ℓ,(𝔖2)𝒾𝒿𝓀ℓ) ,((𝔔3)𝒾𝒿𝓀ℓ,(𝔖3)𝒾𝒿𝓀ℓ))𝔦𝔧

𝒿=1
𝔦𝔧
𝒾=1 +

inf [(ρ,ρ, ρ) ≻ (0,0,0) ∶ sup𝔰,𝔯,𝔞,𝔟≽1,ℴ∈𝔜𝔰𝔯𝔞𝔟 
1

φ𝔰𝔯𝔞𝔟

∑ ∑ ∑ ∑ {(𝕄1 (
𝒹̅(△𝔧

𝔦(𝔔1)𝔫𝔱𝔭𝔮  ,△𝔧
𝔦(𝔖1)𝔫𝔱𝔭𝔮)

ρ
) ⋎ 𝕄2 (

𝒹̅(△𝔧
𝔦(𝔔2)𝔫𝔱𝔭𝔮 ,△𝔧

𝔦(𝔖2)𝔫𝔱𝔭𝔮)

ρ
) ⋎𝔮∈ℴ𝔭∈ℴ𝔱∈ℴ𝔫∈ℴ

𝕄3 (
𝒹̅(△𝔧

𝔦(𝔔3)𝔫𝔱𝔭𝔮 ,△𝔧
𝔦(𝔖3)𝔫𝔱𝔭𝔮)

ρ
))

𝓅

} ≼ (1,1,1)] , ∀ 𝔔,𝔖 ∈ 𝓂(𝕄, φ,△𝔧
𝔦, 𝓅)𝔽

4 ,where 𝔔 = (𝔔1 ,𝔔2 ,𝔔3),𝔖 = (𝔖1 ,𝔖2 ,𝔖3), 𝔦 ≽ 1, 𝔧 ≽ 1 

and 0 ≺ 𝓅 ≺ 1, where 𝕄 = (𝕄1 , 𝕄2 ,𝕄3) 
Proof  

        Let (𝔔(ℊ𝒻ℯ𝒸)) be a Cauchy quadruple sequence in 𝓂(𝕄, φ,△𝔧
𝔦, 𝓅)𝔽

4 ∋ 𝔔(ℊ𝒻ℯ𝒸) = (𝔔𝔫𝔱𝔭𝔮

(ℊ𝒻ℯ𝒸)
)𝔫,𝔱,𝔭,𝔮=1

∞ .  

∀ ε ≻ 0 be given . ∃ a fixed point 𝔵0 ≻ 0, choose 𝓇 ≻ 0 ∋ (𝕄1 (
𝓇𝔵0

2
) ⋎ 𝕄2 (

𝓇𝔵0

2
) ⋎ 𝕄3 (

𝓇𝔵0

2
)) ≽ (1,1,1). Then ∃ a positive 

integer 𝔫0 =  𝔫0(ε) ∋ 𝒢 (((𝔔1)(ℊ𝒻ℯ𝒸) ,(𝔔1)(𝓊𝓋𝓌𝓍)),((𝔔2)(ℊ𝒻ℯ𝒸),(𝔔2)(𝓊𝓋𝓌𝓍)),((𝔔3)(ℊ𝒻ℯ𝒸), (𝔔3)(𝓊𝓋𝓌𝓍))) ≺

(
ε

𝓇𝔵0
,

ε

𝓇𝔵0
,

ε

𝓇𝔵0
) , ∀ ℊ,𝒻, ℯ, 𝒸, 𝓊, 𝓋, 𝓌, 𝓍 ≽ 𝔫0 .  

By the definition of  , we arrive that 

∑ ∑ ∑ ∑ 𝒹̅𝔦𝔧
ℓ=1

𝔦𝔧
𝓀=1

𝔦𝔧
𝒿=1

𝔦𝔧
𝒾=1 (((𝔔1)

𝒾𝒿𝓀ℓ

(ℊ𝒻ℯ𝒸)
,(𝔔1)𝒾𝒿𝓀ℓ

(𝓊𝓋𝓌𝓍)
), ((𝔔2)

𝒾𝒿𝓀ℓ

(ℊ𝒻ℯ𝒸)
,(𝔔2)𝒾𝒿𝓀ℓ

(𝓊𝓋𝓌𝓍)
), ((𝔔3)

𝒾𝒿𝓀ℓ

(ℊ𝒻ℯ𝒸)
,(𝔔3)𝒾𝒿𝓀ℓ

(𝓊𝓋𝓌𝓍)
)) +

inf [(ρ,ρ, ρ) ≻ (0,0,0) ∶ sup𝔰,𝔯,𝔞,𝔟≽1,ℴ∈𝔜𝔰𝔯𝔞𝔟 
1

φ𝔰𝔯𝔞𝔟

∑ ∑ ∑ ∑ {(𝕄1 (
𝒹̅(△𝔧

𝔦(𝔔1)𝔫𝔱𝔭𝔮
(ℊ𝒻ℯ𝒸),△𝔧

𝔦(𝔔1)𝔫𝔱𝔭𝔮
(𝓊𝓋𝓌𝓍))

ρ
) ⋎𝔮∈ℴ𝔭∈ℴ𝔱∈ℴ𝔫∈ℴ

𝕄2 (
𝒹̅(△𝔧

𝔦(𝔔2)𝔫𝔱𝔭𝔮
(ℊ𝒻ℯ𝒸),△𝔧

𝔦(𝔔2)𝔫𝔱𝔭𝔮
(𝓊𝓋𝓌𝓍))

ρ
) ⋎ 𝕄3 (

𝒹̅(△𝔧
𝔦(𝔔3)𝔫𝔱𝔭𝔮

(ℊ𝒻ℯ𝒸),△𝔧
𝔦(𝔔3)𝔫𝔱𝔭𝔮

(𝓊𝓋𝓌𝓍))

ρ
))

𝓅

} ≼ (1,1,1)] ≺ (ε, ε,ε), ∀ ℊ, 𝒻, ℯ, 𝒸, 𝓊, 𝓋, 𝓌, 𝓍 ≽ 𝔫0.  … (3-

1) 
Which implies that,  

∑ ∑ ∑ ∑ 𝒹̅𝔦𝔧
ℓ=1

𝔦𝔧
𝓀=1

𝔦𝔧
𝒿=1

𝔦𝔧
𝒾=1 (((𝔔1)

