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1. Introduction 

The limited-dimensions complex theory In Lie 

theory, it is an essential component of Lie theory. With the 

growing body of theory and applications, making sure of the 

applicable tools to deal with it became important. They also 

find uses  finite-dimensional complex number theory [1]. 

Casimir factors are discussed, lower and higher central 

sequences, Lie algebra of derivations, ideals When affinities 

between Lie algebras are possible ,and sub algebras [2,3] are 

all discussed .In [4] these characteristics are extremely 

important . 

     The linear maps  𝑓 ∶  ℒ →  ℒ  of a Ґ-Lie algebra ℒ such 

that  𝑓([𝑥, 𝑦]ƛ)  =  [𝑓(𝑥), 𝑦]ƛ + [𝑥, 𝑓(𝑦)]ƛ     applies to any  

𝑥, 𝑦 ∈  ℒ , denoted by 𝐷𝑒𝑟ƛ(ℒ) [5].   

     Leger  mentioned in his article that 𝐺𝑒𝑛𝐷𝑒𝑟 (𝑆). =
 𝑄𝐷𝑒𝑟 (𝑆) +  𝐶( 𝑆). when S is a pseudo-simple Lie algebra in 

characteristic 0 [6] . We  introduce the following notion of 

(𝛼, 𝛽, 𝛾 ) − (Ґ − derivations), which connects with the 

automorphism group when specializing in the case where 

𝛼 and 𝛽 and 𝛾 are automorphisms [7]. 

In this article , in section two let ℒ stand for the 

finite-dimensional Ґ-Lie algebra over the Ґ-field of complex 

numbers ℂ and 𝐸𝑛𝑑(ℒ) for the associative Ґ-algebra of all 

linear operators on the Ґ-vector  space ℒ. 𝐸𝑛𝑑(ℒ) is a space 

with a standard Ґ-Lie commutator [𝑁, 𝑀]𝜆  = 𝑁 ·𝜆 𝑀 −
 𝑀 ·𝜆 𝑁, is denoted as usual by 𝑔𝑙(ℒ). Through this method, 

any Ґ-Lie sub algebra of 𝐸𝑛𝑑(ℒ) and  𝑔𝑙(ℒ) has a Ґ-Lie sub 

algebra we also rely on the notation of the center 𝑍(ℒ) and for 

the Ґ − derived Ґ-Lie algebra ℒ2 =  [ℒ, ℒ]𝜆. 

In section three , when we take the values of each of 

( α,β,γ) Equal to natural numbers, you  write  (𝑓, 𝑓′, 𝑓") to 

express the difference in functions after multiplying them by 

the natural numbers .then it is equal to Ґ-derivation, and if 

(α,β,γ) is not equal to one, we deduce another application of 

Ґ-Lie algebra, which is Generalized Ґ-derivation, quasi Ґ-

derivation, quasi centroid and centroid, and these are special 

cases. of (α,β,γ)-(Ґ-derivations)  of  Ґ-Lie algebra. 

2. (𝜶, 𝜷, 𝜸)-(Ґ-derivations) of Ґ-Lie 

  In this section, we  introduce (𝛼, 𝛽, 𝛾)-Ґ-derivations 

and show their pertinent properties. All possible intersections 

of spaces containing these Ґ-derivations are investigated.  

2.1 Definition(𝜶, 𝜷, 𝜸)-(Gamma-derivations) of Ґ-Lie 

algebra 

Let  ℒ is a Ґ-Lie algebra and a linear operator 𝑓 ∈
 𝐸𝑛𝑑(ℒ) .is called (𝛼, 𝛽, 𝛾)-(Ґ-derivations) of  ℒ if there is 

 𝛼, 𝛽, 𝛾 ∈ ℂ  such that. 

𝛼𝑓([𝑥, 𝑦]ƛ) = 𝛽[𝑓(𝑥), 𝑦]ƛ + 𝛾[𝑥, 𝑓(𝑦)]ƛ             (1) 

For  all 𝑥, 𝑦 ∈ ℒ.  

2.2  Properties and structure of (𝜶, 𝜷, 𝜸)-(Ґ-

derivations) 

For given 𝛼, 𝛽, 𝛾 ∈ ℂ we denote the set of all.  (𝛼, 𝛽, 𝛾)-(Ґ-

derivations)  as 𝐷(𝛼, 𝛽, 𝛾), i.e. 

𝐷(𝛼, 𝛽, 𝛾) = {𝑓 ∈ 𝐸𝑛𝑑(ℒ)|𝛼𝑓([𝑥, 𝑦]ƛ) = 

              𝛽[𝑓(𝑥), 𝑦]ƛ + 𝛾[𝑥, 𝑓(𝑦)]ƛ∀𝑥, 𝑦 ∈ ℒ}       (2) 

Obvious  that 𝐷(𝛼, 𝛽, 𝛾) is Ґ-Lie subspace of 𝐸𝑛𝑑(ℒ) and by 

(1) We conclude from thatℰ ∈ ℂ \ {0} it holds that. 

𝐷(𝛼, 𝛽, 𝛾) = 𝐷(𝛼ℰ , 𝛽ℰ  , 𝛾ℰ ) =  𝐷(𝛼, 𝛾, 𝛽)          (3) 

It is clear that 

𝐷(𝛼, 𝛽, 𝛾) = 𝐷(𝛼ℰ , 𝛽ℰ  , 𝛾ℰ ) 

And through the structure of all three equations, we can 

deduce 
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 𝐷(𝛼, 𝛽, 𝛾) we get. 

𝛼𝑓([𝑥, 𝑦]ƛ) = 𝛽[𝑓(𝑥), 𝑦]ƛ + 𝛾[𝑥, 𝑓(𝑦)]ƛ                (a) 

𝐷(𝛼ℰ , 𝛽ℰ  , 𝛾ℰ ) we get. 

𝛼ℰ𝑓([𝑥, 𝑦]ƛ) = 𝛽ℰ[𝑓(𝑥), 𝑦]ƛ + 𝛾ℰ[𝑥, 𝑓(𝑦)]ƛ         (b) 

𝐷(𝛼, 𝛾, 𝛽) we get. 

𝛼𝑓([𝑥, 𝑦]ƛ) = 𝛾[𝑓(𝑥), 𝑦]ƛ + 𝛽[𝑥, 𝑓(𝑦)]ƛ                (c) 

Since 𝛼𝑓([𝑥, 𝑦]ƛ) equals 𝛼𝑓([𝑥, 𝑦]ƛ) from that we deduce the 

equality of the two equations  Eq(a) and  Eq(c) implies that. 

