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Abstract:  the  stress peaks   of  the  human  knee joint in standing and swing phase  is presented in this article , as well as relationship 

between the  stress peaks   in the  knee joint  and  determines the state of health or disease of the adult knee  for  resultant joint force 

using mathematical model is developed  to  calculating where using a relatively simple single algebraic  equation and used  the 

double  complex ZZ transformation as a powerful tool to obtain a solution to the stress peaks  and the model .It can be readily 

applied to estimate the stress peaks in knee joint in the most everyday activities  . This is demonstrated by analyzing the data on the 

resultant knee force obtained from using a 12 mathematical program  where a stance period of gait  of cycle is considered . 
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1.Introduction  

     Differential equations are still in use since Newton's time in understanding the physical, engineering and biological sciences. In 

addition to their contribution to the study of mathematical analysis. It can be said without overriding or exaggeration that 

differential equations extend their influence to many medical and social sciences such as psychology, economics and sociology, 

where most of the relationships and laws between variables in any engineering or physical issue appear in the form of differential 

equations. In order to be able to solve differential equations, integral  transformations have been widely used. The importance of 

integral transformations is that give us both power and ease to solve initial value problems. The fact that this initial value is one of 

the main problems of linear and integral equations. 

Many integral transforms, such as Laplace, Elzaki, Fourier, Aboodh, and Mahgoub, have been devised over the course of 

mathematical history. They were used to solve ordinary differential equations and their applications [1, 2, 3, 4, 5], integral equations 

[6, 7, 8], partial integral equations [9], as well as many researchers used some of these integral transforms to solve ordinary 

differential equation systems [10, 11, 12]. 

In 2016, The new integral transform “ZZ Transform Method’’ was introduced by Zain Ul Abadin Zafar [13] and  it applied this 

new integral transform technique for solving first order linear differential equation, for instance Law of Natural Growth or Law of 

Natural Decay [ 14]  

The double ZZ transform was developed in 2022 by researchers as a two-dimensional generalization of the one-dimensional ZZ 

transform .We have also established a few key theorems and properties. The suggested transform was used to find a solution to the 

typical squeeze action for unstable and incompressible fluid flow through the elastic porosity of layers in order to demonstrate the 

effectiveness and high accuracy of the transform. Squeeze lubrication involves compressing the synovial fluid, which produces 

hydrodynamic pressure.  Both human mobility and the synovial joints depend on one other [15-16]. 

The double complex ZZ integral transform can be used to solve partial  differential equations with initial conditions, the goal of 

this research. We first prove some of the double complex ZZ integral transform's key properties and theorems, which we  apply to   

estimate the stress peaks in the most in knee joint  of everyday activities. 

That knowledge  intrinsic path mechanical changes in articulator cartilage depends upon local stress levels and  joint loading, and 

the abnormal mechanical stress upon   joint cartilage is one of the main causes of osteoarthritis. In other words, it is essential to 

estimate the stress levels and peak stress on the  joint surface in order to understand the path mechanical changes in the  joint 

cartilage. In another aspect, the treatments of osteoarthritis of  joint vary from conservative rehabilitative exercises to surgical 

treatments such as osteotomies or total   arthroplasties. Therefore, the estimation of  joint stress level and peak stress is very useful 

for both preoperative planning and postoperative  rehabilitation. Furthermore, knowing the joint  stress level is also very helpful 

in understanding the mechanics of the normal joint and understanding the pathology of the articular cartilage of the joint [17] .  

 

2.Basic Definition of  Fractional Calculus 

     In this section we provide some basic definitions and property  of  ZZ transform  
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Definition  (2.1) [  39   ]:let 𝑓 be defined function at an open interval (𝑎, 𝑏) then the integral transform of 𝑓 whose its symbol 

𝐹(𝑝)is defined as follows: 

 𝐼{𝑓(𝑥)} = 𝐹(𝑝) = ∫ 𝑘(𝑝 , 𝑥)𝑓(𝑥)𝑑𝑥
𝑏

𝑎
 

Where 𝑘 is a function of two variables, called the kernel of the transform, and 𝑎, 𝑏 are real numbers or ±∞ such that the above 

integral converges. 

 

Definition (2.2)[   24   ]  :- Let 𝜑 (𝑡)be a function defined for all  𝑡 ≥ 0 , then 𝑍𝑍  transform of 𝜑 (𝑡) is the function 𝑍(𝛾 , 𝜌) is 

defined by  

𝑍(𝛾 , 𝜌) = 𝛽 {𝜑 (𝑡)} =
𝜌

𝛾
  ∫ 𝜑 (𝑡)  𝑒−

𝜌
𝛾
𝑡

∞

0

   𝑑𝑡  

the inverse ZZ−transform of 𝑍(𝛾 , 𝜌)and it is defined as𝛽 {𝜑 (𝑡)} = 𝑍−1 (𝑍(𝛾 , 𝜌)) , where 𝑍−1 is the inverse ZZ−transform 

operator. 

Equivalently  

𝛽 {𝜑 (𝑡)} = 𝑍−1 (𝑍(𝛾 , 𝜌)) =
1

2𝜋 𝑖
    ∫

𝜌

𝛾
    𝑍(𝛾 , 𝜌)  𝑒−

𝜌
𝛾
𝑡

𝛿+𝑖∞

𝛿−𝑖∞

   𝑑𝛾  

Where (𝛾 , 𝜌) are complex number . 

Linear Property  ZZ Transform (2.3) [24] : If a, b are constants and 𝑓(𝑡) , 𝑔(𝑡) are functions, then 𝛽 {𝑎𝑓(𝑡)+ 𝑏𝑔(𝑡)} =  𝑎 𝛽𝑓(𝑡)} 

+ 𝑏 𝛽 {𝑔(𝑡)} . 