𝒾𝒿𝓀ℓ

(ℊ𝒻ℯ𝒸)
,(𝔔1)𝒾𝒿𝓀ℓ

(𝓊𝓋𝓌𝓍)
) , ((𝔔2)

𝒾𝒿𝓀ℓ

(ℊ𝒻ℯ𝒸)
,(𝔔2)𝒾𝒿𝓀ℓ

(𝓊𝓋𝓌𝓍)
), ((𝔔3)

𝒾𝒿𝓀ℓ

(ℊ𝒻ℯ𝒸)
,(𝔔3)𝒾𝒿𝓀ℓ

(𝓊𝓋𝓌𝓍)
)) ≺

(ε, ε,ε), ∀ ℊ, 𝒻, ℯ, 𝒸, 𝓊, 𝓋, 𝓌, 𝓍 ≽ 𝔫0.    

⟹ 𝒹̅ (((𝔔1)
𝒾𝒿𝓀ℓ

(ℊ𝒻ℯ𝒸)
, (𝔔1)

𝒾𝒿𝓀ℓ
(𝓊𝓋𝓌𝓍)

) , ((𝔔2)
𝒾𝒿𝓀ℓ

(ℊ𝒻ℯ𝒸)
,(𝔔2)

𝒾𝒿𝓀ℓ
(𝓊𝓋𝓌𝓍)

), ((𝔔3)
𝒾𝒿𝓀ℓ

(ℊ𝒻ℯ𝒸)
,(𝔔3)

𝒾𝒿𝓀ℓ
(𝓊𝓋𝓌𝓍)

)) ≺ (ε, ε),∀ ℊ, 𝒻, ℯ, 𝒸, 𝓊, 𝓋, 𝓌, 𝓍 ≽

𝔫0 ,∀ 𝒾, 𝒿, 𝓀, ℓ = 1,2,3, … . 𝔦𝔧.  

         Therefore ((𝔔1)
𝒾𝒿𝓀ℓ

(ℊ𝒻ℯ𝒸)
), ((𝔔2)

𝒾𝒿𝓀ℓ

(ℊ𝒻ℯ𝒸)
) , ((𝔔3)

𝒾𝒿𝓀ℓ

(ℊ𝒻ℯ𝒸)
) are Cauchy quadruple sequences in ℝ(𝕀), so is convergent in ℝ(𝕀) by 

the completeness property of ℝ(𝕀), ∀ 𝒾,𝒿, 𝓀, ℓ = 1,2,3, … . 𝔦𝔧 .       
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Let lim
ℊ,𝒻,ℯ,𝒸→∞

(𝔔1)
𝒾𝒿𝓀ℓ

(ℊ𝒻ℯ𝒸)
= (𝔔1)𝒾𝒿𝓀ℓ and  lim

ℓ,𝓀→∞
(𝔔2)

𝒾𝒿𝓀ℓ

(ℊ𝒻ℯ𝒸)
= (𝔔2)𝒾𝒿𝓀ℓ and lim

ℓ,𝓀→∞
(𝔔3)

𝒾𝒿𝓀ℓ

(ℊ𝒻ℯ𝒸)
= (𝔔3)𝒾𝒿𝓀ℓ , ∀ 𝒾, 𝒿, 𝓀, ℓ = 1,2,3, … . 𝔦𝔧.                              

(3-2).                  
Also, 

 sup𝔰,𝔯,𝔞,𝔟≽1,ℴ∈𝔜𝔰𝔯𝔞𝔟 
1

φ𝔰𝔯𝔞𝔟

∑ ∑ ∑ ∑ {(𝕄1 (
𝒹̅(△𝔧

𝔦(𝔔1)𝔫𝔱𝔭𝔮
(ℊ𝒻ℯ𝒸)

,△𝔧
𝔦(𝔔1)𝔫𝔱𝔭𝔮

(𝓊𝓋𝓌𝓍)
)

ρ
) ⋎ 𝕄2 (

𝒹̅(△𝔧
𝔦(𝔔2)𝔫𝔱𝔭𝔮

(ℊ𝒻ℯ𝒸)
,△𝔧

𝔦(𝔔2)𝔫𝔱𝔭𝔮
(𝓊𝓋𝓌𝓍)

)

ρ
) ⋎𝔮∈ℴ𝔭∈ℴ𝔱∈ℴ𝔫∈ℴ

𝕄3 (
𝒹̅(△𝔧

𝔦(𝔔3)𝔫𝔱𝔭𝔮
(ℊ𝒻ℯ𝒸)

,△𝔧
𝔦(𝔔3)𝔫𝔱𝔭𝔮

(𝓊𝓋𝓌𝓍)
)

ρ
))

𝓅

} ≼ (1,1), ∀ ℊ,𝒻, ℯ, 𝒸, 𝓊, 𝓋, 𝓌, 𝓍 ≽ 𝔫0 ...(3-3) 

For 𝔰, 𝔯, 𝔞, 𝔟 = 1 and ℴ varying over 𝔜𝔰𝔯𝔞𝔟 , we obtain, 

∑ ∑ ∑ ∑ (𝕄1 (
𝒹̅(△𝔧

𝔦(𝔔1)𝔫𝔱𝔭𝔮
(ℊ𝒻ℯ𝒸),△𝔧

𝔦(𝔔1)𝔫𝔱𝔭𝔮
(𝓊𝓋𝓌𝓍))

𝒢((𝔔1)((ℊ𝒻ℯ𝒸))
,(𝔔1)((𝓊𝓋𝓌𝓍) ) ⋎ 𝕄2 (

𝒹̅(△𝔧
𝔦(𝔔2)𝔫𝔱𝔭𝔮

(ℊ𝒻ℯ𝒸),△𝔧
𝔦(𝔔2)𝔫𝔱𝔭𝔮

(𝓊𝓋𝓌𝓍))

𝒢((𝔔2)((ℊ𝒻ℯ𝒸))
,(𝔔2)((𝓊𝓋𝓌𝓍))