𝛼𝑓([𝑥, 𝑦]ƛ) = 𝛽[𝑓(𝑥), 𝑦]ƛ + 𝛾[𝑥, 𝑓(𝑦)]ƛ 

And  

          𝛼𝑓([𝑥, 𝑦]ƛ) = 𝛾[𝑓(𝑥), 𝑦]ƛ + 𝛽[𝑥, 𝑓(𝑦)]ƛ 

Thus  

𝐷(𝛼, 𝛽, 𝛾) = 𝐷(𝛼, 𝛾, 𝛽) 

2.3 Lemma  

 For every  𝛼, 𝛽, 𝛾 ∈ ℂ                                             (4) 

𝐷(𝛼, 𝛽, 𝛾) = 𝐷(0, 𝛽 − 𝛾, 𝛾 − 𝛽) ∩ 𝐷(2𝛼, 𝛽 + 𝛾, 𝛽 + 𝛾) 

    Proof:-   Suppose any 𝛼, 𝛽, 𝛾 ∈ ℂ  are given. Then for 𝑓 ∈
𝐷(𝛼, 𝛾, 𝛽) and arbitrary 𝑥, 𝑦 ∈ ℒ we have 

  𝛼𝑓([𝑥, 𝑦]ƛ) = 𝛽[𝑓(𝑥), 𝑦]ƛ + 𝛾[𝑥, 𝑓(𝑦)]ƛ                    (5) 

𝛼𝑓([𝑦, 𝑥]ƛ) = 𝛽[𝑓(𝑦), 𝑥]ƛ + 𝛾[𝑦, 𝑓(𝑥)]ƛ                      (6) 

We get (7) and (8) from adding and subtracting equations (5) 

and (6) 

0 = (𝛽 − 𝛾)([𝑓(𝑥), 𝑦]ƛ) + (𝛾 − 𝛽)([𝑥, 𝑓(𝑦)]ƛ)             (7) 

2𝛼𝑓([𝑦, 𝑥]ƛ) = (𝛽 + 𝛾)([𝑓(𝑥), 𝑦]ƛ + [𝑥, 𝑓(𝑦)]ƛ)           (8) 

And thus 

 𝐷(𝛼, 𝛽, 𝛾) ⊆ 𝐷(0, 𝛽 − 𝛾, 𝛾 − 𝛽) ∩ 𝐷(2𝛼, 𝛽 + 𝛾, 𝛽 + 𝛾)  

Similarly, beginning with Eq (7) and (8) we obtain Eq(5) and 

Eq (6) and the remaining inclusion is proven.                                                                            

2.4 Theorem:  

There exists 𝛿 ∈ ℂ and a 𝛼, 𝛽, 𝛾 ∈ ℂ such that the 

subspace  𝐷(𝛼, 𝛽, 𝛾) ⊆  𝐸𝑛𝑑(ℒ) is equal to some of the four 

following subspaces: 

1- 𝐷(𝛿, 0,0).  

2-  𝐷(𝛿, 1, −1).  

3-  𝐷𝐷(𝛿, 1,0). 

4-  𝐷(𝛿, 1,1). 

Proof:   

(1) 𝐷(𝛿, 0,0): 

(a) If  𝛿 =  0 We get it trivially  𝐷(0, 0, 0) 

of 𝐸𝑛𝑑(ℒ). 

(b)  If  𝛿 ≠  0  the space 𝐷(1, 0, 0) is a Ґ-Lie sub 

algebra of 𝐸𝑛𝑑(ℒ) , mapping derived Ґ-Lie 

algebra. 

(2) 𝐷(𝛿, 1, −1): 

(a) If  𝛿 = 0 we get a Ґ-Lie sub algebra of ℒ 

𝐷(0,1, −1)
= {𝑓 ∈  𝐸𝑛𝑑(ℒ)|[𝑓(𝑥), 𝑦]ƛ = [𝑥, 𝑓(𝑦)]ƛ∀𝑥, 𝑦 ∈ ℒ } 

(b)  If 𝛿 ≠  0  we get Ґ-Lie algebra (1, 1, −1)  ⊆ 

ℒ, Intersection of  two a Ґ- Lie algebras. 

𝐷(𝛿, 1, −1) = 𝐷(0,1, −1) ∩ 𝐷(𝛿, 0,0)
= 𝐷(0,1, −1) ∩ 𝐷(1,0,0) = 𝐷(1,1, −1) 

(3) 𝐷(𝛿, 1,0):  

(a) For 𝛿 =  0 we get  a Ґ-Lie algebra of every 

linear operator of the vector space ℒ 

𝐷(0,1,0) = {𝑓 ∈  𝐸𝑛𝑑(ℒ)| 𝑓(ℒ) ⊆ 𝑍(ℒ)},  

(b) If 𝛿 =  1 So space 𝐷(1, 1, 0) is an adjoint 

representation centralizer 𝑎𝑑(ℒ) 𝑖𝑛 𝑔𝑙ƛ(ℒ) 

(c) For the rest of the values 𝛿 of space  𝐷(𝛿, 1,0)  

The 𝐸𝑛𝑑 (ℒ) vector subspace of the Ґ-Lie 

algebra ℒ, only the vector subspace in the 

general case,  There is a set of vector spaces for 

the residual values of one-parameter space 

shapes. 

𝐷(𝛿, 1,0) = 𝐷(0,1, −1) ∩ 𝐷(2𝛿, 1,1). 

(4) 𝐷(𝛿, 1,1): 

(a)  If  𝛿 =  0 we have a Ґ- Lie algebra 

𝐷(0,1,1) =
{𝑓 ∈  𝐸𝑛𝑑(ℒ)| [𝑓(𝑥), 𝑦]ƛ = −[𝑥, 𝑓(𝑦)]ƛ∀𝑥, 𝑦 ∈ ℒ }  

(b)  If  𝛿 =  1 We now have the Ґ-algebra of Ґ-

derivations of ℒ, 
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𝐷(1,1,1) = 𝐷𝑒𝑟ƛ(ℒ)  

For the rest of the values 𝛿 of space 𝐷(𝛿, 1, 1) The 

𝐸𝑛𝑑 (ℒ) vector subspace of the Ґ-Lie algebra ℒ, only the 

vector subspace in the general case.  

3. Generalized Ґ-Derivations of Ґ-Lie algebra 

In this  section contains some elementary 

observations about generalized Ґ-derivations, quasi Ґ-

derivations, quasi Ґ-centroids, some of which are technical 

results. The section also includes a characterization of Ґ-Lie 

algebras ℒ for which 𝐺𝑒𝑛𝐷𝑒𝑟ƛ( ℒ) ⊆ 𝑔𝑙ƛ(ℒ). For such Ґ-

algebras we have 𝑄𝐷𝑒𝑟ƛ( ℒ) ⊆ 𝑔𝑙ƛ(ℒ). 

   Suppose ℒ is a finite-dimensional Ґ-Lie algebra with 

multiplication ℒ ∝ ℒ → ℒ. Let ∇(𝐴) denote the set of triples 

( 𝑓, 𝑓, 𝑓"), with 𝑓, 𝑓′, 𝑓" ∈ Hom (ℒ, ℒ) As explained in the 

following definitions 

3.1 Definition:- (Quasi Ґ-derivation) 

A linear map 𝑓 ∈ Hom (ℒ, ℒ) is called a  Quasi Ґ-

derivation of ℒ if there exists map  𝑓′ ∈ Hom (ℒ, ℒ),  such 

that. 

[𝑓(𝑥), y]ƛ + [x, 𝑓(𝑦)]ƛ = 𝑓′([x, y]ƛ) 

For  all 𝑥, 𝑦 ∈ ℒ. We denote by 𝑄𝐷𝑒𝑟ƛ(ℒ) the set of all quasi 

Ґ-derivation of  ℒ . 

3.2 Definition:- (Generalized Ґ-derivation) 

     A linear map  𝑓 ∈ Hom (ℒ, ℒ)  is called  a Generalized Ґ-

derivation of  ℒ. if there exists maps   𝑓′, 𝑓" ∈ Hom (ℒ, ℒ), 

such that 

                       [𝑓(𝑥), y]ƛ + [x, 𝑓′(𝑦)]ƛ = 𝑓′′([x, y]ƛ)                                             

     For   all , 𝑦 ∈ ℒ . 

     For  all 𝑥, 𝑦 ∈ ℒ. We denote by 𝐺𝑒𝑛𝐷𝑒𝑟ƛ(ℒ) the set of all 

generalized Ґ-derivation of  ℒ . 

