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Abstract— In this paper, we examine the triple young functions defined by quadruple sequences spaces m (M, @, A, p)# of fuzzy
numbers and demonstrate several properties, such as the fact that the space m (M, @,Al, p)# is a complete metric space .
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1. INTRODUCTION

Sargent ([2],[3]) introduced the 72 () space. He investigated a few 2 (¢p) space-related properties. Later, it was examined
from the perspective of sequence space, and several matrix classes with one member like 72 (¢) were used by Rath and Tipathy
[1], Tripathy and Sen ([5],[6].[7]), Tripathy and Mahanta [4], and others.

The quadruple sequences space m (M, @,Al, p)#,0 < p < oo of fuzzy numbers has been introduced in this study. Section
two contains the definitions and introductions required for our work. We examine some of the features of the space
m (M, @,AL p)¢ forboth0 < p < 1and 1 < p < o in the third section.

Assuming that Q = (Q,,,) isa quadruple sequence, P(Q) denotes the set of all permutations of the element of (Q,4,,) ,
i.e. P(Q) = {(Quupg) ) : T is a permutation on N}, where N is the set of natural numbers .

Assume that 9., is the class of all subsets of N that do not contain more than a certain number of each of the components
5,1, a,and b. All through (¢,,,) is a positive quadruple numbers are arranged in a non-decreasing quadruple sequence such that

toms ey S M+ DE+ DG+ D@+ D@y V1t p,g EN.

2. DEFINITIONS AND PRELIMINARIES

Q :[0,00) - [0, 0) isa continuous, non-decreasing, and convex with 2(0) = 0, Q(A) > 0 as A > 0 and Q(A) —» 0 asA -
oo implies that Q is an Orlicz function .

H:[0,00) = [0,00) 3 H(A) :%,

young function .

A>0and H(O0)=0,H) >0asA>0and H(A) » 0as A - oo tends to I is a

A triple young functionis a function : [0, c0) X [0, 00) X [0, 0)—[0, ) X [0,0) X [0,0) 3 M(Y,S,R) =
(M, (2), M, (&), M, (R)) , where M, : [0,0)—3[0,00) 3 M, (%) = 2% 9 > 0 and M, : [0,0)—5[0,00) 3 M, (&) =

pat
92(6), G > 0and M : [0,00)—[0,00) 3 M;(R) = s (m),iﬁ > 0 . These functions are non-decreasing , continuous , even , convex
, and satisfy the following condition:
f) M, (0) = 0,M,(0) = 0,M,(0) = 0 = M(0,0,0) = (M, (0), M, (0), M, (0)) = (0,0,0)
iit) M., (20) > 0, M, (&) > 0,M(R) > 0 = M(%, S, R) = (M, (), M, (S),M,(R)) > (0,0,0), for A > 0,& > 0,R > 0 we
mean by (2, S,R) > (0,0,0) implies that M, (20) > 0, M, (&) > 0, M;(R) > 0.
fifi) M, (%) - 0,M, (&) - 0, M3(R) » 0as A - 0,& — o0, R — oo then M(Y, S, R) = (M, (), M, (S), M, (R)) — (0,0,0)
as (U, G, R) — (o0, 0, 00),we mean by M(U, S,R) — (0,0,0) as M, (A) - 0, M, (&) - 0,M;(R)— 0.

It is satisfies the following conditions :
1. Fis aconvex if for each F(r,) = F(r;) AF(r;) = min{ F(r,),F(r;)},Vr, <r, <13,V I, Tr; €R.
2. Fisnormal if thereisar, € Rand F(r,) = 1.
3. Fis upper-semi-continuous Va € I,V &> 0and F~* ([0,a + £)) is openin
the usual topology of R
4. F is anon-negative fuzzy number vV r < 0 implies F(r) = 0leadsto F: R — [0,1] isa
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fuzzy real number .

The set of all non-negative fuzzy numbers of R(I) denotedby R*(I) . Let R(I) denote the set of all fuzzy numbers which
are upper-semi continuous , normal .