) ⋎ 𝕄3 (
𝒹̅(△𝔧

𝔦(𝔔3)𝔫𝔱𝔭𝔮
(ℊ𝒻ℯ𝒸),△𝔧

𝔦(𝔔3)𝔫𝔱𝔭𝔮
(𝓊𝓋𝓌𝓍))

𝒢((𝔔3)((ℊ𝒻ℯ𝒸))
,(𝔔3)((𝓊𝓋𝓌𝓍))

))

𝓅

𝔮∈ℴ𝔭∈ℴ𝔱∈ℴ𝔫∈ℴ ≼

𝜑1111 ,∀ ℊ,𝒻, ℯ, 𝒸, 𝓊, 𝓋, 𝓌, 𝓍 ≽ 𝔫0 .⟹  

[𝕄1 (
𝒹̅(△𝔧

𝔦(𝔔1)𝔫𝔱𝔭𝔮
(ℊ𝒻ℯ𝒸),△𝔧

𝔦(𝔔1)𝔫𝔱𝔭𝔮
(𝓊𝓋𝓌𝓍))

𝒢((𝔔1)((ℊ𝒻ℯ𝒸)),(𝔔1)((𝓊𝓋𝓌𝓍 ) ) ⋎ 𝕄2 (
𝒹̅(△𝔧

𝔦(𝔔2)𝔫𝔱𝔭𝔮
(ℊ𝒻ℯ𝒸),△𝔧

𝔦(𝔔2)𝔫𝔱𝔭𝔮
(𝓊𝓋𝓌𝓍))

𝒢((𝔔2)((ℊ𝒻ℯ𝒸)),(𝔔2)((𝓊𝓋𝓌𝓍 ))
) ⋎ 𝕄3 (

𝒹̅(△𝔧
𝔦(𝔔3)𝔫𝔱𝔭𝔮

(ℊ𝒻ℯ𝒸),△𝔧
𝔦(𝔔3)𝔫𝔱𝔭𝔮

(𝓊𝓋𝓌𝓍))

𝒢((𝔔3)((ℊ𝒻ℯ𝒸)),(𝔔3)((𝓊𝓋𝓌𝓍))
)] ≼  φ1111

1

𝓅  ≼

 (𝕄1 (
𝓇𝔵0

2
) ⋎ 𝕄2 (

𝓇𝔵0

2
) ⋎ 𝕄3 (

𝓇𝔵0

2
)) , ∀ ℊ, 𝒻, ℯ, 𝒸, 𝓊, 𝓋, 𝓌, 𝓍 ≽ 𝔫0. 

By the continuity of 𝕄, we get    

𝒹̅ ((△𝔧
𝔦 (𝔔1)

𝔫𝔱𝔭𝔮

(ℊ𝒻ℯ𝒸)
,△𝔧

𝔦 (𝔔1)𝔫𝔱𝔭𝔮
(𝓊𝓋𝓌𝓍)

), (△𝔧
𝔦 (𝔔2)

𝔫𝔱𝔭𝔮

(ℊ𝒻ℯ𝒸)
,△𝔧

𝔦 (𝔔2)𝔫𝔱𝔭𝔮
(𝓊𝓋𝓌𝓍)

), (△𝔧
𝔦 (𝔔3)

𝔫𝔱𝔭𝔮

(ℊ𝒻ℯ𝒸)
,△𝔧

𝔦 (𝔔13)𝔫𝔱𝔭𝔮
(𝓊𝓋𝓌𝓍)

)) ≼

(
𝓇𝔵0

2
,

𝓇𝔵0

2
,

𝓇𝔵0

2
) . 𝒢 (((𝔔1)(ℊ𝒻ℯ𝒸) ,(𝔔1)(𝓊𝓋𝓌𝓍)),((𝔔2)(ℊ𝒻ℯ𝒸),(𝔔2)(𝓊𝓋𝓌𝓍)),((𝔔3)(ℊ𝒻ℯ𝒸), (𝔔3)(𝓊𝓋𝓌𝓍))),  

∀ ℊ,𝒻, ℯ, 𝒸, 𝓊, 𝓋, 𝓌, 𝓍 ≽ 𝔫0. 

⟹ 𝒹̅ ((△𝔧
𝔦 (𝔔1)𝔫𝔱𝔭𝔮

(ℊ𝒻ℯ𝒸)
,△𝔧

𝔦 (𝔔1)𝔫𝔱𝔭𝔮
(𝓊𝓋𝓌𝓍)

),(△𝔧
𝔦 (𝔔2)𝔫𝔱𝔭𝔮

(ℊ𝒻ℯ𝒸)
,△𝔧

𝔦 (𝔔2)𝔫𝔱𝔭𝔮
(𝓊𝓋𝓌𝓍)

), (△𝔧
𝔦 (𝔔3)𝔫𝔱𝔭𝔮

(ℊ𝒻ℯ𝒸)
,△𝔧

𝔦 (𝔔3)𝔫𝔱𝔭𝔮
(𝓊𝓋𝓌𝓍)

)) ≼ (
𝓇𝔵0

2
,

𝓇𝔵0

2
,

𝓇𝔵0

2
) ⋅

(
ε

𝓇𝔵0
,

ε

𝓇𝔵0
,

ε

𝓇𝔵0
) = (

ε

2
,

ε

2
,

ε

2
) , ∀ ℊ, 𝒻, ℯ, 𝒸, 𝓊, 𝓋, 𝓌, 𝓍 ≽ 𝔫0.  

⟹ 𝒹̅ ((△𝔧
𝔦 (𝔔1)𝔫𝔱𝔭𝔮

(ℊ𝒻ℯ𝒸)
,△𝔧

𝔦 (𝔔1)𝔫𝔱𝔭𝔮
(𝓊𝓋𝓌𝓍)

),(△𝔧
𝔦 (𝔔2)𝔫𝔱𝔭𝔮

(ℊ𝒻ℯ𝒸)
,△𝔧

𝔦 (𝔔2)𝔫𝔱𝔭𝔮
(𝓊𝓋𝓌𝓍)

), (△𝔧
𝔦 (𝔔3)𝔫𝔱𝔭𝔮

(ℊ𝒻ℯ𝒸)
,△𝔧

𝔦 (𝔔3)𝔫𝔱𝔭𝔮
(𝓊𝓋𝓌𝓍)

)) ≼

(
ε

2
,

ε

2
,

ε

2
), ∀ ℊ, 𝒻, ℯ, 𝒸, 𝓊,𝓋, 𝓌, 𝓍 ≽ 𝔫0 .  