3.3 Definition:- (Quasi Ґ-centroid)  

     A  linear map  𝑓 ∈ Hom (ℒ, ℒ)  is called  Quasi Ґ-centroid 

of  ℒ if . 

[𝑓(𝑥), 𝑦]ƛ = [𝑥, 𝑓(𝑦)]ƛ 

  for all 𝑥, 𝑦 ∈ ℒ . 

For  all 𝑥, 𝑦 ∈ ℒ. We denote by 𝑄𝐶(ℒ) the set of all quasi Ґ-

centroid of  ℒ . 

3.4 Lemma:-  

      Let ℒ   be a Ґ-Lie  algebra. Then 𝐺𝑒𝑛𝐷𝑒𝑟ƛ(ℒ) is Ґ-Lie 

algebra.   

Proof:- 

     Let 𝑓1,𝑓2 ∈ 𝐺𝑒𝑛𝐷𝑒𝑟ƛ(ℒ) , then there exists 𝑓′1,𝑓"1,𝑓′2𝑓"2 ∈
𝐻𝑜𝑚(ℒ, ℒ).  

Since 𝑓1, 𝑓2 ∈ 𝐺𝑒𝑛𝐷𝑒𝑟ƛ(ℒ)  we can write the following two 

equations by [3.2]. 

𝑓"1([𝑥, 𝑦]ƛ) = [𝑓1(𝑥), 𝑦]ƛ + [𝑥, 𝑓′1(𝑦)]ƛ                (a) 

𝑓"2([𝑥, 𝑦]ƛ) = [𝑓2(𝑥), 𝑦]ƛ + [𝑥, 𝑓′2(𝑦)]ƛ                (b)  

Now we will prove that 𝐺𝑒𝑛𝐷𝑒𝑟ƛ(ℒ) is Ґ-Lie algebra  

      [[𝑓1, 𝑓2]ƛ(𝑥), 𝑦]ƛ =  [(𝑓1𝑓2 − 𝑓2𝑓1)(𝑥), 𝑦]ƛ 

              = [𝑓1𝑓2(𝑥) − 𝑓2𝑓1(𝑥), 𝑦]ƛ 

                                 =  [𝑓1𝑓2(𝑥), 𝑦]ƛ −  [𝑓2𝑓1(𝑥), 𝑦]ƛ 

Then  

 [[𝑓1, 𝑓2]ƛ(𝑥), 𝑦]ƛ = [𝑓1𝑓2(𝑥), 𝑦]ƛ −  [𝑓2𝑓1(𝑥), 𝑦]ƛ      (c) 

i- [𝑓1𝑓2(𝑥), 𝑦]ƛ = 

   𝑓"1([𝑓2(𝑥), 𝑦]ƛ) − [𝑓2(𝑥), 𝑓′1(𝑦)]          by Eq  (a) 

           
= 𝑓"1𝑓"2([𝑥, 𝑦]ƛ) − 𝑓"1([𝑥, 𝑓′

2
(𝑦)]

ƛ

 −𝑓"2([𝑥, 𝑓′1(𝑦)]) + [𝑥, 𝑓′2𝑓′1(𝑦)]ƛ 
)    by Eq(b)  

Then   

[𝑓1𝑓2(𝑥), 𝑦]ƛ =  

           𝑓"1𝑓"2([𝑥, 𝑦]ƛ) − 𝑓"1([𝑥, 𝑓′2(𝑦)]ƛ   

   −𝑓"2([𝑥, 𝑓′1(𝑦)]) + [𝑥, 𝑓′2𝑓′1(𝑦)]ƛ 

ii-  [𝑓2𝑓1(𝑥), 𝑦]ƛ = 

    𝑓"2([𝑓1(𝑥), 𝑦]ƛ) − [𝑓1(𝑥), 𝑓′2(𝑦)]     by Eq(b) 

             
= 𝑓"2𝑓"1([𝑥, 𝑦]ƛ) − 𝑓"2([𝑥, 𝑓′

1
(𝑦)]

ƛ

 −𝑓"1([𝑥, 𝑓′2(𝑦)]ƛ) + [𝑥, 𝑓′1𝑓′2(𝑦)]ƛ

)    by Eq(a)  

Then  

 [𝑓2𝑓1(𝑥), 𝑦]ƛ =  

= 𝑓"2𝑓"1([𝑥, 𝑦]ƛ) − 𝑓"2([𝑥, 𝑓′1(𝑦)]ƛ)   

−𝑓"1([𝑥, 𝑓′2(𝑦)]ƛ) + [𝑥, 𝑓′1𝑓′2(𝑦)]ƛ 

Substituting the values of (i), (ii) into equation (c) we get 

 [[𝑓1, 𝑓2]ƛ(𝑥), 𝑦]ƛ =   
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𝑓"1𝑓"2([𝑥, 𝑦]ƛ) − 𝑓"1([𝑥, 𝑓′2(𝑦)]ƛ   − 𝑓"2([𝑥, 𝑓′1(𝑦)]ƛ))
+ [𝑥, 𝑓′2𝑓′1(𝑦)]ƛ  

−𝑓"2𝑓"1([𝑥, 𝑦]ƛ) + 𝑓"2([𝑥, 𝑓′1(𝑦)]ƛ) + 𝑓"1([𝑥, 𝑓′2(𝑦)]ƛ)
− [𝑥, 𝑓′1𝑓′2(𝑦)]ƛ   

= 𝑓"1𝑓"2([𝑥, 𝑦]ƛ) + [𝑥, 𝑓′2𝑓′1(𝑦)]ƛ−𝑓"2𝑓"1([𝑥, 𝑦]ƛ)
− [𝑥, 𝑓′1𝑓′2(𝑦)]ƛ   

               = (𝑓"1𝑓"2([𝑥, 𝑦]ƛ)−𝑓"2𝑓"1([𝑥, 𝑦]ƛ)) 

                 −([𝑥, 𝑓′1𝑓′2(𝑦)]ƛ − [𝑥, 𝑓′2𝑓′1(𝑦)]ƛ 

   = [𝑓"1, 𝑓"2]ƛ([𝑥, 𝑦]ƛ − [𝑥, [𝑓′1, 𝑓′2]ƛ(𝑦)]ƛ 

Thus  

[[𝑓1, 𝑓2]ƛ(𝑥), 𝑦]ƛ = [𝑓"1, 𝑓"2]ƛ([𝑥, 𝑦]ƛ − [𝑥, [𝑓′1, 𝑓′2]ƛ(𝑦)]ƛ 

Then [𝑓1, 𝑓2]ƛ ∈ 𝐺𝑒𝑛𝐷𝑒𝑟ƛ(ℒ) , we have 𝐺𝑒𝑛𝐷𝑒𝑟ƛ(ℒ) is Ґ-Lie 

algebra. Since 𝐺𝑒𝑛𝐷𝑒𝑟ƛ(ℒ) ⊆ 𝑔𝑙ƛ(ℒ),we have 𝐺𝑒𝑛𝐷𝑒𝑟ƛ(ℒ)is 

Ґ-Lie sub algebra of 𝑔𝑙ƛ(ℒ).                           

3.5 Lemma:-  

           Let ℒ be a Ґ-Lie algebra. Then  

1- 𝑄𝐷𝑒𝑟ƛ (ℒ) is a  Ґ-Lie sub algebra of 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ). 

2- [ 𝐷𝑒𝑟ƛ (ℒ)  , 𝐶(ℒ)]ƛ ⊆ 𝐶(ℒ). 