In this study, we introduce and define the space #(M, @,Al, p)# as follows :

’WL(M, (p:Air ;7)]‘]}? = Qntpq =

1 A(A(Q o » O A( A Qg O
((Q0ntpa » Q2 ntper (R e : SUPstab>10€Dga Yneo Ltco Lpeo qu(y{(Ml ((—( . lp i ))>YMZ ((—( ] )))v

L IV
M, <(M)>) } < o, for some p > 0}, for 0 < p < oo, where M = (M, M,, M ).

3. MAIN RESULTS

Theorem3.1:
m(M,@,A}, p)§ isa complete metric space under the metric,

G(Qe) = 22:12;:122:1 b d ((QD 482G i) (R 00 (82D i80) » (Q3) i (S3) 540)) +

. 1 A(A{(Q)rtpq A{(S D A(A{(Q2)ntpg A{(S2)n
1nf[(p,p, p) > (0,0,0) :sups‘,,a,bﬂ_oe%mb@ZneoZmZpengeO{(Ml( ( {8 ntpg 2i(S1 tvq))v M2< ( i(82)ntpq 2i(S2 tnq))v

. P
o i z
M, <d(A1(93)ntpq 'Ai(63)"t”q)>> }< 1,11

) V¥V Q,6 € m(M, oAl p)k where Q = (2,,Q,,9;),6 =(6,,6,,6,),ix1j=1

and 0 < p < 1, where M = (M, M,,M,)
Proof
(gfpec)

Let (Q@#°9)) be a Cauchy quadruple sequence inm (M, @,Al, p)E 3 Qe = Q. Dipa=1-
Vv &> 0 be given . 3 afixed point x, > 0, choose 7~ > 0 3 (M1 (?) Y M, (%) v M, (%)) > (1,1,1). Then 3 a positive
integer n = n(e) 3 G (((Q @9, (@) ), (@) 4, (R,) ), ()¢, (@) w79 ) <
€ € €

(T%’T%’E)’v g.f,ecuv,w,x =ng.

By the definitionof , we arrive that

Ber B Shar Zhard ((@0F17, @057 (@007 @55 ) (@58 @) +
. d Ag(D )ﬁg#ea)'A@(Q )ngfwx)
lnf|:(p: p: p) > (0;0;0) : Sups'r'arIJ;lvo'e‘ngb ﬁEnEOZtEU ZpEUZqu«{(M]_( ( 1\ ntpg i () ntpg ) v

p
»
d Ai Q (g,#ec)‘Ai Q (wvwx) dl Ai Q (g,#ec)'Ag Q (wvwx)
M2< ( (22 1pg . i (Q2)ntnq ) Y M, ( HER I ids - (931t ) < (LLD|< (g ee)V ghecuv,w,x=n,. ... (3-

1)
Which implies that,

ij ij ij i n ) UVWX, ( ) UVWX, ( UVWX

Ll Tl T (@09 @) (@)%, (252, (@ (@) ) <
(8,8,€),V g f.ecuv,wx =n,.
= d_ (((91),(5;:?): (Ql)s,;l/;’wx)) ’ ((QZ),E%;C): (DZ)E%;U’C))I ((D3)4(jf&;c): (93)4(,;wa))) < (8’ 8)'V g‘! ’f, ecuv,w,x >
1oV 4,4 R € = 1,23, ....ii.

Therefore ((Dl)f%ff)), ((Qz)iﬁf)) , ((93)2%?) are Cauchy quadruple sequences in R(I), so is convergent in R(I) by

the completeness property of R(I), V 4,4, %, = 1,2,3, ....if .
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Let lim (R85 =(Q,) 4 and Jim (@, Yghe) = (@) peand | lim (D, )A) = (Qy)iip0,¥ gy 2 = 12,3, .

g.f.ec— Vijhe ikt ijht
(3-2).
Also,

d(ai@ )T(lgff%)’Ai(Q )Slwzrwx) d Ai(Dz)ﬁg#ec),Ai(D )r(lwwx)
supsrub>106$smbq, Zn€02t602p602q50{< < ( i\ 1 ntng : i1 ntpg ) YMZ ( 1 tpg p; 2)ntpq ) v
P
FIUNTE®) (%50)'A1 Q.)wrw)