 Definition( 2.4) [  40  ]:- The set A of functions for exponential order is defined as: 𝐴 = {𝜑(𝑡): ∃ 𝑁 , λ1 , λ2  > 0 , |𝜑(𝑡)| >

𝜇 𝑒𝑖λ𝑗 |𝑡| , 𝑡 ∈ (−1)𝑗−1 × (0 ,∞), 𝑖 ∈ ∁  , 𝑗 = 1,2}                                                                                (2.1)      

 For set A in equation (2.1), M is a finite random constant, λ1 , λ2could be finite or infinite and 𝜑(𝑡)is a function that is defined for 

all 𝑡 ≥ 0. The new SEA integral transform is defined as: 

 𝛽𝑐 {𝜑 (𝑡)} =
𝜌

𝛾
  ∫ 𝜑 (𝑡)  𝑒−

𝑖 (
𝜌
𝛾
)𝑡

∞

0

   𝑑𝑡 

Linearity Property SEA Transform (2.5)  [ 40   ]: Considering the functions 𝑓(𝑡) and 𝑔(𝑡) and the constants a and b, then: 𝛽𝑐 
{𝑎𝑓(𝑡)+ 𝑏𝑔(𝑡)} =  𝑎𝛽𝑐{𝑓(𝑡)} + 𝑏 𝛽𝑐 {𝑔(𝑡)} . 

Definition (2.6):  The double ZZ transform  of the  function 𝜑 (𝑥, 𝑡) is defined by  the double integral as :  

𝛽2𝑐  {𝜑 (𝑥, 𝑡)} = 𝑍((𝜃 , 𝜌), (𝜔, 𝛾)) 

=
𝜃

𝜔
  
𝜌

𝛾
  ∫ ∫ 𝜑 (𝑥 , 𝑡)  𝑒−

𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

  𝑑𝑥 𝑑𝑡 = 𝑍((𝑖𝜃 , 𝑖𝜌), (𝜔, 𝛾)) 

∞

0

 

the inverse double ZZ−transform of 𝑍((𝜃 , 𝜌), (𝜔, 𝛾))and it is defined  as 𝛽2𝑐 {𝜑 (𝑥, 𝑡)} = 𝑍−1  (𝑍((𝜃 , 𝜌), (𝜔, 𝛾))) , where 𝑍−1 is 

the inverse ZZ−transform operator. 

Equivalently  
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𝛽2𝑐  {𝜑 (𝑥, 𝑡)} = 𝑍−1 (𝑍((𝜃𝑖 , 𝜌𝑖), (𝜔, 𝛾))) 

=
1

2𝜋 𝑖
    ∫

𝜌

𝛾
    𝑍((𝜃𝑖 , 𝜌𝑖), (𝜔, 𝛾))  𝑒−

𝑖𝜌
𝛾
𝑡

𝛿+𝑖∞

𝛿−𝑖∞

   𝑑𝛾 .
1

2𝜋 𝑖
    ∫

𝜃

𝜔
   𝑍((𝜃𝑖 , 𝜌𝑖), (𝜔, 𝛾))  𝑒−

𝑖𝜃
𝜔
𝑡

𝑐+𝑖∞

𝑐−𝑖∞

   𝑑𝜔  

Where 𝜃 , 𝜌, 𝜔, 𝛾 are  complex value  

3. Double Complex of  ZZ integral  transform for some  Basic  functions : 

1- If 𝜑 (𝑥, 𝑡) = 𝑘  , then  𝛽2𝑐  {1} = −𝑖𝑘 

 

Proof:   by definition (2.6) 

𝛽2𝑐  {1} =
𝜃

𝜔
  
𝜌

𝛾
  ∫ ∫ 𝑘  𝑒−

𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

  𝑑𝑥 𝑑𝑡 =
𝜃

𝜔
  
𝜌

𝛾
  ∫ [

−𝜔

𝜃
   𝑒−

𝑖
𝜌
𝛾
 𝑡  
(𝑒−

𝜃
𝑖𝜔
   𝑥|

0

∞

)]  𝑑𝑡 = 

∞

0

 

∞

0

 

=  
𝜌

𝑖𝛾
 ∫    𝑒−

𝜌
𝑖𝛾
 𝑡  

∞

0

dt =  
𝜌

𝑖𝛾
  
𝛾

𝑖𝜌
= −1 

In general  

𝛽2𝑐  {𝑘} =  −𝑖𝑘   , 𝑘 is constant  

2- If 𝜑 (𝑥, 𝑡) = 𝑒(𝛼𝑥+𝜖𝑡)  , then      𝛽2𝑐 {𝑒(𝛼𝑥+𝜖𝑡)} =
𝜃  𝜌(𝛼𝜔𝜖𝛾−𝜃𝜌)

(𝛼𝜖𝛾𝜔−𝜃𝜌)2+(𝜃𝜖𝛾−𝛼𝜔𝜌)2
+ 𝑖 

𝜃  𝜌(𝜃𝜖𝛾−𝛼𝜔𝜌)

(𝛼𝜖𝛾𝜔−𝜃𝜌)2+(𝜃𝜖𝛾−𝛼𝜔𝜌)2
 

 

Proof:   by definition (2.6) 

 

𝛽2𝑐  {𝑒(𝛼𝑥+𝜖𝑡)} =
𝜃

𝜔
  
𝜌

𝛾
  ∫ ∫ 𝑒(𝛼𝑥+𝜖𝑡)    𝑒−

𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

  𝑑𝑥 𝑑𝑡 

∞

0

 

=
𝜃

𝜔
  
𝜌

𝛾
  ∫ ∫ 𝑒−(

𝜃
𝜔
𝑖 −𝛼)𝑥     𝑒−

(
𝜌
𝛾
 𝑖−𝜖 )𝑡

∞

0

  𝑑𝑥 𝑑𝑡 =
𝜌

𝛾
  ∫ [∫

𝜃

𝜔
  𝑒−(

𝜃
𝜔
𝑖 −𝛼)𝑥  dx  

∞

0

]   𝑒−
(
𝜌
𝛾
 𝑖−𝜖 )𝑡

  𝑑𝑡

∞

0

   