3- [ 𝑄𝐷𝑒𝑟ƛ (ℒ)  , 𝑄𝐶(ℒ)]ƛ ⊆ 𝑄𝐶(ℒ). 

4- 𝐶(ℒ) ⊆ 𝑄𝐷𝑒𝑟ƛ (ℒ). 

5- [𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)]ƛ ⊆ 𝑄𝐷𝑒𝑟ƛ (ℒ) 

Proof:-   

1-  Ґ- algebra 𝑄𝐷𝑒𝑟ƛ(ℒ) ⊆ 𝐺𝑒𝑛𝐷𝑒𝑟ƛ(ℒ) by  [3.1 & 

3.2]. 

 Let 𝑓1, 𝑓2 ∈ 𝑄𝐷𝑒𝑟ƛ (ℒ)‘ then there exists 𝑓′1𝑓′2 ∈
𝐻𝑜𝑚(ℒ, ℒ)   

Since 𝑓1, 𝑓2 ∈ 𝑄𝐷𝑒𝑟ƛ(ℒ)  we can write the following two 

equations by [Definition 2.4.1] 

𝑓′
1

([𝑥, 𝑦]ƛ) = [𝑓1(𝑥), 𝑦]ƛ + [𝑥, 𝑓1(𝑦)]ƛ                           (a) 

𝑓′
2

([𝑥, 𝑦]ƛ) = [𝑓2(𝑥), 𝑦]ƛ + [𝑥, 𝑓2(𝑦)]ƛ                        (b) 

[[𝑓1, 𝑓2](𝑥), 𝑦]
ƛ

= [(𝑓1𝑓2 − 𝑓2𝑓1)(𝑥), 𝑦]ƛ 

= [𝑓1𝑓2(𝑥) − 𝑓2𝑓1(𝑥), 𝑦]ƛ 

                           = [𝑓1𝑓2(𝑥), 𝑦]ƛ − [𝑓2𝑓1(𝑥), 𝑦]ƛ             (c) 

i- [𝑓1𝑓2(𝑥), 𝑦]ƛ = 𝑓′
1

([𝑓2(𝑥), 𝑦]ƛ) − [𝑓2(𝑥), 𝑓1(𝑦)]ƛ         

by Eq (a) 

              
= 𝑓′

1
𝑓′

2
([𝑥, 𝑦]ƛ) − 𝑓′

1
([𝑥, 𝑓2(𝑦)]ƛ)

 −𝑓′
2

([𝑥, 𝑓1(𝑦)]ƛ) + [𝑥, 𝑓2𝑓1(𝑦)]ƛ
)     by Eq (b) 

Then  

 [𝑓1𝑓2(𝑥), 𝑦]ƛ = 𝑓′
1

𝑓′2([𝑥, 𝑦]ƛ) − 𝑓′
1

([𝑥, 𝑓2(𝑦)]ƛ) 

                         −𝑓′
2

([𝑥, 𝑓1(𝑦)]ƛ) + [𝑥, 𝑓2𝑓1(𝑦)]ƛ                  

ii- [𝑓2𝑓1(𝑥), 𝑦]ƛ =      

𝑓′
2

([𝑓2(𝑥), 𝑦]ƛ) − [𝑓1(𝑥), 𝑓2(𝑦)]ƛ         by Eq (b) 

             
= 𝑓′

2
𝑓′

1
([𝑥, 𝑦]ƛ) − 𝑓′

2
([𝑥, 𝑓1(𝑦)]ƛ)

−𝑓′
1

([𝑥, 𝑓2(𝑦)]ƛ) + [𝑥, 𝑓1𝑓2(𝑦)]ƛ
)     by Eq (a) 

Then  

 [𝑓1𝑓2(𝑥), 𝑦]ƛ = 𝑓′
2

𝑓′1([𝑥, 𝑦]ƛ) − 𝑓′
2

([𝑥, 𝑓1(𝑦)]ƛ) 

                      −𝑓′
1

([𝑥, 𝑓2(𝑦)]ƛ) + [𝑥, 𝑓1𝑓2(𝑦)]ƛ           

Substituting the values of (i), (ii) into equation (c) we get 

[[𝑓1, 𝑓2]ƛ(𝑥), 𝑦]ƛ =  

𝑓′
1

𝑓′2([𝑥, 𝑦]ƛ) − 𝑓′
1

([𝑥, 𝑓2(𝑦)]ƛ) − 𝑓′
2

([𝑥, 𝑓1(𝑦)]ƛ)

+ [𝑥, 𝑓2𝑓1(𝑦)]ƛ 

−𝑓′
2

𝑓′1([𝑥, 𝑦]ƛ) + 𝑓′
2

([𝑥, 𝑓1(𝑦)]ƛ) + 𝑓′
1

([𝑥, 𝑓2(𝑦)]ƛ)

− [𝑥, 𝑓1𝑓2(𝑦)]ƛ 

= 𝑓′
1

𝑓′2([𝑥, 𝑦]ƛ) + [𝑥, 𝑓2𝑓1(𝑦)]ƛ  −𝑓′
2

𝑓′1([𝑥, 𝑦]ƛ)

− [𝑥, 𝑓1𝑓2(𝑦)]ƛ 

   = 𝑓′
1

𝑓′
2

([𝑥, 𝑦]ƛ)  −𝑓′
2

𝑓′
1

([𝑥, 𝑦]ƛ) − ([𝑥, 𝑓1𝑓2(𝑦)]ƛ

− [𝑥, 𝑓2𝑓1(𝑦)]ƛ) 

     = [𝑓′
1

, 𝑓′
2

]ƛ([𝑥, 𝑦]ƛ) − [𝑥, [𝑓1, 𝑓2]ƛ(𝑦)]ƛ 

Then  

[[𝑓1, 𝑓2]ƛ(𝑥), 𝑦]ƛ = [𝑓′
1

, 𝑓′
2

]ƛ([𝑥, 𝑦]ƛ) − [𝑥, [𝑓1, 𝑓2]ƛ(𝑦)]ƛ 

Then [𝑓1, 𝑓2]ƛ ∈ 𝑄𝐷𝑒𝑟ƛ(ℒ) , we have 𝑄𝐷𝑒𝑟ƛ(ℒ) is Ґ-Lie sub 

algebra of 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ) .                                                                                                                                                                                                 

2- To prove [ 𝐷𝑒𝑟ƛ (ℒ)  , 𝐶(ℒ)]ƛ ⊆ 𝐶(ℒ)  Let 𝑓1 ∈
𝐷𝑒𝑟ƛ (ℒ)   and , 𝑓2 ∈ 𝐶(ℒ)  for all 𝑥, 𝑦 ∈ ℒ   

Since 𝑓1, ∈ 𝐷𝑒𝑟ƛ(ℒ),  𝑓2 ∈ 𝐶(ℒ) we can write the following 

two equations By Defined By. Rezaei In [8] 

𝑓1([𝑥, 𝑦]ƛ) = [𝑓1(𝑥), 𝑦]ƛ + [𝑥, 𝑓1(𝑦)]ƛ                             (a) 
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𝑓2([𝑥, 𝑦]ƛ) = [𝑓2(𝑥), 𝑦]ƛ = [𝑥, 𝑓2(𝑦)]ƛ                            (b)  