MI3< (Al : (D3 ripq )>> } (1,1),Y g.4. e, c,u,v,w,x = n, ...(3-3)

Fors,r,a,b = 1and o varying over 9., , we obtain, ,
s vy oy [y (o0 A@0w) | | g (A A @D )| | e (AR )Y
NE¢ Lit€Eg LpEy LagEr 1 g((Dl)((Mec))’(Dl)((mrwx) 2 G((Q, )((grﬁ‘ec)) (2, )((mrwx)) 3 G((Qs3 )((grﬁ‘ec)) (2 )((wvwx)) N

Q1110Y & F e c,u,v,w, x E .=

o At ec i wrwx o Al e Al wrwx o Ai e Al wrwx 1
a. [(Aai@0E A0 )\ | . (Ai@e sl )\ | o (Aol s )\ . 5
T\ (@) q,)wows) G((2)(0FeD () (www)y (@@ gy Gwwwmy || S Praan S

(M (M") Y M, (mo) Y M, (”0)) Vg, 8,6 cu,v,w,x = n,.
By the continuity of M, we get

7 i (gfec) Ai (wvwx) i (gfec) i (wvwx) i (gfec) Ai (wvwx)
d((Ai @)% Al (@8, (8 @) A (@)%, (81 (@)Y Al (R,5) 0 )) <

(%,4"2350'4”&0) (((Ql)(g#ec) (D )(wzrwx)) ((QZ)@#ec) (Q )(uvwx)) ((93)(9#60) (Q )(uvwx)))
Y g.f.ecuv,w,x =0,

= (o @081 @0, (o) @07 0y ). (8] @Y ) @) = (52,50 2)
(fi%ri%rim)_(z > Z) V g.f.ecu,v,w,x F .
=d ((Ai CoR )r(f;im AL (R, )T(I;zw))’( AR, )1(1%3;5‘:0) Al (Qz)ﬁﬁw@), ( Al@ )1(1?;“) A @) ﬁﬁw@)) -
(Z z z) Vg fecuv,wxEn,.
Consequently (A} (Q 1)1(%1?;%)), (A} (Qz)fpﬁ;ec))' (A} (Q3)1(1iiec)) are Cauchy quadruple sequences in R(I) , so is convergent

in R() by the completeness property of R(I).

Let %?CA} QDY) = (&) 5 and %}A} (@)Y = (&,),1pq and ;%A} () = (83)ipg INR(D,Y 1, 1,9, € N.

We hawve to prowe that,
;i#m(Dl)(g#“) =9Q, and ;%m (Q,)¥F) =Q, and ;i#m(s%)(%ec) =Q;, VQ,Q,,9; € m(M,@,ALp)t .

25 (@0)utpe = Zheo(=D) (1) @0 uespeompiorapiarn 08 4] ([Dupg = Zheo(=D) (1) @) usap tompiospiar A 4] ([)ripg =

=o(=1) (D (Q3) (et ) o) o1 - ")
and
Let lim (R4 =(Qu)ypeand lim (@757 =(@;)ypeand Jim (@)1 = (Qa)yar Vo, Rl = 123, ...
(3-2).
Form,t,p,q = 1, from (**) and (3-2),we have
,jim (@, )t = (@geaand | Jim (z;z)fliﬁ”) = (Q,)y41 20d
)
g,#lércn—) (D )l(f;ﬁ;ec (D )q+1 !VI 1 I 1.
This mean that,
g,%?w(gl)gf& = (Q1 )t and allignw(gz)iﬁec) = (Q;)nppq and
. (g#ec)
Hm Q) = @y oV R €N
Also,
(gfed) _ ni . i (gfec) _ A
L dm AL QDI = A Qg and | Jim AL (R,), 55 = A} (Q)ripg
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: i (gfec) i
and g‘#l"lg‘rCerA} (2,13)5‘;12% = Al (Q,3)

By the continuity of M, from (3-3), we get

_(Ai(gl)(st}rﬁc)’ Ai(ml)ntvq) J(Ai(nz)(g#ec)’ Ag(Dz)qu)
Sup5tab>1 €D srap @ Znea ZtEaZpay quo [( < i ntpq ) Y M2 i ntpg i v

p p
(A‘(Q )(Q y gc), A[(Q3)m )
MI3 ntpg Pq

ntpg VLD, EN.