∞

0

 

=
𝜃

(𝜃𝑖 − 𝛼𝜔)
[∫
𝜌

𝛾
  𝑒−

(
𝜌
𝛾
 −𝜖 )𝑡

  𝑑𝑡  

∞

0

]  =  
𝜃

(𝜃𝑖 − 𝛼𝜔)
   

𝜌

( 𝜌𝑖 − 𝜖𝛾)

=
𝜃 𝜌(𝛼𝜔𝜖𝛾 − 𝜃𝜌)

(𝛼𝜖𝛾𝜔 − 𝜃𝜌)2 + (𝜃𝜖𝛾 − 𝛼𝜔𝜌)2
+ 𝑖 

𝜃 𝜌(𝜃𝜖𝛾 − 𝛼𝜔𝜌)

(𝛼𝜖𝛾𝜔 − 𝜃𝜌)2 + (𝜃𝜖𝛾 − 𝛼𝜔𝜌)2
 

3- If 𝜑 (𝑥, 𝑡) = 𝑥𝛿  𝑦     휀 , 𝛿 = 0,1,2, …  , then  𝛽2𝑐 {𝑥𝛿  𝑦 } = 𝛿!  휀! ( 
𝜔

𝜃
𝑖)
𝛿

  ( 
𝛾

𝜌
 𝑖)  

 

Proof:   by definition (2.6) 

𝛽2𝑐  {𝑥𝛿   𝑦 } =
𝜃

𝜔
  
𝜌

𝛾
  ∫ ∫ 𝑥𝛿  𝑦     𝑒−

𝑖 (
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

  𝑑𝑥 𝑑𝑡 

∞

0

 

𝛽2𝑐  {𝑥𝛿   𝑦 } =
𝜃

𝜔
∫ 𝑒−𝑖

𝜃
𝜔
 𝑥

∞

0

 𝑥𝛿𝑑𝑥   
𝜌

𝛾
 ∫     𝑒−

𝑖𝜌
𝛾
𝑡

∞

0

 𝑦   𝑑𝑡 = 𝛿!  휀! ( 
𝜔

𝜃
 𝑖)

𝛿

  ( 
𝛾

𝜌
 𝑖)    

4- if 𝜑 (𝑥, 𝑡) = cos(𝛼𝑥 + 𝜖𝑡)    ,  then    𝛽2𝑐 {cos(𝛼𝑥 + 𝜖𝑡)} =   
−𝜃𝜌(𝜃𝜌+𝑎𝜔𝜖𝛾)

(𝜃2−𝛼2𝜔2)(𝜌2− 2𝛾2) 
 

 

Proof:   by definition (2.6) 

𝛽2𝑐  {cos(𝛼𝑥 + 𝜖𝑡)} =
𝜃

𝜔
  
𝜌

𝛾
  ∫ ∫ cos(𝛼𝑥 + 𝜖𝑡)    𝑒−

𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

  𝑑𝑥 𝑑𝑡 

∞

0
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𝛽2𝑐  {cos(𝛼𝑥 + 𝜖𝑡)} =
𝜃

𝜔
  
𝜌

𝛾
  ∫ ∫  (

𝑒𝑖(𝛼𝑥+𝜖𝑡) + 𝑒−𝑖(𝛼𝑥+𝜖𝑡)

2
)   𝑒−

𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

  𝑑𝑥 𝑑𝑡 

∞

0

 

1

2
(
𝜃

 𝜔
  
𝜌

𝛾
 ∫ ∫  𝑒𝑖(𝛼𝑥+𝜖𝑡)   𝑒−

𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

 𝑑𝑥 𝑑𝑡 

∞

0

+
𝜃

 𝜔
  
𝜌

𝛾
 ∫ ∫ 𝑒−𝑖(𝛼𝑥+𝜖𝑡)   𝑒−

𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

𝑑𝑥 𝑑𝑡 

∞

0

) 

= 
1

2
(  
𝜌

𝛾
 ∫  

∞

0

𝑒
−𝑖(

𝜌
𝛾
−𝜖)𝑡

(
𝜃

 𝜔
  ∫  

∞

0

𝑒
−(
𝜃
 𝜔
−𝛼)𝑥

 𝑑𝑥 ) 𝑑𝑡 + 
𝜌

𝛾
 ∫  

∞

0

𝑒
−𝑖(

𝜌
𝛾
+𝜖)𝑡

(
𝜃

 𝜔
  ∫  

∞

0

𝑒
−𝑖(

𝜃
 𝜔
+𝛼)𝑥

 𝑑𝑥 )𝑑𝑡) 

=
1

2
  (

𝜃

(𝜃 − 𝛼𝜔) 𝑖
   

𝜌

(𝜌 − 𝜖𝛾) 𝑖
+

𝜃

(𝜃 + 𝛼𝜔) 𝑖
   

𝜌

(𝜌 + 𝜖𝛾) 𝑖
) =

1

2
  (

−𝜃𝜌(2𝜃𝜌 + 2𝛼𝜔𝜖𝛾)

(𝜃2 − 𝛼2𝜔2)(𝜌2 − 𝜖2𝛾2) 
  ) 

=
−𝜃𝜌(𝜃𝜌 + 𝑎𝜔𝜖𝛾)

(𝜃2 − 𝛼2𝜔2)(𝜌2 − 휀2𝛾2) 
 

Similarly , we can proof  

𝛽2𝑐  {sin (𝛼𝑥 + 𝜖𝑡)} =
𝜃

𝜔
  
𝜌

𝛾
  ∫ ∫ sin(𝛼𝑥 + 𝜖𝑡)    𝑒−

𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

  𝑑𝑥 𝑑𝑡 

∞

0

 