 [[𝑓1, 𝑓2]ƛ(𝑥), 𝑦]ƛ = [(𝑓1𝑓2 − 𝑓2𝑓1)(𝑥), 𝑦]ƛ 

                             = [𝑓1𝑓2(𝑥) − 𝑓2𝑓1(𝑥), 𝑦]ƛ 

                             = [𝑓1𝑓2(𝑥), 𝑦]ƛ − [𝑓2𝑓1(𝑥), 𝑦]ƛ            (c) 

i- [𝑓1𝑓2(𝑥), 𝑦]ƛ = 

𝑓1([𝑓2(𝑥), 𝑦]ƛ) − [𝑓2(𝑥), 𝑓1(𝑦)]ƛ     by Eq (a) 

                    = 𝑓1𝑓2([𝑥, 𝑦]ƛ) − 𝑓2([𝑥, 𝑓1(𝑦)]ƛ)      by Eq (b) 

Then   

[𝑓1𝑓2(𝑥), 𝑦]ƛ = 𝑓1𝑓2([𝑥, 𝑦]ƛ)  − 𝑓2([𝑥, 𝑓1(𝑦)]ƛ) 

ii- [𝑓2𝑓1(𝑥), 𝑦]ƛ = 𝑓2([𝑓1(𝑥), 𝑦]ƛ)        by Eq (b) 

                = 𝑓2𝑓1([𝑓1(𝑥), 𝑦]ƛ) − 𝑓2([𝑥, 𝑓1(𝑦)]ƛ)    by Eq (a)  

Then   

 [𝑓2𝑓1(𝑥), 𝑦]ƛ = 𝑓2𝑓1([𝑓1(𝑥), 𝑦]ƛ) − 𝑓2([𝑥, 𝑓1(𝑦)]ƛ)   

Substituting the values of (i), (ii) into equation (c) we get 

[[𝑓1, 𝑓2]ƛ(𝑥), 𝑦]ƛ = 𝑓1𝑓2([𝑥, 𝑦]ƛ) − 𝑓2([𝑥, 𝑓1(𝑦)]ƛ) 

                                   −𝑓2𝑓1([𝑓1(𝑥), 𝑦]ƛ) + 𝑓2([𝑥, 𝑓1(𝑦)]ƛ) 

                                  = 𝑓1𝑓2([𝑥, 𝑦]ƛ) − 𝑓2𝑓1([𝑓1(𝑥), 𝑦]ƛ) 

                                  = [𝑓1, 𝑓2]ƛ([𝑥, 𝑦]ƛ) 

Then  

[[𝑓1, 𝑓2]ƛ(𝑥), 𝑦]ƛ = [𝑓1, 𝑓2]ƛ([𝑥, 𝑦]ƛ) 

Then [𝑓1, 𝑓2] ∈ 𝐶(ℒ) , we have [ 𝐷𝑒𝑟ƛ (ℒ)  , 𝐶(ℒ)] ⊆ 𝐶(ℒ) .                                   

3- To prove [ 𝑄𝐷𝑒𝑟ƛ (ℒ)  , 𝑄𝐶(ℒ)]ƛ ⊆ 𝑄𝐶(ℒ)  Let 

𝑓1 ∈ 𝑄𝐷𝑒𝑟ƛ (ℒ)   then there exists 𝑓′1 ∈
𝐻𝑜𝑚(ℒ, ℒ) and 𝑓2 ∈ 𝑄𝐶(ℒ)  for all  𝑥, 𝑦 ∈ ℒ . 

Since 𝑓1 ∈ 𝑄𝐷𝑒𝑟ƛ (ℒ) , 𝑓2 ∈ 𝑄𝐶(ℒ) we can write the following 

two equations by [3.1 & 3.3] 

𝑓′1([𝑥, 𝑦]ƛ) = [𝑓1(𝑥), 𝑦]ƛ + [𝑥, 𝑓1(𝑦)]ƛ                         (a) 

[𝑓2(𝑥), 𝑦]ƛ = [𝑥, 𝑓2(𝑦)]ƛ                                                (b) 

 [[𝑓1, 𝑓2]ƛ(𝑥), 𝑦]ƛ = [(𝑓1𝑓2 − 𝑓2𝑓1)(𝑥), 𝑦]ƛ 

                            = [𝑓1𝑓2(𝑥) − 𝑓2𝑓1(𝑥), 𝑦]ƛ 

                            = [𝑓1𝑓2(𝑥), 𝑦]ƛ − [𝑓2𝑓1(𝑥), 𝑦]ƛ          (c) 

i- [𝑓1𝑓2(𝑥), 𝑦]ƛ = 

𝑓′1([𝑓2(𝑥), 𝑦]ƛ) − [𝑓2(𝑥), 𝑓1(𝑦)]ƛ    by Eq (a) 

                     = 𝑓′1([𝑥, 𝑓2(𝑦)]ƛ) − [𝑥, 𝑓2𝑓1(𝑦)]ƛ    by Eq (b) 

Then   

    [𝑓1𝑓2(𝑥), 𝑦]ƛ = 𝑓′1([𝑥, 𝑓2(𝑦)]ƛ) − [𝑥, 𝑓2𝑓1(𝑦)]ƛ 

ii- [𝑓2𝑓1(𝑥), 𝑦]ƛ = [𝑓1(𝑥), 𝑓2(𝑦)]ƛ        by Eq (b) 

                      = 𝑓′1([𝑥, 𝑓2(𝑦)]ƛ) − [𝑥, 𝑓1𝑓2(𝑦)]ƛ   by Eq (a) 

Then   

[𝑓2𝑓1(𝑥), 𝑦]ƛ = 𝑓′1([𝑥, 𝑓2(𝑦)]ƛ) − [𝑥, 𝑓1𝑓2(𝑦)]ƛ 

Substituting the values of (i), (ii) into equation (c) we get  

[[𝑓1, 𝑓2]ƛ(𝑥), 𝑦]ƛ =  

𝑓′1([𝑥, 𝑓2(𝑦)]ƛ) − [𝑥, 𝑓2𝑓1(𝑦)]ƛ−𝑓′
1

([𝑥, 𝑓2(𝑦)]ƛ)

+ [𝑥, 𝑓1𝑓2(𝑦)]ƛ 

= [𝑥, 𝑓1𝑓2(𝑦)]ƛ − [𝑥, 𝑓2𝑓1(𝑦)]ƛ 

                       = [𝑥, [𝑓1, 𝑓2]ƛ(𝑦)]ƛ 

Thus  

[[𝑓1, 𝑓2]ƛ(𝑥), 𝑦]ƛ = [𝑥, [𝑓1, 𝑓2]ƛ(𝑦)]ƛ 

 

Thus         [𝑓1, 𝑓2]ƛ ∈ 𝑄𝐶(ℒ)      

Then          [ 𝑄𝐷𝑒𝑟ƛ (ℒ)  , 𝑄𝐶(ℒ)]ƛ ⊆ 𝑄𝐶(ℒ) .                                                       

4-  To prove 𝐶(ℒ) ⊆ 𝑄𝐷𝑒𝑟ƛ (ℒ)  Let 𝑓 ∈ 𝐶(ℒ)  for 

all 𝑥, 𝑦 ∈ ℒ   

Since 𝑓 ∈ 𝐶(ℒ)   we can write the following equation, By 

Defined By. Rezaei In [8] 

𝑓([𝑥, 𝑦]ƛ) = [𝑓(𝑥), 𝑦]ƛ = [𝑥, 𝑓(𝑦)]ƛ 

 

Hence, 

[𝑓(𝑥), 𝑦]ƛ + [𝑥, 𝑓(𝑦)]ƛ = 2𝑓([𝑥, 𝑦]ƛ) 

Therefore , 𝑓 ∈ 𝑄𝐷𝑒𝑟ƛ (ℒ)  since 𝑓′ =  2𝑓 ∈  𝐻𝑜𝑚( ℒ, ℒ). 