. <(1,1,1),forsomep >0,V g,#,¢e,¢ = n,.

Now ontaking the infimum of ps and using (3-1) ,we get

1 d(al@p¥#ee), Ay,
(p,p,p) > (0,0,0) FSUD: 1 053 1,0€9.00 (p—bZnEOZtEcr Yiveo Laeo I(Ml( ( iQnpg > 4@ tvq) v

inf
P

»
(gﬁec) Al Al (gﬁec) Al
AlQ i(Q2)n - i(B3)n
MI2< ( i Dupg_+ A B2) wq)) Y M3< ( Qg+ 4i(R) wq))) l < (1,1,1)] < (g¢€),Vg,fec= L

p p
Moreover , we get,

2 T T (@0 (00.560) (@DFE (91520, (RDE, (Q)ya0)) ) + inf

_(Ai(gl)(ip#ec)’ Ai(al)ntvq) L{(Ai(Dz)(M“), Ai(nz)ntpq)
Supsrab>1 €D srap 0 Zne” ZtEozpay ZqEU [( < i ntpq 5 i Y MZ i ntpqp i v

(p,p,p) >(0,0,0) :

p

Which leads that,

6 ((@D@,9,),((Q)#9,9,),((2,)9,2,)) < (26,2¢,26),¥ g, §, e,¢ > 1,
ie. I{i);&n(ml)(g*f“) =Q, and 1{1}5&;1(92)(9#8@ = Q, and l{i};ﬁn(ag)(ﬁeﬁ) =Q,
Now, itis to showthat Q;,Q,,Q; € m(M, @, A", p)t.
We know that,
G ((Q1,0),(2,,8),(2;,8)) < G ((Qy, (™), (Q, (Q)™79)), (Rs, (Q,)™™0) ) +
G ((@@m,8), ((2,)7¢,8),((Q3)""¢9,8) ) < (e,,£) + (My, My, My), V 12,1, @ = 15 (2)

ie.G((2,8), (Q,,0),(2,,0)) isfinte.
Therefore Q,,Q,,Q; € m(M,@,AL Pt .
Thus,

m(M, @,Al p)Eis complete metric space .

»
(g»#ec) i
M3< (A (Q3)1ipg AI(D3)““°“))> l < (1,1,1)] < (g5¢8)+ (g¢6) = (2¢,26,28) VL4, =

Proposition3.2 :
/m(M,cp,A})% c m(M, p,AL p)k, for1 < p < oo, where M = (M,,M,, M,).

Proof:
Let = (Q1,9,,9;) € m(M, q),A})ﬁE .
Then we hawe,
A( A(Q D ing 0 A( A Qp)ntng O A( AN (Q3)ntng 0
Supsrab>1 €D crap @era Zneo Zteosza Zan [Ml (@) A MZ (@) A MS <%>] =K (< Oo): for
somep > 0.

Vst aband o €9, , We have

A( AR utng 0 A A{(Q2)ntpq 0 (2/Q3)ripg 0
B e T o o (152 g, (15 o, (S5 s e -
(221 i 0 (Al Q)ntpq 0 A i)
- <Zn@ T o Toco Tco [M1 <w> v M, <@) v M, ( i 0 )

1
o _ P\p
A(Q)ntpg 0 (AlQ,) (Al@a)y ‘
= SUPg rqp>1 €D era O <Zn€(x Zteo'Zpeo Zqu [M1 <_( i ‘1) tpg )) Y Mz( 2)ntpg 0 >Y < 3)ntpqg ))] ) < K<o.

) ]K(psrab
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Therefore Q = (2,,Q,,Q3) € m(M, @,AL, p)¢, for1 < p < co.

Proposition 3.3 :
/I’VL(M, @,A},p)% c m(M,‘P,Ai,p)ﬁ A SUP; 10631 (‘Psmb) < Oolfor 0< p<>.

