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Abstract: The main objective of this research is to derive a rule for numerically calculating the values of triple integrals with 

continuous integrals in the region of integration using the trapezoidal rule on the dimensions y, ,and the mid point rule on two the 
dimension x ,zand   how to find the correction limits for it (error formula) and improve these results using the Romberg acce leration 
method Through the correction limits that we found, when the number of partial periods into which the integration period i s divided 
on the inner dimension x is equal to twice the number of partial periods into which the integration period is divided on the middle 

dimension Y and on the outer dimension Z.  We will symbolize this method with the symbolRMTM and it is reliable because it has 
given high accuracy through the integrations we reviewed in the results compared to the analytical values of the integrals with a 
few partial periods. 
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1.introducation 

    Numerical analysis is characterized by the creation of diverse methods for finding approximate solutions to certain mathemati cal 
issues in an effective manner. The efficiency of these methods depends on both the accuracy and the ease with which they can be 
implemented. The numerical analysis is the numerical interface of the wide field of applied analysis. Tripartite integrations  are of 

great importance in finding sizes and middle positions and the determination of the inertia of the volumes and finding the blocks 
with variable density, for example the size of the inside and above and below and the calculation of the average position of the size 
of the impact in and above the level and below the level, Such as a piece of thin wire or a thin sheet of metal. Frank Ayers [8], 
prompting a number of researchers to work in the field of triple integrals. Which led many researchers to work in the field o f tripartite 
integrations, including Hans Jarr and Jacobsen [1] in 1973, Frank Ayers [2] in 1975, Muhammad [3] in 1984and   Hilal [4] in 2081. 

In this paper we present a theorem with proof to derive a new base for calculating approximate values of triple integrations with 
constant inversions and their error formula. This rule is the result of the application of the Rumbark acceleration method to the values 
resulting from the use of the two point bases on the internal x and outer dimensions and the trapezoid base on the middle dimension 

(The number of partial periods divided by the internal dimension period, the number of partial periods divided by the middle 
dimension period and the number of partial periods divided by the external dimension period and we will mark this method with the 
symbol where the method of accelerating Rumbark and Several derivative we have got good results in terms of accuracy and speed 
of approaching the number of partial periods of relatively few and very short time  

1.1 Triple Integrals For Continuous Integrands With  Singularity In Partial Derivatives 

Let's say the triple integral is defined by the formula: 
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 Which can be written using the trapezoid rule on the three dimensions in the following form:  
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Note that  mtm h it represents the approximate value of the integral using the trapezoidal rule, and that  mtmE h  

  A string of correction terms that can be added to values  mtm h . 

Theorem   :- Let the
( , , )f x y z

 function be continuous and differentiable at every point in the region      , , ,a b c d e g   the 

approximate value of the triple integral ( , , )

g d b

e c a

I f x y z dxdydz     can be calculated from the following  
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It can be calculated from the following rule:-  

And that the error formula is 

2 4 6( ) ( )mtm mtm mtm mtmE h I mtm h A h B h C h       

Since , ,mtm mtmA B     the constants depend on the values of the partial derivatives of the function
f

 

Proof: 

for a monointegral  , ,

b

a

f x y z dx  It can be calculated numerically using the base of the mid point  over the dimension x  and 

(dealing with  z and   y as constants) and its value: 
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using the base of the the trapezoid over the dimension  y   : 
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using the base of the mid point  over the dimension  z: 
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applying the two theorems (the middle value theorem and the mean value theorem in integration),  

we get 
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Since , ,mtm mtmA B     the constants depend on the values of the partial derivatives of the function
f

 

But depand h. 

 

2.EXAMPLS 

Values of Approximate Integrals Integrals  

0.0052567434550rounded to thirteen 
decimal places 
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0.5160245509312rounded to thirteen 
decimal places 
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3.Results 

1- Integral function

3 2 1

( )

2 1 0

x y zxe dxdydz  

    continuous and differentiable for each
     , , 0,1 1,2 [2,3]x y z   

 

From table (1) we notice that the value of integration using the rule is true for five decimal places 16n  , and when using the 

Rumberck acceleration with the mentioned rule, it is true for thirteen decimal places (partial period
122 ), which is identical to the 

real value rounded to thirteen decimal places. 

2- Integral function

1 1 1

0 0 0

sin( ( ) )
2
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     continuous and differentiable for each
     , , 0,1 0,1 [0,1]x y z   

 

from table (2), we conclude when 32n   the value of the integration using the rule ttm is true to two decimal places, and when 
using the Rumberck acceleration with the mentioned rule, the value is identical to the real value, rounded to thirteen decimal places 

with (partial period
152 ) 

n mtm K=2 K=4 K=6 K=8 

1 0.0037989419941         

2 0.0048955533469 0.0052610904646       

4 0.0051667211074 0.0052571103609 0.0052568450207     

8 0.0052342562678 0.0052567679879 0.0052567451631 0.0052567435780   

16 0.0052511228273 0.0052567450138 0.0052567434822 0.0052567434555 0.0052567434550 

table (1) exat value 0.0052567434550 

 

n mtm K=2 K=4 K=6 K=8 K=10 

1 
0.500000000000
0           

2 
0.515165042945
0 

0.520220057259
9         

4 
0.515972787319
7 

0.516242035444
7 

0.515976833990
3       

8 
0.516021345339
7 

0.516037531346
3 

0.516023897739
7 

0.516024644783
4     

16 
0.516024351041
3 

0.516025352941
8 

0.516024541048
1 

0.516024551259
4 

0.516024550892
6   

32 
0.516024538445
2 

0.516024600913
2 

0.516024550778
0 

0.516024550932
5 

0.516024550931
2 0.5160245509312 
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table (2) 

1 1 1

0 0 0

sin( ( ) )
2

x y z dxdydz


     exat value 
0.5160245509312 

 

4.Conclusion 

It is clear from the results of the tables of this research that when calculating the approximate values of triple integrals with continuous 
integrals of the compound base from the bases of the trapezoidal on the y and  using middle point dimension on the two dimensions  
x,zwhen the number of partial periods to which the period is divided into the internal dimension is equal to twice the number  of 
partial periods to which the period is divided into the middle dimension and equal to twice the number of partial periods into which 
the period of the outer dimension is divided. This rule (base) gives integer values (for several decimal places) compared with the 

real values of the integrals, and by using a number of partial periods without using the process of external adjustment on them, for 
example, in the first and second integrations, we get On the integer value of five decimal places and two decimal places respectively 
and in the third integral the real value is unknown. 

However, when using the Romberg acceleration method with the mentioned rule, it gave better results in terms of the speed of 
approaching with a relatively small number of partial periods to the values of the real integrals, as they were identical to the real 
value in the first and second integrals when at n = 16 and n = 128.  
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