                                   𝐶(ℒ) ⊆ 𝑄𝐷𝑒𝑟ƛ (ℒ).                                             

5- To prove [𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)]ƛ ⊆ 𝑄𝐷𝑒𝑟ƛ (ℒ)  Let 

𝑓1, 𝑓2 ∈ 𝑄𝐶(ℒ)  for all 𝑥, 𝑦 ∈ ℒ   

Since 𝑓1, 𝑓2 ∈ 𝑄𝐶(ℒ) we can write the following two 

equations. By [3.3]   
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[𝑓1(𝑥), 𝑦]ƛ = [𝑥, 𝑓1(𝑦)]ƛ                                                  (a) 

[𝑓2(𝑥), 𝑦]ƛ = [𝑥, 𝑓2(𝑦)]ƛ                                                 (b) 

 [[𝑓1, 𝑓2]ƛ(𝑥), 𝑦]ƛ = [(𝑓1𝑓2 − 𝑓2𝑓1)(𝑥), 𝑦]ƛ 

                            = [𝑓1𝑓2(𝑥) − 𝑓2𝑓1(𝑥), 𝑦]ƛ 

                            = [𝑓1𝑓2(𝑥), 𝑦]ƛ−[𝑓2𝑓1(𝑥), 𝑦]ƛ              (c) 

i- [𝑓1𝑓2(𝑥), 𝑦]ƛ = [𝑓2(𝑥), 𝑓1(𝑦)]ƛ  by Eq (a) 

                                                  = [𝑥, 𝑓2𝑓1(𝑦)]ƛ     by Eq (b) 

Then  

 [𝑓1𝑓2(𝑥), 𝑦]ƛ = [𝑥, 𝑓2𝑓1(𝑦)]ƛ 

ii- [𝑓2𝑓1(𝑥), 𝑦]ƛ = [𝑓1(𝑥), 𝑓2(𝑦)]ƛ by Eq (b) 

                                                  = [𝑥, 𝑓1𝑓2(𝑦)]ƛ   by Eq(a) 

Then  

[𝑓2𝑓1(𝑥), 𝑦]ƛ = [𝑥, 𝑓1𝑓2(𝑦)]ƛ 

Substituting the values of (i), (ii) into equation (c) we get        

                 [[𝑓1, 𝑓2]ƛ(𝑥), 𝑦]ƛ = [𝑥, 𝑓2𝑓1(𝑦)]ƛ−[𝑥, 𝑓1𝑓2(𝑦)]ƛ 

                                          = [𝑥, 𝑓2𝑓1(𝑦) − 𝑓1𝑓2(𝑦)]ƛ 

                                          = [𝑥, (𝑓2𝑓1 − 𝑓1𝑓2)(𝑦)]ƛ 

                                          = [𝑥, [𝑓2, 𝑓1]ƛ(𝑦)]ƛ 

                                          = −[𝑥, [𝑓1, 𝑓2]ƛ(𝑦)]ƛ 

Then  

[[𝑓1, 𝑓2]ƛ(𝑥), 𝑦]ƛ = −[𝑥, [𝑓1, 𝑓2]ƛ(𝑦)]ƛ 

Hence  

[[𝑓1, 𝑓2]ƛ(𝑥), 𝑦]ƛ+[𝑥, [𝑓1, 𝑓2]ƛ(𝑦)]ƛ = 0 

Therefore, [𝑓1, 𝑓2]ƛ ∈ 𝑄𝐷𝑒𝑟ƛ (ℒ) since 𝑓′ =  0 ∈
 𝐻𝑜𝑚( ℒ, ℒ) 

  [𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)]ƛ ⊆ 𝑄𝐷𝑒𝑟ƛ (ℒ).                                                          

3.6 Proposition :- 

             Let ℒ be a Ґ-Lie algebra, then 

1- 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ) = 𝑄𝐷𝑒𝑟ƛ( ℒ ) +  𝑄𝐶 (ℒ) . 

2- 𝑄𝐶 (ℒ) + [𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)]ƛ is an ideal in the Ґ-Lie 

algebra 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ) 

Proof:- 

1- We will prove that 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ) = 𝑄𝐷𝑒𝑟ƛ( ℒ ) +
 𝑄𝐶 (ℒ) Let 𝑓1 ∈ 𝑄𝐷𝑒𝑟ƛ( ℒ ), 𝑓2 ∈ 𝑄𝐶 (ℒ)  for all 

𝑥, 𝑦 ∈ ℒ. 

Since 𝑓1 ∈ 𝑄𝐷𝑒𝑟ƛ( ℒ ), 𝑓2 ∈ 𝑄𝐶 (ℒ) we can write the following 

two equations, by [Definition 2.4.1 , 2.4.4] 

[𝑓1(𝑥), y]ƛ + [x, 𝑓1(𝑦)]ƛ = 𝑓1
′([x, y]ƛ)                             (a) 

[𝑓2(𝑥), y]ƛ = [x, 𝑓2(𝑦)]ƛ                                                   (b) 

      [(𝑓1 + 𝑓2)(𝑥), 𝑦]ƛ = [(𝑓1(𝑥) + 𝑓2(𝑥), 𝑦]ƛ 

                                    = [𝑓1(𝑥), 𝑦]ƛ + [𝑓2(𝑥), 𝑦]ƛ           (c) 

i-  [𝑓1(𝑥), y]ƛ = 

𝑓1
′([x, y]ƛ) − [x, 𝑓1(𝑦)]ƛ          by Eq (a) 

ii- [𝑓2(𝑥), y]ƛ  = [x, 𝑓2(𝑦)]ƛ          by Eq (b) 

Substituting the values of (i), (ii) into equation (c) we get  

[(𝑓1 + 𝑓2)(𝑥), 𝑦]ƛ = 𝑓1
′([x, y]ƛ) − [x, 𝑓1(𝑦)]ƛ + [x, 𝑓2(𝑦)]ƛ 

                              = 𝑓1
′([x, y]ƛ) − [x, (𝑓1 − 𝑓2)(𝑦)]ƛ 

Thus  

𝑓1
′([x, y]ƛ) = [(𝑓1 + 𝑓2)(𝑥), 𝑦]ƛ + [𝑥, (𝑓1 − 𝑓2)(𝑦)]ƛ 

Since (𝑓1 − 𝑓2), 𝑓1
′ ∈ 𝐻𝑜𝑚(ℒ, ℒ), then 𝑓1 + 𝑓2 ∈

𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ) implies that 

𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ) ⊇ 𝑄𝐷𝑒𝑟ƛ( ℒ ) +  𝑄𝐶 (ℒ) 

If we assume 𝑓1 + 𝑓2  ∈ 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ) , 𝑓1 − 𝑓2, 𝑓1′ ∈
𝐻𝑜𝑚(ℒ, ℒ)  and using the [Definition 2.4.3] we will get the 

second direction implies that 

𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ) ⊆ 𝑄𝐷𝑒𝑟ƛ( ℒ ) +  𝑄𝐶 (ℒ) 

This gives         

                          𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ) = 𝑄𝐷𝑒𝑟ƛ( ℒ ) +  𝑄𝐶 (ℒ).  