𝛽2𝑐  {sin (𝛼𝑥 + 𝜖𝑡)} =
𝜃

𝜔
  
𝜌

𝛾
  ∫ ∫  (

𝑒𝑖(𝛼𝑥+𝜖𝑡) − 𝑒−𝑖(𝛼𝑥+𝜖𝑡)

2𝑖
)   𝑒−𝑖

(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

  𝑑𝑥 𝑑𝑡 

∞

0

 

1

2
(
𝜃

 𝜔
  
𝜌

𝛾
 ∫ ∫  𝑒𝑖(𝛼𝑥+𝜖𝑡)   𝑒−

𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

 𝑑𝑥 𝑑𝑡 

∞

0

−
𝜃

 𝜔
  
𝜌

𝛾
 ∫ ∫ 𝑒−𝑖(𝛼𝑥+𝜖𝑡)   𝑒−

𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

𝑑𝑥 𝑑𝑡 

∞

0

) 

= 
1

2𝑖
(  
𝜌

𝛾
 ∫  

∞

0

𝑒
−𝑖(

𝜌
𝛾
−𝜖))𝑡

(
𝜃

 𝜔
  ∫  

∞

0

𝑒
−𝑖(

𝜃
 𝜔
−𝛼)𝑥

 𝑑𝑥 )𝑑𝑡 − 
𝜌

𝛾
 ∫  

∞

0

𝑒
−𝑖(

𝜌
𝛾
+𝜖)𝑡

(
𝜃

 𝜔
  ∫  

∞

0

𝑒
−𝑖(

𝜃
 𝜔
+𝛼)𝑥

 𝑑𝑥 ) 𝑑𝑡) 

=
1

2𝑖
  (

𝜃

(𝜃 − 𝛼𝜔) 𝑖
   

𝜌

(𝜌 − 𝜖𝛾) 𝑖
+

𝜃

(𝜃 + 𝛼𝜔) 𝑖
   

𝜌

(𝜌 + 𝜖𝛾) 𝑖
) =

1

2𝑖
  

−𝜃𝜌(2𝜖𝜃𝛾 + 2𝛼𝜔𝜌)

(𝜃2 − 𝛼2𝜔2)(𝜌2 − 휀2𝛾2) 
 

𝑖𝜃𝜌(2𝜖𝜃𝛾 + 2𝛼𝜔𝜌)

(𝜃2 − 𝛼2𝜔2)(𝜌2 − 휀2𝛾2) 
 

5- if 𝜑 (𝑥, 𝑡) = cos ℎ(𝛼𝑥 + 𝜖𝑡)    ,  then    𝛽2𝑐  {cosh(𝛼𝑥 + 𝜖𝑡)} =
𝜃𝜌(𝛼𝜖𝜔𝛾−𝜃𝜌)

(𝜃2+𝛼2𝜔2)(𝜌2+𝜖2𝛾2) 
 

 

Proof:   by definition (2.6) 

 

𝛽2𝑐  {cosh(𝛼𝑥 + 𝜖𝑡)} =
𝜃

𝜔
  
𝜌

𝛾
  ∫ ∫ cosh(𝛼𝑥 + 𝜖𝑡)    𝑒−

𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

  𝑑𝑥 𝑑𝑡 

∞

0

 

𝛽2𝑐  {cos ℎ(𝛼𝑥 + 𝜖𝑡)} =
𝜃

𝜔
  
𝜌

𝛾
  ∫ ∫  (

𝑒(𝛼𝑥+𝜖𝑡) + 𝑒−(𝛼𝑥+𝜖𝑡)

2
)   𝑒−

𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

  𝑑𝑥 𝑑𝑡 

∞

0

 

1

2
(
𝜃

 𝜔
  
𝜌

𝛾
 ∫ ∫  𝑒(𝛼𝑥+𝜖𝑡)   𝑒−

𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

 𝑑𝑥 𝑑𝑡 

∞

0

+
𝜃

 𝜔
  
𝜌

𝛾
 ∫ ∫ 𝑒−(𝛼𝑥+𝜖𝑡)   𝑒−

𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

𝑑𝑥 𝑑𝑡 

∞

0

) 
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= 
1

2
(  
𝜌

𝛾
 ∫  

∞

0

𝑒
−(
𝜌
𝛾
𝑖−𝜖)𝑡

(
𝜃

 𝜔
  ∫  

∞

0

𝑒
−(
𝜃
 𝜔
𝑖−𝛼)𝑥

 𝑑𝑥 ) 𝑑𝑡 + 
𝜌

𝛾
 ∫  

∞

0

𝑒
−(
𝜌
𝛾
𝑖+𝜖)𝑡

(
𝜃

 𝜔
  ∫  

∞

0

𝑒
−(
𝜃
 𝜔
𝑖+𝛼)𝑥

 𝑑𝑥 ) 𝑑𝑡) 

=
1

2
  (

𝜃

𝜃𝑖 − 𝛼𝜔 
   

𝜌

𝜌𝑖 − 𝜖𝛾 
+

𝜃

𝜃𝑖 + 𝛼𝜔 
   

𝜌

𝜌𝑖 + 𝜖𝛾 
) =

1

2
  (

𝜃𝜌(−2𝜃𝜌 + 2𝛼𝜖𝜔𝛾)

(𝜃2 + 𝛼2𝜔2)(𝜌2 + 𝜖2𝛾2) 
  ) 

=
𝜃𝜌(𝛼𝜖𝜔𝛾 − 𝜃𝜌)

(𝜃2 + 𝛼2𝜔2)(𝜌2 + 𝜖2𝛾2) 
 