         Consequently (△𝔧
𝔦 (𝔔1)

𝔫𝔱𝔭𝔮
(ℊ𝒻ℯ𝒸)

), (△𝔧
𝔦 (𝔔2)

𝔫𝔱𝔭𝔮
(ℊ𝒻ℯ𝒸)

), (△𝔧
𝔦 (𝔔3)

𝔫𝔱𝔭𝔮
(ℊ𝒻ℯ𝒸)

) are Cauchy quadruple sequences in ℝ(𝕀) , so is convergent 

in ℝ(𝕀) by the completeness property of ℝ(𝕀).  

Let lim
ℊ𝒻ℯ𝒸

△𝔧
𝔦 (𝔔1)𝔫𝔱𝔭𝔮

(ℊ𝒻ℯ𝒸)
= (𝔖1)𝔫𝔱𝔭𝔮 and lim

ℊ𝒻ℯ𝒸
△𝔧

𝔦 (𝔔2)𝔫𝔱𝔭𝔮
(ℊ𝒻ℯ𝒸)

= (𝔖2)𝔫𝔱𝔭𝔮 and lim
ℊ𝒻ℯ𝒸

△𝔧
𝔦 (𝔔3)𝔫𝔱𝔭𝔮

(ℊ𝒻ℯ𝒸)
= (𝔖3)𝔫𝔱𝔭𝔮 in ℝ(𝕀),∀ 𝔫 , 𝔱, 𝔭, 𝔮 ∈ ℕ. 

We have to prove that,  

lim
ℊ𝒻ℯ𝒸

(𝔔1)(ℊ𝒻ℯ𝒸) = 𝔔1 and lim
ℊ𝒻ℯ𝒸

(𝔔2)(ℊ𝒻ℯ𝒸) = 𝔔2 and lim
ℊ𝒻ℯ𝒸

(𝔔3)(ℊ𝒻ℯ𝒸) = 𝔔3 ,   ∀ 𝔔1, 𝔔2 ,𝔔3 ∈ 𝓂(𝕄, φ,△𝔧
𝔦, 𝓅)𝔽

4 . 

△𝔧
𝔦 (𝔔1)𝔫𝔱𝔭𝔮 = ∑ (−1) (

𝔧
𝔯
)𝔦

𝔯=0 (𝔔1)(𝔫+𝔯𝔧)(𝔱+𝔯𝔧)(𝔭+𝔯𝔧)(𝔮+𝔯𝔧) and △𝔧
𝔦 (𝔔2)𝔫𝔱𝔭𝔮 = ∑ (−1) (

𝔧
𝔯
)𝔦

𝔯=0 (𝔔2)(𝔫+𝔯𝔧)(𝔱+𝔯𝔧)(𝔭+𝔯𝔧)(𝔮+𝔯𝔧) and △𝔧
𝔦 (𝔔3)𝔫𝔱𝔭𝔮 =

∑ (−1) (
𝔧
𝔯
)𝔦

𝔯=0 (𝔔3)(𝔫+𝔯𝔧)(𝔱+𝔯𝔧)(𝔭+𝔯𝔧)(𝔮+𝔯𝔧) .                  (**) 

and  

Let lim
ℊ,𝒻,ℯ,𝒸→∞

(𝔔1)
𝒾𝒿𝓀ℓ

(ℊ𝒻ℯ𝒸)
= (𝔔1)𝒾𝒿𝓀ℓ and  lim

ℓ,𝓀→∞
(𝔔2)

𝒾𝒿𝓀ℓ

(ℊ𝒻ℯ𝒸)
= (𝔔2)𝒾𝒿𝓀ℓ and lim

ℓ,𝓀→∞
(𝔔3)

𝒾𝒿𝓀ℓ

(ℊ𝒻ℯ𝒸)
= (𝔔3)𝒾𝒿𝓀ℓ , ∀ 𝒾, 𝒿, 𝓀, ℓ = 1,2,3, … . 𝔦𝔧.                              

(3-2).                  
For 𝔫, 𝔱, 𝔭,𝔮 = 1, from (**) and (3-2),we have 

             lim
ℊ,𝒻,ℯ,𝒸→∞

(𝔔1)
𝔦𝔧+1

(ℊ𝒻ℯ𝒸)
= (𝔔1)𝔦𝔧+1 and lim

ℊ,𝒻,ℯ,𝒸→∞
(𝔔2)

𝔦𝔧+1

(ℊ𝒻ℯ𝒸)
= (𝔔2)𝔦𝔧+1 and  

            lim
ℊ,𝒻,ℯ,𝒸→∞

(𝔔3)
𝔦𝔧+1

(ℊ𝒻ℯ𝒸)
= (𝔔3)𝔦𝔧+1 ,∀ 𝔦 ≽ 1, 𝔧 ≽ 1 .    

This mean that, 

         lim
ℓ,𝓀→∞

(𝔔1)
𝔫𝔱𝔭𝔮

(ℊ𝒻ℯ𝒸)
= (𝔔1)𝔫𝔱𝔭𝔮 and lim

ℓ,𝓀→∞
(𝔔2)

𝔫𝔱𝔭𝔮

(ℊ𝒻ℯ𝒸)
= (𝔔2)𝔫𝔱𝔭𝔮 and 

         lim
ℓ,𝓀→∞

(𝔔3)
𝔫𝔱𝔭𝔮

(ℊ𝒻ℯ𝒸)
= (𝔔3)𝔫𝔱𝔭𝔮   , ∀ 𝔫 , 𝔱, 𝔭,𝔮 ∈ ℕ 

Also, 

          lim
ℊ,𝒻,ℯ,𝒸→∞

△𝔧
𝔦 (𝔔1)

𝔫𝔱𝔭𝔮

(ℊ𝒻ℯ𝒸)
= △𝔧

𝔦 (𝔔1)𝔫𝔱𝔭𝔮 and lim
ℊ,𝒻,ℯ,𝒸→∞

△𝔧
𝔦 (𝔔2)

𝔫𝔱𝔭𝔮

(ℊ𝒻ℯ𝒸)
= △𝔧

𝔦 (𝔔2)𝔫𝔱𝔭𝔮 ,      
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          and lim
ℊ,𝒻,ℯ ,𝒸→∞

△𝔧
𝔦 (𝔔3)

𝔫𝔱𝔭𝔮

(ℊ𝒻ℯ𝒸)
= △𝔧

𝔦 (𝔔3)𝔫𝔱𝔭𝔮 ,∀ 𝔫 , 𝔱, 𝔭, 𝔮 ∈ ℕ .  