2- To prove 𝑄𝐶 (ℒ) + [𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)]ƛ is an ideal 

in the Ґ-Lie algebra 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ)  We will install 

first 𝑄𝐶 (ℒ) + [𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)]ƛ is a Ґ-Lie sub 

algebra of 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ) 

By [Lemma 3.5 (5)] and [Proposition  2.4.7 (1)]  we get 

𝑄𝐶 (ℒ) + [𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)]ƛ ⊆ 𝑄𝐶 (ℒ) + 𝑄𝐷𝑒𝑟ƛ (ℒ) 

= 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ) 

Then  

𝑄𝐶 (ℒ) + [𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)]ƛ ⊆ 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ) 
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Now to prove 𝑄𝐶 (ℒ) + [𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)]ƛ is Ґ-Lie sub 

algebra of 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ) 

[𝑄𝐶 (ℒ) + [𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)]ƛ , 𝑄𝐶 (ℒ) + [𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)]ƛ]ƛ  

By [Lemma 3.5  (5)] we get   

 ⊆ [𝑄𝐶 (ℒ) + 𝑄𝐷𝑒𝑟ƛ( ℒ ), 𝑄𝐶 (ℒ) + [𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)]ƛ]ƛ 

 = [𝑄𝐶 (ℒ), [𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)]ƛ]ƛ + [𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)]ƛ + 

[𝑄𝐷𝑒𝑟ƛ( ℒ ) , 𝑄𝐶(ℒ)]ƛ + [𝑄𝐷𝑒𝑟ƛ( ℒ ), [𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)] ƛ]ƛ 

By [Lemma 2.4.6 (3)]  and Jacobi identity of Ґ-Lie algebra we 

get  

⊆ [𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)]ƛ + 𝑄𝐶(ℒ)
+ [𝑄𝐷𝑒𝑟ƛ( ℒ ), [𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)]ƛ ]ƛ 

It is easy to verify [𝑄𝐷𝑒𝑟ƛ( ℒ ) , [𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)]ƛ]ƛ = 0  by 

the Jacobi 

identity of Lie algebra. Thus 

 [𝑄𝐷𝑒𝑟ƛ( ℒ ) , [𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)]ƛ]ƛ =  

−[𝑄𝐶(ℒ) , [𝑄𝐷𝑒𝑟ƛ( ℒ ), 𝑄𝐶(ℒ)  ]ƛ]ƛ 

−[𝑄𝐶(ℒ) , [𝑄𝐶(ℒ), 𝑄𝐷𝑒𝑟ƛ( ℒ )]ƛ]ƛ 

= −[𝑄𝐶(ℒ) , [𝑄𝐷𝑒𝑟ƛ( ℒ ), 𝑄𝐶(ℒ)  ]ƛ]ƛ + 

                        [𝑄𝐶(ℒ) , [𝑄𝐷𝑒𝑟ƛ( ℒ ), 𝑄𝐶(ℒ)]ƛ]ƛ = 0 

Then   

[𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)]ƛ + 𝑄𝐶(ℒ)
+ [𝑄𝐷𝑒𝑟ƛ( ℒ ), [𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)]ƛ ]ƛ 

= [𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)]ƛ + 𝑄𝐶(ℒ) 

Thus  

[𝑄𝐶 (ℒ) + [𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)]ƛ , 𝑄𝐶 (ℒ) + [𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)]ƛ]ƛ 

⊆ 𝑄𝐶(ℒ) + [𝑄𝐶(ℒ)  , 𝑄𝐶(ℒ)]ƛ 

       Then 𝑄𝐶 (ℒ) + [𝑄𝐶 (ℒ), 𝑄𝐶 (ℒ)]ƛ Ґ-Lie sub algebra. 

Now to prove 𝑄𝐶 (ℒ) + [𝑄𝐶 (ℒ), 𝑄𝐶 (ℒ)]ƛ   is an ideal in the Ґ-

Lie algebra 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ) 

[𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ), 𝑄𝐶 (ℒ) + [𝑄𝐶 (ℒ), 𝑄𝐶 (ℒ)]ƛ]ƛ 

By [Lemma 3.5 (1)] we get 

= [𝑄𝐷𝑒𝑟ƛ( ℒ ) +  𝑄𝐶 (ℒ), 𝑄𝐶 (ℒ) + [𝑄𝐶 (ℒ), 𝑄𝐶 (ℒ)]ƛ]ƛ 

    = [𝑄𝐷𝑒𝑟ƛ( ℒ ), 𝑄𝐶 (ℒ)]ƛ + [𝑄𝐷𝑒𝑟ƛ( ℒ ), [𝑄𝐶 (ℒ), 𝑄𝐶 (ℒ)]ƛ]ƛ 

                       +[𝑄𝐶 (ℒ), 𝑄𝐶(ℒ)]ƛ +
[𝑄𝐶 (ℒ), [𝑄𝐶 (ℒ), 𝑄𝐶 (ℒ)]ƛ]ƛ 

By [Lemma 2.4.6 (5)]  and Jacobi identity of Ґ-Lie algebra 

and [𝑄𝐷𝑒𝑟ƛ( ℒ ), [𝑄𝐶 (ℒ), 𝑄𝐶 (ℒ)]ƛ]ƛ = 0   as we explained 

above  we get 

⊆ 𝑄𝐶 (ℒ) + [𝑄𝐶 (ℒ), 𝑄𝐶(ℒ)]ƛ 

Thus  

[𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ), 𝑄𝐶 (ℒ) + [𝑄𝐶 (ℒ), 𝑄𝐶 (ℒ)]ƛ]ƛ

⊆ 𝑄𝐶 (ℒ) + [𝑄𝐶 (ℒ), 𝑄𝐶(ℒ)]ƛ 

Then 𝑄𝐶 (ℒ) + [𝑄𝐶 (ℒ), 𝑄𝐶 (ℒ)]ƛ is an ideal in the Lie algebra 

𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ). 

 

3.7 Lemma 

If ℒ =  𝐻 ⨁𝐾 is the direct sum of ideals, and •𝐴𝑛𝑛 (ℒ) = 0  

then. 

(1) 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ) = 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (𝐻)⨁ 𝐺𝑒𝑛𝐷𝑒𝑟ƛ(𝐾). 

(2) 𝑄𝐷𝑒𝑟ƛ(ℒ) = 𝑄𝐷𝑒𝑟ƛ (𝐻)⨁𝑄𝐷𝑒𝑟ƛ  (𝐾).. 

(3) 𝐶 (ℒ) =  𝐶 (𝐻)⨁𝐶 (𝐾). 

(4) 𝑄𝐶 (ℒ) = 𝑄𝐶(𝐻)⨁𝑄𝐶  (𝐾). 

Proof:- 

(1)  To prove . 

 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ) = 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (𝐻)⨁ 𝐺𝑒𝑛𝐷𝑒𝑟ƛ(𝐾). 

For 𝑓 ∈ 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (𝐻) extend it to a linear transformation on 

ℒ by setting 𝑓(𝑥) = 𝑓(ℎ + 𝑘) = 𝑓(ℎ)  ∀ 𝑥 ∈ ℒ , ℎ ∈ 𝐻, 𝑘 ∈
𝐾.  

Then 𝑓 ∈ 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ)  and 𝑒𝑛𝐷𝑒𝑟ƛ (𝐻) ⊆ 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ) . 

Similarly, 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (𝐻) ⊆ 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ). 