Similarly , we can proof  

𝛽2𝑐  {sinh(𝛼𝑥 + 𝜖𝑡)} =
𝜃

𝜔
  
𝜌

𝛾
  ∫ ∫ sinh(𝛼𝑥 + 𝜖𝑡)    𝑒−

𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

  𝑑𝑥 𝑑𝑡 

∞

0

 

𝛽2𝑐  {sinh(𝛼𝑥 + 𝜖𝑡)} =
𝜃

𝜔
  
𝜌

𝛾
  ∫ ∫  (

𝑒(𝛼𝑥+𝜖𝑡) − 𝑒−(𝛼𝑥+𝜖𝑡)

2
)   𝑒−

𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

  𝑑𝑥 𝑑𝑡 

∞

0

 

1

2
(
𝜃

 𝜔
  
𝜌

𝛾
 ∫ ∫  𝑒(𝛼𝑥+𝜖𝑡)   𝑒−

𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

 𝑑𝑥 𝑑𝑡 

∞

0

+
𝜃

 𝜔
  
𝜌

𝛾
 ∫ ∫ 𝑒−(𝛼𝑥+𝜖𝑡)   𝑒−

𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

𝑑𝑥 𝑑𝑡 

∞

0

) 

= 
1

2
(  
𝜌

𝛾
 ∫  

∞

0

𝑒
−(
𝜌𝑖
𝛾
−𝜖)𝑡

(
𝜃

 𝜔
  ∫  

∞

0

𝑒
−(
𝜃𝑖
 𝜔
−𝛼)𝑥

 𝑑𝑥 ) 𝑑𝑡 − 
𝜌

𝛾
 ∫  

∞

0

𝑒
−(
𝜌𝑖
𝛾
+𝜖)𝑡

(
𝜃

 𝜔
  ∫  

∞

0

𝑒
−(
𝜃𝑖
 𝜔
+𝛼)𝑥

 𝑑𝑥 ) 𝑑𝑡) 

=
1

2
  (

𝜃

𝜃𝑖 − 𝛼𝜔 
   

𝜌

𝜌𝑖 − 𝜖𝛾 
−

𝜃

𝜃𝑖 + 𝛼𝜔 
   

𝜌

𝜌𝑖 + 𝜖𝛾 
) =

1

2
  ( 

𝑖𝜃𝜌(2𝜖𝛾𝜃 + 2𝛼𝜖𝜔)

(𝜃2 + 𝛼2𝜔2) (𝜌2 + 𝜖2𝛾2)
 ) 

=
𝑖𝜃𝜌(𝜖𝛾𝜃 + 𝛼𝜌𝜔)

(𝜃2 + 𝛼2𝜔2) (𝜌2 + 𝜖2𝛾2)
 

 

4. Some property and theorm for  the double complex ZZ transform  

Properties 4.1 :- The linear properties of ZZ double  complex transform . 

Let  𝜑 (𝑥, 𝑡)  and 𝜇 (𝑥, 𝑡)  are a functions for  𝑥 , 𝑡 and 𝛼  , 휀  are constant , then  

𝛽2𝑐  {𝛼𝜑 (𝑥, 𝑡) + 휀 𝜇(𝑥, 𝑡)} =  𝛼  𝛽2𝑐( 𝜑 (𝑥, 𝑡)) + 휀𝛽2𝑐( 𝜇 (𝑥, 𝑡)) 

 

Proof :- 

𝛽2𝑐  {𝛼𝜑 (𝑥, 𝑡) + 휀 𝜇(𝑥, 𝑡} =
𝜃

𝜔
  
𝜌

𝛾
  ∫ ∫  {𝛼𝜑 (𝑥, 𝑡) + 휀 𝜇(𝑥, 𝑡}    𝑒

−𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

  𝑑𝑥 𝑑𝑡

 

∞

0

 

 

=
𝜃

𝜔
  
𝜌

𝛾
  ∫ ∫  {𝛼𝜑 (𝑥, 𝑡)}    𝑒

−𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

  𝑑𝑥 𝑑𝑡 +
𝜃

𝜔
  
𝜌

𝛾
  ∫ ∫  {휀 𝜇(𝑥, 𝑡)}    𝑒

−𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

  𝑑𝑥 𝑑𝑡 +

 

∞

0 

∞

0
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= 𝛼
𝜃

𝜔
  
𝜌

𝛾
  ∫ ∫  {𝜑 (𝑥, 𝑡)}    𝑒

−𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

  𝑑𝑥 𝑑𝑡 +  휀
𝜃

𝜔
  
𝜌

𝛾
  ∫ ∫  { 𝜇(𝑥, 𝑡)}    𝑒

−𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

  𝑑𝑥 𝑑𝑡

 

∞

0 

∞

0

 

           =  𝛼  𝛽2𝑐( 𝜑 (𝑥, 𝑡)) + 휀𝛽2𝑐( 𝜇 (𝑥, 𝑡)) 

Theorem 4.2 :- Double complex ZZ  transform of first and second order partial derivatives are in the form 

 1) 𝛽2  {   
𝜕𝜑 (𝑥, 𝑡)

𝜕𝑥
}   =

𝜃

𝜔
  (𝑖𝑍((𝜃 , 𝜌) , (𝜔 , 𝛾)) − 𝛽𝑐(𝜑(0 , 𝑡)) 

2 ) 𝛽2  {   
𝜕2𝜑 (𝑥, 𝑡)

𝜕𝑥2
} 

=
𝜃2

𝜔2
  (−𝑍((𝜃 , 𝜌) , (𝜔 , 𝛾)) − 𝑖𝛽𝑐(𝜑(0 , 𝑡))) − 

𝜃

𝜔
 𝛽𝑐 (

𝜕

𝜕𝑥
𝜑(0 , 𝑡))  

 

3 )𝛽2  {   
𝜕𝜑 (𝑥, 𝑡)

𝜕𝑡
} =

𝜌

𝛾
 (𝑖𝑍((𝜃 , 𝜌) , (𝜔 , 𝛾)) − 𝛽𝑐(𝜑(𝑥 , 0)) 