By the continuity of 𝕄, from (3-3), we get 

sup𝔰,𝔯,𝔞,𝔟≽1,ℴ∈𝔜𝔰𝔯𝔞𝔟 
1

φ𝔰𝔯𝔞𝔟

∑ ∑ ∑ ∑ [(𝕄1 (
𝒹̅(△𝔧

𝔦(𝔔1)
𝔫𝔱𝔭𝔮
(ℊ𝒻ℯ𝒸)

,   △𝔧
𝔦(𝔔1)𝔫𝔱𝔭𝔮)

ρ
) ⋎ 𝕄2 (

𝒹̅(△𝔧
𝔦(𝔔2)

𝔫𝔱𝔭𝔮
(ℊ𝒻ℯ𝒸)

, △𝔧
𝔦(𝔔2)𝔫𝔱𝔭𝔮)

ρ
) ⋎𝔮∈ℴ𝔭∈ℴ𝔱∈ℴ𝔫∈ℴ

𝕄3 (
𝒹̅(△𝔧

𝔦(𝔔3)
𝔫𝔱𝔭𝔮
(ℊ𝒻ℯ𝒸)

, △𝔧
𝔦(𝔔3)𝔫𝔱𝔭𝔮)

ρ
))

𝓅

]  ≼ (1,1,1), for some ρ ≻ 0 , ∀ ℊ, 𝒻, ℯ, 𝒸 ≽ 𝔫0.  

Now on taking the infimum of 𝓅 ,s and using (3-1) ,we get 

inf [(ρ,ρ, ρ) ≻ (0,0,0) ∶ sup𝔰,𝔯,𝔞,𝔟≽1,ℴ∈𝔜𝔰𝔯𝔞𝔟 
1

φ𝔰𝔯𝔞𝔟

∑ ∑ ∑ ∑ [(𝕄1 (
𝒹̅(△𝔧

𝔦(𝔔1)
𝔫𝔱𝔭𝔮
(ℊ𝒻ℯ𝒸)

,   △𝔧
𝔦(𝔔1)𝔫𝔱𝔭𝔮)

ρ
) ⋎𝔮∈ℴ𝔭∈ℴ𝔱∈ℴ𝔫∈ℴ

𝕄2 (
𝒹̅(△𝔧

𝔦(𝔔2)
𝔫𝔱𝔭𝔮
(ℊ𝒻ℯ𝒸)

, △𝔧
𝔦(𝔔2)𝔫𝔱𝔭𝔮)

ρ
) ⋎ 𝕄3 (

𝒹̅(△𝔧
𝔦(𝔔3)

𝔫𝔱𝔭𝔮
(ℊ𝒻ℯ𝒸)

, △𝔧
𝔦(𝔔3)𝔫𝔱𝔭𝔮)

ρ
))

𝓅

] ≼ (1,1,1)] ≺ (ε, ε,ε), ∀ ℊ,𝒻, ℯ, 𝒸 ≽ 𝔫0 .  

Moreover , we get,  

∑ ∑ ∑ ∑ 𝒹̅𝔦𝔧
ℓ=1

𝔦𝔧
𝓀=1

𝔦𝔧
𝒿=1

𝔦𝔧
𝒾=1 (((𝔔1)

𝒾𝒿𝓀ℓ

(ℊ𝒻ℯ𝒸)
,(𝔔1)𝒾𝒿𝓀ℓ)) , ((𝔔2)

𝒾𝒿𝓀ℓ

(ℊ𝒻ℯ𝒸)
, (𝔔2)𝒾𝒿𝓀ℓ)) , ((𝔔2)

𝒾𝒿𝓀ℓ

(ℊ𝒻ℯ𝒸)
, (𝔔2)𝒾𝒿𝓀ℓ))) + inf [(ρ, ρ, ρ) ≻ (0,0,0) ∶

sup𝔰,𝔯,𝔞,𝔟≽1,ℴ∈𝔜𝔰𝔯𝔞𝔟 
1

φ𝔰𝔯𝔞𝔟

∑ ∑ ∑ ∑ [(𝕄1 (
𝒹̅(△𝔧

𝔦(𝔔1)
𝔫𝔱𝔭𝔮
(ℊ𝒻ℯ𝒸)

,   △𝔧
𝔦(𝔔1)𝔫𝔱𝔭𝔮)

ρ
) ⋎ 𝕄2 (

𝒹̅(△𝔧
𝔦(𝔔2)

𝔫𝔱𝔭𝔮
(ℊ𝒻ℯ𝒸)

, △𝔧
𝔦(𝔔2)𝔫𝔱𝔭𝔮)

ρ
) ⋎𝔮∈ℴ𝔭∈ℴ𝔱∈ℴ𝔫∈ℴ

𝕄3 (
𝒹̅(△𝔧

𝔦(𝔔3)
𝔫𝔱𝔭𝔮
(ℊ𝒻ℯ𝒸)

, △𝔧
𝔦(𝔔3)𝔫𝔱𝔭𝔮)

ρ
))

𝓅

] ≼ (1,1,1)] ≺ (ε, ε,ε) + (ε,ε, ε) = (2ε,2ε, 2ε) , ∀ ℓ, 𝓀 ≽ 𝔫0.  