Let 𝑓1, 𝑓2 ∈ 𝐻𝑜𝑚(ℒ, ℒ) difine by  𝑓1(𝑥) = 𝑓1(ℎ + 𝑘) =
𝑓(ℎ)  and 𝑓2(𝑥) = 𝑓2(ℎ + 𝑘) = 𝑓(𝑘) , then 𝑓1 ∈
𝐺𝑒𝑛𝐷𝑒𝑟ƛ (𝐻) and 𝑓2 ∈ 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (𝐾)  

Hence  

 𝑓(𝑥) = 𝑓(ℎ + 𝑘) = 𝑓(ℎ) + 𝑓(𝑘) = 𝑓1(ℎ + 𝑘) + 𝑓2(ℎ +
𝑘) = 𝑓1(𝑥) + 𝑓2(𝑥) 

Then  𝑓 = 𝑓1 + 𝑓2 ∈ 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (𝐻) + 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (𝐾) 

Thus     𝐺𝑒𝑛𝐷𝑒𝑟ƛ (𝐻) + 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (𝐾) = 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ). 

Let ℎ ∈ 𝐻, 𝑘 ∈ 𝐾 and 𝑓 ∈ 𝐺𝑒𝑛𝐷𝑒𝑟ƛ (ℒ)  then  



International Journal of Academic Information Systems Research (IJAISR) 

ISSN: 2643-9026 

Vol. 7 Issue 5, May - 2023, Pages: 24-32 

www.ijeais.org/ijaisr 

31 

𝑓"([ℎ, 𝑘]ƛ) = [𝑓(ℎ), 𝑘]ƛ + [ℎ, 𝑓′(𝑘)]ƛ 

[𝑓(ℎ), 𝑘]ƛ = 𝑓′′([ℎ, 𝑘]ƛ) − [ℎ, 𝑓′(𝑘)]ƛ ∈ 𝐻 ∩ 𝐾 = 0 

Suppose 𝑓(ℎ) = 𝑎 + 𝑏 where 𝑎 ∈ 𝐻, 𝑏 ∈ 𝐾 

0 = [𝑓(ℎ), 𝑘]ƛ = [𝑎, 𝑘]ƛ + [𝑏, 𝑘]ƛ 

So [𝑏, 𝑘]ƛ = 0 and  𝑏 ∈ 𝐴𝑛𝑛 (ℒ), 𝑏 = 0. Hence  𝑓′(ℎ) = 𝑎 ∈
𝐻 , Therefore  𝑓(𝐻) ⊆ 𝐻. Similarly, 𝑓(𝐾) ⊆ 𝐾 

(2), (3), (4) Similar to the proof of (1). 

      3.8  Remark:-  

     If  ℒ is commutative, then •𝑓, 𝑓′, 𝑓′′ ∈ 𝐻𝑜𝑚(ℒ, ℒ)‘  

implies that Eq(a) = Eq(b)  listed below, i.e. 

(𝑓, 𝑓′, 𝑓′′) , (𝑓′, 𝑓, 𝑓′′) ∈ 𝛻(𝐴) 

𝑓"([𝑥, 𝑦]ƛ) = [𝑓(𝑥), 𝑦]ƛ + [𝑥, 𝑓′(𝑦)]ƛ                            (a) 

𝑓"([𝑥, 𝑦]ƛ) = [𝑓′(𝑥), 𝑦]ƛ + [𝑥, 𝑓(𝑦)]ƛ                            (b) 

Because   𝑓, 𝑓′, 𝑓′′ ∈ 𝐻𝑜𝑚(ℒ, ℒ) for all 𝑥, 𝑦 ∈ ℒ then  

𝑓"([𝑥, 𝑦]ƛ) = [𝑓(𝑥), 𝑦]ƛ + [𝑥, 𝑓′(𝑦)]ƛ 

Sense ℒ is commutative then  [𝑥, 𝑦]ƛ = [𝑦, 𝑥]ƛ   implies that  

𝑓"([𝑥, 𝑦]ƛ) = 𝑓"([𝑦, 𝑥]ƛ 

Since  

𝑓"([𝑦, 𝑥]ƛ = [𝑓(𝑦), 𝑥]ƛ + [𝑦, 𝑓′(𝑥)]ƛ 

Then  

𝑓"([𝑦, 𝑥]ƛ) = [𝑓(𝑦), 𝑥]ƛ + [𝑦, 𝑓′(𝑥)]ƛ = 𝑓"([𝑥, 𝑦]ƛ) 

implies that    

𝑓"([𝑥, 𝑦]ƛ) = [𝑓(𝑦), 𝑥]ƛ + [𝑦, 𝑓′(𝑥)]ƛ 

𝑓"([𝑥, 𝑦]ƛ) = [𝑓′(𝑥), 𝑦]ƛ + [𝑥, 𝑓(𝑦)]ƛ 

Thus Eq(a) = Eq(b) and (𝑓, 𝑓′, 𝑓′′) , (𝑓′, 𝑓, 𝑓′′) ∈ ∇(𝐴).                         

3.9  Theorem  

        If  ℒ is an Ґ-Lie algebra, then [𝐶(ℒ), 𝑄𝐶(ℒ)] ⊆
𝐻𝑜𝑚(ℒ, 𝑍(ℒ)). Moreover, if 𝑍(ℒ)  =  {0}, then 

[𝐶(ℒ), 𝑄𝐶(ℒ)]  =  {0}. 

Proof:- 

        Let 𝑓1 ∈  𝐶(ℒ), 𝑓2 ∈  𝑄𝐶(ℒ), then for all 𝑥, 𝑦 ∈  ℒ,  

Since 𝑓1 ∈ 𝐶(ℒ)  , 𝑓2 ∈ 𝑄𝐶(ℒ) we can write the following two 

equations By Defined By. Rezaei In [8] &, [3.3] 

               𝑓1([𝑥, 𝑦]ƛ) = [𝑓1(𝑥), 𝑦]ƛ = [𝑥, 𝑓2(𝑦)]ƛ             (a)  

               [𝑓2(𝑥), 𝑦]ƛ = [𝑥, 𝑓2(𝑦)]ƛ                                   (b)  

We can write an equation (b) in the following form    

              [𝑓2(𝑥), 𝑦]ƛ − [𝑥, 𝑓2(𝑦)]ƛ = 0                             (c) 

[[𝑓1, 𝑓2]ƛ(𝑥), 𝑦]ƛ = [(𝑓1𝑓2 − 𝑓2𝑓1)(𝑥), 𝑦]ƛ 

             = [𝑓1𝑓2(𝑥) − 𝑓2𝑓1(𝑥), 𝑦]ƛ 

             = [𝑓1𝑓2(𝑥), 𝑦] − [𝑓2𝑓1(𝑥), 𝑦]ƛ                                 

             = 𝑓1([𝑓2(𝑥), 𝑦]) − [𝑓2𝑓1(𝑥), 𝑦]ƛ               by Eq (a) 

            = 𝑓1([𝑓2(𝑥), 𝑦]) − [𝑓1(𝑥), 𝑓2(𝑦)]ƛ            by Eq (b) 

            = 𝑓1([𝑓2(𝑥), 𝑦]) − 𝑓1([𝑥, 𝑓2(𝑦)]ƛ)             by Eq (a)                   

= 𝑓1([𝑓2(𝑥), 𝑦]) − 𝑓1([𝑥, 𝑓2(𝑦)]ƛ)                       by Eq (a) 

             = 𝑓1([𝑓2(𝑥), 𝑦] − [𝑥, 𝑓2(𝑦)]ƛ)  

             = 𝑓1(0) = 0                                            by Eq  (c).     

Hence [𝑓1, 𝑓2]ƛ(𝑥)  ∈  𝑍(ℒ) and [𝑓1, 𝑓2]ƛ  ∈ 𝐻𝑜𝑚(ℒ, 𝑍(ℒ) as 

desired. Furthermore, if  𝑍(ℒ)  =  {0}, it is clear that 

[𝐶(ℒ), 𝑄𝐶(ℒ)]ƛ  =  {0}.  
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