 

4 ) 𝛽2  {   
𝜕2𝜑 (𝑥, 𝑡)

𝜕𝑡2
} =

𝜌2

𝛾2
  (−𝑍((𝜃 , 𝜌) , (𝜔 , 𝛾)) − 𝑖𝑍(𝑥 ,0)) −  

𝜌

𝛾
  (
𝜕

𝜕𝑡
 𝑍( 𝑥 ,0)) 

 

5 ) 𝛽2  {   
𝜕2𝜑 (𝑥,𝑡)

𝜕𝑥𝜕𝑡
} =

𝜃

𝜔
 𝑍(0,0) −

𝜃2

𝜔2
  𝑍 (0, 𝑡) +

𝜃

𝜔
  (

𝜌

𝛾
 (𝑍((𝜃 , 𝜌) , (𝜔 , 𝛾)) − 𝑍(𝑥 , 0)))  

Proof :- by using definition (2.6)  of double ZZ transform , we get  

1)  𝛽2  {   
𝜕𝜑 (𝑥,𝑡)

𝜕𝑥
} =

𝜃

𝜔
  
𝜌

𝛾
  ∫ ∫  

𝜕𝜑 (𝑥,𝑡)

𝜕𝑥
    𝑒−

𝑖(
𝜃

𝜔
   𝑥+

𝜌

𝛾
 𝑡)∞

0
  𝑑𝑥 𝑑𝑡 =

𝜃

𝜔
  (𝑖𝑍((𝜃 , 𝜌) , (𝜔 , 𝛾)) − 𝛽𝑐(𝜑(0 , 𝑡)) 
 

∞

0
 

 

2)𝛽2  {   
𝜕2𝜑 (𝑥, 𝑡)

𝜕𝑥2
} =

𝜃

𝜔
  
𝜌

𝛾
  ∫ ∫    

𝜕2𝜑 (𝑥, 𝑡)

𝜕𝑥2
    𝑒−

𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

  𝑑𝑥 𝑑𝑡

 

∞

0

 

𝜃2

𝜔2
  ( 𝑖2𝑍((𝜃 , 𝜌) , (𝜔 , 𝛾)) − 𝛽𝑐(𝜑(0 , 𝑡))) − 

𝜃

𝜔
 𝛽𝑐 (

𝜕

𝜕𝑥
𝜑(0 , 𝑡))  

3) 𝛽2  {   
𝜕𝜑 (𝑥, 𝑡)

𝜕𝑡
} =

𝜃

𝜔
  
𝜌

𝛾
  ∫ ∫  

𝜕𝜑 (𝑥, 𝑡)

𝜕𝑡
    𝑒−

𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

  𝑑𝑥 𝑑𝑡 =
𝜌

𝛾
 (𝑖𝑍((𝜃 , 𝜌) , (𝜔 , 𝛾)) − 𝛽𝑐(𝜑(𝑥 , 0))

 

∞

0

 

4) 𝛽2  {   
𝜕2𝜑 (𝑥, 𝑡)

𝜕𝑡2
} =

𝜃

𝜔
  
𝜌

𝛾
  ∫ ∫    

𝜕2𝜑 (𝑥, 𝑡)

𝜕𝑡2
    𝑒−

𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

  𝑑𝑥 𝑑𝑡

 

∞

0
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𝜌2

𝛾2
  ( 𝑖2𝑍((𝜃 , 𝜌) , (𝜔 , 𝛾)) − 𝛽𝑐(𝜑(𝑥 , 0))) − 

𝜌

𝛾
 𝛽𝑐 (

𝜕

𝜕𝑡
𝜑(𝑥 , 0))  

 

5 ) 𝛽2  {   
𝜕2𝜑 (𝑥, 𝑡)

𝜕𝑥𝜕𝑡
} =   

𝜃

𝜔
  
𝜌

𝛾
  ∫ ∫  

𝜕2𝜑 (𝑥, 𝑡)

𝜕𝑥𝜕𝑡
    𝑒−

𝑖(
𝜃
𝜔
   𝑥+

𝜌
𝛾
 𝑡)

∞

0

  𝑑𝑥 𝑑𝑡 

 

∞

0

 

=
𝜃

𝜔
 𝑍(0,0) −

𝜃

𝜔
𝑖  𝛽(𝜑 (0, 𝑡)) +

𝜃

𝜔
 𝑖 (

𝜌

𝛾
 (𝑖𝑍((𝜃 , 𝜌) , (𝜔 , 𝛾)) − 𝛽𝑐(𝜑(𝑥 , 0))) 

 

Table 1 : ZZ transform for some special functions [40,24  ] 

𝜑 (𝑡) 𝛽{𝜑 (𝑡)} 𝜑 (𝑡) 𝛽𝑐  {𝜑 (𝑡)} 

𝑘 𝑘 𝑘 −𝑖𝑘 

𝑒𝑎𝑡 𝜌

𝜌 − 𝑎𝛾
 𝑠𝑖𝑛 𝑎𝑡 −𝑎𝜌𝛾

𝜌2 − 𝑎2𝛾2
 

𝑡𝑛 𝑛!  (
𝛾

𝜌
)𝑛 𝑡𝑛 (−1)𝑛  (𝑖)𝑛−1 𝑛!  (

𝛾

𝜌
)𝑛 

𝑠𝑖𝑛 𝑎𝑡 𝑎𝜌𝛾

𝜌2 + 𝑎2𝛾2
 𝑒𝑎𝑡 

−[
𝑎𝜌𝛾

𝑎2𝛾2 + 𝜌2
+ 𝑖 

𝜌2

𝑎2𝛾2 + 𝜌2
] 