Which leads that,  

       𝒢 (((𝔔1)(ℊ𝒻ℯ𝒸),𝔔1), ((𝔔2)(ℊ𝒻ℯ𝒸) ,𝔔2),((𝔔3)(ℊ𝒻ℯ𝒸),𝔔3)) ≺ (2ε,2ε, 2ε), ∀ ℊ,𝒻, ℯ, 𝒸 ≽ 𝔫0. 

i.e.  lim
ℓ𝓀

(𝔔1)(ℊ𝒻ℯ𝒸) = 𝔔1 and lim
ℓ𝓀

(𝔔2)(ℊ𝒻ℯ𝒸) = 𝔔2 and lim
ℓ𝓀

(𝔔3)(ℊ𝒻ℯ𝒸) = 𝔔3 

Now, it is to show that 𝔔1 ,𝔔2 ,𝔔3 ∈ 𝓂(𝕄, φ, Δ𝓂
𝓃 , 𝓅)𝔽

4. 

We know that,  

𝒢 ((𝔔1 , θ̅), (𝔔2 , θ̅), (𝔔3 , θ̅)) ≼ 𝒢 ((𝔔1,(𝔔1)(𝓃𝓂𝒷𝒶)),(𝔔2 ,(𝔔2)(𝓃𝓂𝒷𝒶)),(𝔔3, (𝔔3)(𝓃𝓂𝒷𝒶))) +

𝒢 (((𝔔1)(𝓃𝓂𝒷𝒶), θ̅), ((𝔔2)(𝓃𝓂𝒷𝒶), θ̅),((𝔔3)(𝓃𝓂𝒷𝒶), θ̅)) ≺ (ε,ε, ε) + (𝕄1 ,𝕄2 , 𝕄3), ∀ 𝓃, 𝓂, 𝒷, 𝒶 ≽ 𝔫0(ε) .  

i.e. 𝒢 ((𝔔1, θ̅), (𝔔2, θ̅), (𝔔3 , θ̅)) is finite.  

Therefore 𝔔1, 𝔔2 ,𝔔3 ∈ 𝓂(𝕄,φ,△𝔧
𝔦, 𝓅)𝔽

4 .  

Thus, 

        𝓂(𝕄, φ,△𝔧
𝔦, 𝓅)𝔽

4 is complete metric space . 

 
Proposition 3.2 : 

          𝓂(𝕄,φ,△𝔧
𝔦)𝔽

4 ⊆ 𝓂(𝕄, φ,△𝔧
𝔦, 𝓅)𝔽

4 , for 1 ≼ 𝓅 ≺ ∞ , where 𝕄 = (𝕄1 ,𝕄2 , 𝕄3). 

Proof :  

         Let = (𝔔1 ,𝔔2 ,𝔔3) ∈ 𝓂(𝕄, φ,△𝔧
𝔦)𝔽

4 .  

Then we have, 

sup𝔰,𝔯,𝔞,𝔟≽1,ℴ∈𝔜𝔰𝔯𝔞𝔟 
1

φ𝔰𝔯𝔞𝔟

∑ ∑ ∑ ∑ [𝕄1 (
𝒹̅(△𝔧

𝔦(𝔔1)𝔫𝔱𝔭𝔮 ,0̅)

ρ
) ⋎ 𝕄2 (

𝒹̅(△𝔧
𝔦(𝔔2)𝔫𝔱𝔭𝔮 ,0̅)

ρ
) ⋎ 𝕄3 (

𝒹̅(△𝔧
𝔦(𝔔3)𝔫𝔱𝔭𝔮 ,0̅)

ρ
)] = 𝕂 (≺ ∞),𝔮∈ℴ𝔭∈ℴ𝔱∈ℴ𝔫∈ℴ  for 

some ρ ≻ 0.  

∀ 𝔰,𝔯, 𝔞, 𝔟 and ℴ ∈ 𝔜𝔰𝔯𝔞𝔟 , we have 

  ∑ ∑ ∑ ∑ [𝕄1 (
𝒹̅(△𝔧

𝔦(𝔔1)𝔫𝔱𝔭𝔮 ,0̅)

ρ
) ⋎ 𝕄2 (

𝒹̅(△𝔧
𝔦(𝔔2)𝔫𝔱𝔭𝔮 ,0̅)

ρ
) ⋎ 𝕄3 (

𝒹̅(△𝔧
𝔦(𝔔3)𝔫𝔱𝔭𝔮 ,0̅)

ρ
)] ≼ 𝕂φ𝔰𝔯𝔞𝔟,𝔮∈ℴ𝔭∈ℴ𝔱∈ℴ𝔫∈ℴ  for some ρ ≻ 0.  

⟹ (∑ ∑ ∑ ∑ [𝕄1 (
𝒹̅(△𝔧

𝔦(𝔔1)𝔫𝔱𝔭𝔮 ,0̅)

ρ
) ⋎ 𝕄2 (

𝒹̅(△𝔧
𝔦(𝔔2)𝔫𝔱𝔭𝔮 ,0̅)

ρ
) ⋎ 𝕄3 (

𝒹̅(△𝔧
𝔦(𝔔3)𝔫𝔱𝔭𝔮 ,0̅)

ρ
)]𝔮∈ℴ𝔭∈ℴ𝔱∈ℴ𝔫∈ℴ

𝓅

)

1

𝓅

≼ 𝕂φ𝔰𝔯𝔞𝔟 .   

⟹ sup𝔰,𝔯,𝔞,𝔟≽1,ℴ∈𝔜𝔰𝔯𝔞𝔟 
1

φ𝔰𝔯𝔞𝔟
(∑ ∑ ∑ ∑ [𝕄1 (

𝒹̅(△𝔧
𝔦(𝔔1)𝔫𝔱𝔭𝔮 ,0̅)

ρ
) ⋎ 𝕄2 (

𝒹̅(△𝔧
𝔦(𝔔2)𝔫𝔱𝔭𝔮 ,0̅)

ρ
) ⋎ 𝕄3 (

𝒹̅(△𝔧
𝔦(𝔔3)𝔫𝔱𝔭𝔮 ,0̅)

ρ
)]𝔮∈ℴ𝔭∈ℴ𝔱∈ℴ𝔫∈ℴ

𝓅

)

1

𝓅

≼ 𝕂 ≺ ∞ .   
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Therefore  𝔔 = (𝔔1 ,𝔔2 ,𝔔3) ∈ 𝓂(𝕄, φ,△𝔧
𝔦, 𝓅)𝔽

4 , for 1 ≼ 𝓅 ≺ ∞. 