"psrub
Proof:
Let sup, , o1 ($_Z) = K < o0..To prove that (M, ¢,Al, p) € m (M, ¥,Al, p).
Assume that SUPg 1 0,b3>1 ($smb) K < oo, we have (Psrab K Lpssmb '

NOW if (’Dntpq) ((Ql)ntpq :(Qz)mpq ” (Dz)ntpq) € m(M (P' }7)% ' then '
o _ o _ »
A(Q D) ntpq - a( 2:(Q2)ntpg 0 A A(Q3)ntpg 0
Supgrab>1 €D erap ©ora ZnEU ZtE”ZpEO qu(y [ (%) Y MZ (%) Y M3 (M)] < 00,

p

o ~ o _ o W17
(A Q) ntng O A( AR ytng 0 a( Aj(Q3)ntpq 0
= SUDg 1 053 1,06900s " KW, Zn@ZteaZpetquea[Ml <_( i ; tpq ))v M2< ( i Z tpg ))vM3< ( i ‘3) tpg )>] < oo,
= (Quing ) € MM WA P
Hence (M, @,Al, p)E € m(M, WAL p)g .
Conversely, suppose that 7 (M, @,AL p)§ € m (M, W,Al, p)¢ To prove that sup,, o551 (

Psrab

) - Supgrab>1 (Jsrab) < oo,

Worab

Suppose sup, ;o ps1 (Ssap) = oo Then there exists adouble subsequence (ngbq " {,) of (J,.0p) SUCh that i,;,'lé?l " (\5% . [) =
Then for (Q,, ) € m(M[, QAL Pk, we have,

A(A{(QDnipq 0 A(A{(@2)rtpg 0 4 A?(n Dntpa 0
Supsrab>10€2]§mh W, Zn602t602p602q60 [Ml(%>vlw2< ( I ‘2) = )>VM3< ( Lo )>

Sstavze A(A{(Q1)utpq O (5[ Q2)utpq A(2{@a)n
SUPg 1,001 €D b —721160 Zteasz(quEa [Ml <@) v MZ ((Ifq) v M3 ———

‘Psrab”/ﬂz

o _ o _ P
Aj(Q1)ntpg 0 (A Q)ntpq 0 (2l@an
ie. SUPs 0031 0 €D srap v, Zneo Zteazpeo quo [M1< ( : :) : )> Y Mz (7< 1 ?) i )) Y M3 < LA )>]

Psrap
Yy,

srab

P

=
»

Therefore (Qpq ) € m(M WAL p)t isa contradiction. Hence sup, , o 1 ( ) < oo,

Proposition3.4 :
£,(MADE S m(M, AL p)i € £, (MADE for 1 < p < oo, where M = (M, M).

Proof:
On taking M(x,,x,) = (xf,xz ,x3) V x4,%,, %5 € [0,00) and for 1 < p < o and Ortpg = (1,1,1), Y n,t,p,qg € N, we
arrive that m (M, q),A},;v); =1, (M,A;)]F .S0, the firstinclusionis clear.
NeXt7 suppose thata (Qntpq) = ((Ql)ntpq '(Dz)ntpq ) (DS)ntpq) € m(M' (\O,A}, ﬁ)ﬁ‘
This tends that,

. . . P
1 A( A Q)ntng, O A( A Q) ning, O A( A (Q3)ntpg» O
Sups,r,a,b?l,oe%mb —‘Psmb [Zae‘y Zbeg <M1 <_( 1 1p pg )) Y Mz < ( i Zp pq )) Y M3 < ( i 3p q )>>
A( A QD utos» O A( A Q) utos, O A( A Q) g, O
Vsrab=1, <M1 <%> Y M2 (W) Y M3 (M)) < ]K(pllll .

AN L

= K(< o0).

P
Which indicates that ,

4(£{@1nipg 0 A(A](@)ripg, 0 (2 Q3)nipq, O

P
Therefore (Quip, ) € €0 (MADE.
Thus, ' , :
£,(MADE S m(M, 9,0} p)k € €0, (MAD
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