𝑐𝑜𝑠 𝑎𝑡 𝜌2

𝜌2 + 𝑎2𝛾2
 

𝑐𝑜𝑠 𝑎𝑡 −𝑖𝜌2

𝜌2 − 𝑎2𝛾2
 

 

5. Application  

      In this section , applied  complex double ZZ transform  to  estimation of knee  joint stress level and peak stress is very useful 

Furthermore, knowing the knee  stress level is also very helpful in understanding the mechanics of the normal knee  and 

understanding the pathology of the articular cartilage of the knee .To calculate the stress level and analyze the peak stress at knee 

joint for the human routine activities through the equation are given in the following:  

𝜕𝑃𝑒
𝜕𝐹

=
𝑙  

𝑢 ̅. 𝑡
 (
𝐷𝑢 𝛽0
𝜏
    
𝜕𝑊∗

𝑑𝑟∗
+
𝜇  𝑢 ̅

𝑙  𝐻0
  𝐹) + (𝐹2 − 𝐹𝑅)   

𝜕𝑝∗

𝑑𝑟∗
                                                        (1) 

Now, derivative the dimensionless squeeze pressure  (p∗) and load carry capacity  respect to 𝑟∗ substitute in equation  (5.1) , we get  

𝜕𝑊∗

𝑑𝑟∗
=

6𝜋 𝑟∗(1 + 0.25 (3 + 𝑈))  (𝐹 ∗ ℎ∗2 ∗ 𝑆𝑙)

𝐻0
∗ ∗ 𝑅3 (1 −

𝐿  𝑤 𝐻
𝑁

−
�̅� 𝑁 𝑅
𝑆𝐿

+ 𝐶0) +  𝛽 𝑅 ℎ𝑐(0.1 𝛽 𝑅 ℎ0 𝑆𝑟 + 0.125 𝐶1)
     (2) 

𝜕𝑝

𝜕𝑟∗
=

  ( −3𝑟∗)(1 + 0.25 (3 + 𝑈)

𝑅3 (1 −
𝐿  𝑤 𝐻
𝑁

−
�̅� 𝑁 𝑅
𝑆𝐿

+ 𝐶0) +  𝛽 𝑅 ℎ𝑐(0.1 𝛽 𝑅 ℎ0 𝑆𝑟 + 0.125 𝐶1)
                          (3)            
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Now, substitute   (5.2) and (5.3) in equation  (5.1) , we get  

𝜕𝑃𝑒
𝜕𝐹

=
𝑙  

𝑢 ̅. 𝑡
  

𝜕𝑃𝑒
𝜕𝐹

=  

(

  
 𝐷𝑢 𝛽0

𝜏
   

6𝜋 𝑟∗(1 + 0.25 (3 + 𝑈))  (𝐹 ∗ ℎ∗2 ∗ 𝑆𝑙)

𝐻0
∗ ∗ 𝑅3 (

1 −
𝐿  𝑤 𝐻
𝑁

−
�̅� 𝑁 𝑅
𝑆𝐿

+ 𝐶0 +

+ 𝛽 𝑅 ℎ𝑐(0.1 𝛽 𝑅 ℎ0 𝑆𝑟 + 0.125 𝐶1)
)

+
𝜇 𝑙  𝑢 ̅

 𝑊
  𝐹

)

  
 

 

+ 

(

  
 
(𝐹2 − 𝐹𝑅 )

  ( −3𝑟∗)(1 + 0.25 (3 + 𝑈)

𝑅3 (
1 −

𝐿  𝑤 𝐻
𝑁

−
�̅� 𝑁 𝑅
𝑆𝐿

+ 𝐶0 +

+ 𝛽 𝑅 ℎ𝑐(0.1 𝛽 𝑅 ℎ0 𝑆𝑟 + 0.125 𝐶1)
)
)

  
 
                         (4) 

Now , we have been presented dimensionless stress peaks  

𝑙 ̅ =
𝑙

𝑢 ̅. 𝑡
,                       �̅� =

𝜇 𝑙  𝑢 ̅

 𝑊
                                                                                      (5) 

Substitute the equation (5.5) in equation (5.4) , we obtain  

𝜕𝑃𝑒
𝜕𝐹

= 𝑙 ̅

(

  
 𝐷𝑢  𝛽0

𝜏
   

6𝜋 𝑟∗(1 + 0.25 (3 + 𝑈))  (𝐹 ∗ ℎ∗2 ∗ 𝑆𝑙)

𝐻0
∗ ∗ 𝑅3 (

1 −
𝐿  𝑤 𝐻
𝑁

−
�̅� 𝑁 𝑅
𝑆𝐿

+ 𝐶0 +

+ 𝛽 𝑅 ℎ𝑐(0.1 𝛽 𝑅 ℎ0 𝑆𝑟 + 0.125 𝐶1)
)

+ �̅�  𝐹

)

  
 
  

+ 

(

  
 
(𝐹2 − 𝐹𝑅 )

  ( −3𝑟∗)(1 + 0.25 (3 + 𝑈)

𝑅3 (
1 −

𝐿  𝑤 𝐻
𝑁

−
�̅� 𝑁 𝑅
𝑆𝐿

+ 𝐶0 +

+ 𝛽 𝑅 ℎ𝑐(0.1 𝛽 𝑅 ℎ0 𝑆𝑟 + 0.125 𝐶1)
)
)

  
 
                                                (6) 

 

taking double  complex ZZ transform to both equation (5.6)  with condition 𝑃𝑒(𝑟 , 𝐹) = 0 , we get  

𝜌

𝛾
 (𝑖𝑃𝑒((𝜃 , 𝜌) , (𝜔 , 𝛾)) − 𝛽

𝑐(𝜑(𝑟 , 0)) 

= 𝑙 ̅ 

(

  
 
− 
𝐷𝑢 𝛽0
𝜏
   

6𝜋 𝑟∗(1 + 0.25 (3 + 𝑈))  (𝐹 ∗ ℎ∗2 ∗ 𝑆𝑙)