 
Proposition 3.3 : 

           𝓂(𝕄, φ,△𝔧
𝔦, 𝓅)𝔽

4 ⊆ 𝓂(𝕄,Ψ,△𝔧
𝔦, 𝓅)𝔽

4 ⟺  sup𝔰,𝔯,𝔞,𝔟≽1 (
φ𝔰𝔯𝔞𝔟

Ψ𝔰𝔯𝔞𝔟
) ≺ ∞, for 0 ≺ 𝓅 ≺ ∞ . 

Proof : 

      Let sup𝔰,𝔯,𝔞,𝔟≽1 (
φ𝔰𝔯𝔞𝔟

Ψ𝔰𝔯𝔞𝔟
) = 𝕂 ≺ ∞ .To prove that (𝕄, φ,△𝔧

𝔦, 𝓅)𝔽
4 ⊆ 𝓂(𝕄, Ψ,△𝔧

𝔦, 𝓅)𝔽
4 . 

Assume that sup𝔰,𝔯,𝔞,𝔟≽1 (
φ𝔰𝔯𝔞𝔟

Ψ𝔰𝔯𝔞𝔟
) = 𝕂 ≺ ∞ , we have φ𝔰𝔯𝔞𝔟 ≼ 𝕂 Ψ𝔰𝔯𝔞𝔟 .  

Now, if (𝔔𝔫𝔱𝔭𝔮 ) = ((𝔔1)𝔫𝔱𝔭𝔮 ,(𝔔2)𝔫𝔱𝔭𝔮 , , (𝔔2)𝔫𝔱𝔭𝔮) ∈ 𝓂(𝕄,φ,△𝔧
𝔦, 𝓅)𝔽

4 , then , 

sup𝔰,𝔯,𝔞,𝔟≽1,ℴ∈𝔜𝔰𝔯𝔞𝔟 
1

φ𝔰𝔯𝔞𝔟

∑ ∑ ∑ ∑ [𝕄1 (
𝒹̅(△𝔧

𝔦(𝔔1)𝔫𝔱𝔭𝔮  ,0̅)

ρ
) ⋎ 𝕄2 (

𝒹̅(△𝔧
𝔦(𝔔2)𝔫𝔱𝔭𝔮  ,0̅)

ρ
) ⋎ 𝕄3 (

𝒹̅(△𝔧
𝔦(𝔔3)𝔫𝔱𝔭𝔮  ,0̅)

ρ
)]

𝓅

≺ ∞𝔮∈ℴ𝔭∈ℴ𝔱∈ℴ𝔫∈ℴ . 

⟹ sup𝔰,𝔯,𝔞,𝔟≽1,ℴ∈𝔜𝔰𝔯𝔞𝔟 
1

𝕂 Ψ𝔰𝔯𝔞𝔟

∑ ∑ ∑ ∑ [𝕄1 (
𝒹̅(△𝔧

𝔦(𝔔1)𝔫𝔱𝔭𝔮  ,0̅)

ρ
) ⋎ 𝕄2 (

𝒹̅(△𝔧
𝔦(𝔔2)𝔫𝔱𝔭𝔮  ,0̅)

ρ
) ⋎ 𝕄3 (

𝒹̅(△𝔧
𝔦(𝔔3)𝔫𝔱𝔭𝔮  ,0̅)

ρ
)]

𝓅

≺ ∞𝔮∈ℴ𝔭∈ℴ𝔱∈ℴ𝔫∈ℴ . 

     ⟹ (𝔔𝔫𝔱𝔭𝔮 ) ∈ 𝓂(𝕄,Ψ,△𝔧
𝔦, 𝓅)𝔽

4 .  

Hence (𝕄, φ,△𝔧
𝔦, 𝓅)𝔽

4 ⊆ 𝓂(𝕄, Ψ,△𝔧
𝔦, 𝓅)𝔽

4 . 

Conversely, suppose that 𝓂(𝕄, φ,△𝔧
𝔦, 𝓅)𝔽

4 ⊆ 𝓂(𝕄, Ψ,△𝔧
𝔦, 𝓅)𝔽

4 .To prove that sup𝔰,𝔯,𝔞,𝔟≽1 (
φ𝔰𝔯𝔞𝔟

Ψ𝔰𝔯𝔞𝔟
) = sup𝔰,𝔯,𝔞,𝔟≽1 (𝔍𝔰𝔯𝔞𝔟) ≺ ∞.  

Suppose sup𝔰,𝔯,𝔞,𝔟≽1 (𝔍𝔰𝔯𝔞𝔟) = ∞. Then there exists a double subsequence (𝔍𝔰𝔯𝔞𝔟𝒾𝒿𝓀ℓ
) of (𝔍𝔰𝔯𝔞𝔟) such that lim

𝒾,𝒿𝓀ℓ→∞
(𝔍𝔰𝔯𝒾𝒿𝓀ℓ

) = ∞. 

Then for (𝔔𝔫𝔱𝔭𝔮 ) ∈ 𝓂(𝕄, φ,△𝔧
𝔦, 𝓅)𝔽

4, we have, 

sup𝔰,𝔯,𝔞,𝔟≽1,ℴ∈𝔜𝔰𝔯𝔞𝔟 
1

Ψ𝔰𝔯𝔞𝔟

∑ ∑ ∑ ∑ [𝕄1 (
𝒹̅(△𝔧

𝔦(𝔔1)𝔫𝔱𝔭𝔮  ,0̅)

ρ
) ⋎ 𝕄2 (

𝒹̅(△𝔧
𝔦(𝔔2)𝔫𝔱𝔭𝔮  ,0̅)

ρ
) ⋎ 𝕄3 (

𝒹̅(△𝔧
𝔦(𝔔3)𝔫𝔱𝔭𝔮  ,0̅)

ρ
)]

𝓅

𝔮∈ℴ𝔭∈ℴ𝔱∈ℴ𝔫∈ℴ ≽

sup𝔰,𝔯,𝔞,𝔟≽1,ℴ∈𝔜𝔰𝔯𝔞𝔟 

𝔍𝔰𝔯𝔞𝔟𝒾𝒿𝓀ℓ

φ𝔰𝔯𝔞𝔟𝒾𝒿𝓀ℓ

∑ ∑ ∑ ∑ [𝕄1 (
𝒹̅(△𝔧

𝔦(𝔔1)𝔫𝔱𝔭𝔮  ,0̅)

ρ
) ⋎ 𝕄2 (

𝒹̅(△𝔧
𝔦(𝔔2)𝔫𝔱𝔭𝔮  ,0̅)

ρ
) ⋎ 𝕄3 (

𝒹̅(△𝔧
𝔦(𝔔3)𝔫𝔱𝔭𝔮  ,0̅)

ρ
)]

𝓅

𝔮∈ℴ𝔭∈ℴ𝔱∈ℴ𝔫∈ℴ = ∞.  

i.e. sup𝔰,𝔯,𝔞,𝔟≽1,ℴ∈𝔜𝔰𝔯𝔞𝔟 
1

Ψ𝔰𝔯𝔞𝔟

∑ ∑ ∑ ∑ [𝕄1 (
𝒹̅(△𝔧

𝔦(𝔔1)𝔫𝔱𝔭𝔮  ,0̅)

ρ
) ⋎ 𝕄2 (

𝒹̅(△𝔧
𝔦(𝔔2)𝔫𝔱𝔭𝔮  ,0̅)

ρ
) ⋎ 𝕄3 (

𝒹̅(△𝔧
𝔦(𝔔3)𝔫𝔱𝔭𝔮  ,0̅)

ρ
)]

𝓅

𝔮∈ℴ𝔭∈ℴ𝔱∈ℴ𝔫∈ℴ = ∞ . 

Therefore (𝔔𝔫𝔱𝔭𝔮 ) ∉ 𝓂(𝕄, Ψ,△𝔧
𝔦, 𝓅)𝔽

4  is a contradiction. Hence sup𝔰,𝔯,𝔞,𝔟≽1 (
φ𝔰𝔯𝔞𝔟

Ψ𝔰𝔯𝔞𝔟
) ≺ ∞. 

 

Proposition 3.4 : 

          ℓ𝓅(𝕄,△𝔧
𝔦)𝔽

4 ⊆ 𝓂(𝕄, φ,△𝔧
𝔦, 𝓅)𝔽

4 ⊆ ℓ∞(𝕄,△𝔧
𝔦)𝔽

4  for 1 ≼ 𝓅 ≺ ∞ , where 𝕄 = (𝕄1 ,𝕄2). 

Proof :  

         On taking 𝕄(𝓍1 ,𝓍2) = (𝓍1
𝓅

, 𝓍2
𝓅

,𝓍3
𝓅

), ∀ 𝓍1,𝓍2 , 𝓍3 ∈ [0, ∞) and for 1 ≼ 𝓅 ≺ ∞ and 𝜑𝔫𝔱𝔭𝔮 = (1,1,1), ∀ 𝔫,𝔱, 𝔭, 𝔮 ∈ ℕ, we 

arrive that 𝓂(𝕄, φ,△𝔧
𝔦, 𝓅)𝔽

4 = ℓ𝓅(𝕄,△𝔧
𝔦)𝔽

4 .So, the first inclusion is clear.  

Next, suppose that, (𝔔𝔫𝔱𝔭𝔮) = ((𝔔1)𝔫𝔱𝔭𝔮 ,(𝔔2)𝔫𝔱𝔭𝔮 ,(𝔔3)𝔫𝔱𝔭𝔮) ∈ 𝓂(𝕄, φ,△𝔧
𝔦, 𝓅)𝔽

4  

This tends that, 

 sup𝔰,𝔯,𝔞,𝔟≽1,ℴ∈𝔜𝔰𝔯𝔞𝔟 
1

φ𝔰𝔯𝔞𝔟
[∑ ∑ (𝕄1 (

𝒹̅(△𝔧
𝔦(𝔔1)𝔫𝔱𝔭𝔮 ,   0̅  )

𝔭
) ⋎ 𝕄2 (

𝒹̅(△𝔧
𝔦(𝔔2)𝔫𝔱𝔭𝔮 ,   0̅  )

𝔭
) ⋎ 𝕄3 (

𝒹̅(△𝔧
𝔦(𝔔3)𝔫𝔱𝔭𝔮 ,   0̅  )

𝔭
))

𝓅

𝔟∈ℴ𝔞∈ℴ ]

1

𝓅

= 𝕂(≺ ∞).  

∀ 𝔰,𝔯, 𝔞, 𝔟 = 1, (𝕄1 (
𝒹̅(△𝔧

𝔦(𝔔1)𝔫𝔱𝔭𝔮 ,   0̅  )

𝔭
) ⋎ 𝕄2 (

𝒹̅(△𝔧
𝔦(𝔔2)𝔫𝔱𝔭𝔮 ,   0̅  )

𝔭
) ⋎ 𝕄3 (

𝒹̅(△𝔧
𝔦(𝔔3)𝔫𝔱𝔭𝔮 ,   0̅  )

𝔭
)) ≼ 𝕂φ1111 .  

Which indicates that , 

 sup𝔫𝔱𝔭𝔮≽1 [𝕄1 (
𝒹̅(△𝔧

𝔦(𝔔1)𝔫𝔱𝔭𝔮 ,   0̅  )

𝔭
) ⋎ 𝕄2 (

𝒹̅(△𝔧
𝔦(𝔔2)𝔫𝔱𝔭𝔮 ,   0̅  )

𝔭
) ⋎ 𝕄3 (

𝒹̅(△𝔧
𝔦(𝔔3)𝔫𝔱𝔭𝔮 ,   0̅  )

𝔭
)] ≺ ∞ .  

Therefore (𝔔𝔫𝔱𝔭𝔮 ) ∈ ℓ∞(𝕄,△𝔧
𝔦)𝔽

4 .  

Thus, 

         ℓ𝓅(𝕄,△𝔧
𝔦)𝔽

4 ⊆ 𝓂(𝕄, φ,△𝔧
𝔦, 𝓅)𝔽

4 ⊆ ℓ∞(𝕄,△𝔧
𝔦)𝔽

4   
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