𝐻0
∗ ∗ 𝑅3 (

1 −
𝐿  𝑤 𝐻
𝑁

−
�̅� 𝑁 𝑅
𝑆𝐿

+ 𝐶0 +

+ 𝛽 𝑅 ℎ𝑐(0.1 𝛽 𝑅 ℎ0 𝑆𝑟 + 0.125 𝐶1)
)

− �̅�   
𝛾

𝜌𝑖 
 

)
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+ 

(

 
 
 
 

(2 (
𝛾

𝜌 
)
2

+
𝛾

𝜌𝑖 
) 

  ( −3𝑟∗)(1 + 0.25 (3 + 𝑈)

𝑅2 (
1 −

𝐿  𝑤 𝐻
𝑁

−
�̅� 𝑁 𝑅
𝑆𝐿

+ 𝐶0 +

+ 𝛽 𝑅 ℎ𝑐(0.1 𝛽 𝑅 ℎ0 𝑆𝑟 + 0.125 𝐶1)
)

)

 
 
 
 

                                     (7) 

After performing simple mathematical operations we get: 

𝑃𝑒(𝑟 , 𝐹) = 𝑙 ̅ 

(

  
 
 
𝐷𝑢 𝛽0
𝜏
   

6𝜋 𝑟∗(1 + 0.25 (3 + 𝑈))  (𝐹 ∗ ℎ∗2 ∗ 𝑆𝑙) 𝐹

𝐻0
∗ ∗ 𝑅3 (

1 −
𝐿  𝑤 𝐻
𝑁

−
�̅� 𝑁 𝑅
𝑆𝐿

+ 𝐶0 +

+ 𝛽 𝑅 ℎ𝑐(0.1 𝛽 𝑅 ℎ0 𝑆𝑟 + 0.125 𝐶1)
)

+
1

2
�̅�  𝐹2 

)

  
 

 

+ 

(

 
 
 
 

(
1

3
 𝐹3 −

1

2
  𝐹2) 

  ( −3𝑟∗)(1 + 0.25 (3 + 𝑈)

𝑅3 (
1 −

𝐿  𝑤 𝐻
𝑁

−
�̅� 𝑁 𝑅
𝑆𝐿

+ 𝐶0 +

+ 𝛽 𝑅 ℎ𝑐(0.1 𝛽 𝑅 ℎ0 𝑆𝑟 + 0.125 𝐶1)
)

)

 
 
 
 

                     (8) 

 

5.1 Factors affecting stress of peaks  

Stress  peaks is associated with skeletal muscle weakness and decreased muscle function. People of a certain age usually suffer from 

joint and knee pain as a result of excess weight, as obesity increases the pressure on the knee and increases the exposure of the knee 

cartilage to deterioration and joint osteoarthritis, and this affects the practice of daily activities such as walking or climbing stairs. As 

well as a lack of flexibility  muscle ,  this leads to You may be exposed to knee injuries, as flexible muscles give full range of motion 

and strong muscles have the ability to protect the joints. . This study aims to clarify the effect of stress on muscle function and its 

effect on the knee joint ,we have dealt with a set of factors that affect the stress of peaks and after applying equation (5.8)  

Figure (1 ) shows the variation of stress peaks (P) as a function of step length (Sl) for different values of particle velocity (�̅�). After 

applying equation (5.8), the effective stress peaks increase with increasing particle speed, as shown in table (2)in the case of a healthy 

and injured person. This is because increasing the  velocity of molecules leads to increasing the  velocity synovial   fluid, that is, there 

is an increase in the kinetic energy of a person, which consequently leads to an increase in the length of the step and an increase in its 

frequency.   The flexibility of the muscles on the joint improves the depth of neuromuscular coordination and the ability to relax the 

muscles working on it, which helps in rapid muscle contraction and shows the  velocity  element’s connection with the flexibility 

elements. The exist another factor play a role in influential on peaks stress been Cohesive force of particle as seen in figure (2) .it 

observed  peaks stress decreasing with increasing cohesive force of particle ,since during gait cycle (swing phase - stance phase) the 

particle synovial fluid surface of  approach each other , which in turn increasing the viscosity  in normal joint , in case diseases joint 

the viscosity synovial fluid increasing then shear rate lower this lead the lower in  flow rate synovial fluid we see that the maximum 

peaks stress during active in case healthy joint  is 11.766 at Cohesive force of particle of the synovial fluid (N=6) , while maximum 

peaks steress during active is 1.77565 at Cohesive force of particle of the synovial fluid (N=6).  

In figure (3) represents the effect of the body weight on the  stress of peaks, where it was found that increasing the  stress of peaks 

depends on increasing body weight  and when we compared stress of peaks  in healthy joint and pathological joint with variant body 

weight , it was found the percentage rate of increase in stress of peaks in healthy  joint is 0.10% , while the percentage rate of increase 

in stress of peaks in pathological joint is 0.05 % it was found at patients injured with osteoarthritis in the knee joint  .  
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Figure 1 : shows the variation of dimensionless stress of peaks  (𝑃𝑒) for different values of particle velocity (�̅�) 

 

 

Figure 2 : shows the variation of dimensionless stress of peaks  (𝑃𝑒) for different values of Cohesive force of particle(𝑁) 

 

 

Figure 3 : shows the variation of dimensionless stress of peaks  (𝑃𝑒) for different values of weight of body (𝑤) 

Table 2 : Relationship between stress of peaks  (𝑃𝑒) for different  parameters ( �⃗�   , 𝐶0, 𝑤) 
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Velocity of 
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The disease joint 

Muscles Force (F=1.5)   
Stress Peaks  Weight of body 

 
 

Stress Peaks 

Cohesive force 

of particle (N) 
 

Stress Peaks 
 

 
Velocity of 

particle 
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