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Abstract—In this paper has been devoted for defining the notion of b-closed BCl-algebra by adopting notions of BH-algebra. Also,
we have studied some types of ideal, that could be proved by BCl-algebra. In addition, we have introduced some theorems and
propositions related to BCl-algebra detailed with proofs.
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INTRODUCTION

In 1966,the notion of BCK-algebras was found firstly by (Y.Imai) and (K.Iseki) [17]. On the other hand, (K.Iseki) had defined the
BCl-algebra [8] at the same year. Also, (C. S. Hoo) introduced the notion of an ideal and a closed ideal in 1991,for BCl-algebra[4]. A
generalization of BCH-algebras that is called the BH-algebra used defined by (Jun et al) in 1998 [16]. In 2000, (Y. L. Liu, J. Meng, X.
H Zhang and Z. Caiyue) gave us the notions of g-ldeals and a-Ideals in BCI-Algebras[18], and (A. Namdar and A. B. Saeid ) found
the concept of n-fold implicative ideal [2]. A fantastic ideal in a BCl-algebra was introduced by (A. B. Saeid) in 2010[1]. In 2011,
"H.M.A.saeed introduced the notion of some type of ideals in a BH-algebra” [5 ]. In this paper, we have introduced the notion of some
type of ideals in a BCl-algebra.

1. BAsic CONCEPTS AND NOTATIONS ABOUT BCI,BCK,BCH, AND BH- ALGEBRA:

Some basic concepts are recalled about BCl-algebra , BCK-algebra , BCH-algebra, BH-algebra in this section .
Definition(1.1 ) :[8,9,19]

Assume a set Y # @, BCI — algebra Y is said to be an algebra (Y, ,0) of type (2,0) , o be binary operation and 0 is a constant ,
satisfies the coditions: V w,v, ke Y:

((wov) o (weKk)o (kev) =0
(Wo(wov)ov =0
wow = 0.
wov =0andvew=0=>w=uw
Example (1.2):[1]

Assume Y = {0, 1, i, j, k}and defined the binary operation o as follows:

o 0 1 i j k
0 0 0 i i i
1 1 0 I I i
i 1 I 0 0 0
] J I 1 0 0
k k i 1 1 0
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Thus, (Y,e,0) is a BCI — algebra.

Definition(1.3 ) : [6,9,17 ]

Each BCK — algebra Y be a BCI — algebra Y if satisfies the condition:
Oow=0VweY.

Remark (1.4 ):[8,9]

Each BCK — algebra Y be BCI — algebra Y, but the vice is not true, in example (1.2), Y be a BCI — algebra, but not a BCK —
algebra as =00 i=0.

Proposition(1.5 ): [7,11,12]
If BCH — algebra Y, then the following conditions satisfies V w, v,k € Y.
wo (0 =w.
(Wo(wov)ov =0
0o (wov)=(00ow)o(0ov).
0o (0o (0ow)=0c0w.
W< v>0o0w=00v.
Remark (1.6 ):[11,14]

A BCH-algebra Y is known a proper if it is not a BCl-algebra, where each BCI — algebra Y be a BCH — algebra Y, but the vice
is not true as in the following example.

Example (1.7 ): [13]
Let Y={0, 1, 2, 3} and o be a binary operation is define by:

° 0 1 2 3
0 0 0 0 0
1 1 0 3 3
2 2 0 0 2
3 3 0 0 0

Thus (Y,°,0)be a BCH — algebra Y but is not a BCI — algebra Y since
((203)0(201))0(103) = (200)03 = 203 = 2%0
Definition(1.8 ) : [3,15,16 ]
Suppose Y # @ ,BH — algebra Y with a binary operation o and a constant O satisfies the conditions:
wow = 0,VweY.
wov=0andvew=0=>w=v,Vw,vel.

wol = w,VweY.
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Example (1.9):[16 ]
Assume Y = {0, 1, 2, 3}and defined the binary operation o by:

° 0 1 2 3
0 0 3 0 2
1 1 0 0 0
2 2 2 0 3
3 3 3 1 0

Hence (Y, o, 0) be a BH-algebraY .
Remark (1.10 ):[16]

Each BCH — algebra Y be a BH — algebra Y, but the vice is not true . In example(1.9), the BH — algebra Y is not a BCH —
algebra.

Since(0o1)02 = 302 = 1#(002)o1 = 001 = 3.
Definition(1.11 ) : [16]
Suppose @ = S € Y, of a BH-algebra Y is denoted as a subalgebra (BH — algebra )of Y ifw o ve SVw,veS.
Remark (1.12 ):[5]
According to remark(1.4) , remark(1.6) and remark(1.10) we obtain:
Each BCK — algebra is a BCH — algebra.
Each BCK — algebra is a BH — algebra.
Each BCI — algebra is a BH — algebra.
Definition(1.13 ): [5]
ThesetY+={w e Y:00o w=0}isdnoted by the BCA-part of Y where Y be a BH — algebra .
2. Basic Concepts and Notations about ideal of BCI and BH — algebra :

We introduce the basic concepts about ideals, P-ideals, closed ideals, implicative ideals, , positive implicative ideals, quasi-
associative ideals , in this section .

Definition(2.1 ) : [10]

Assume @ = R € Y, (Y, ,0) isa BCI — algebra, R be denoted an ideal of Y if R satisfying the conditions:
OeR.

woveRandv eR = weR.

Definition(2.2) : [3,16 ]

Suppose that R is a subset of a BH-algebra Y, that is nonempty, then R is said to be an ideal of Y if the following conditions are
satisfied:

0eR.
we VeR and v eR imply weR
Definition(2.3 ): [5]
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Suppose @ = R € Y, R is an ideal of a BH — algebra Y, R is said to be a closed ideal of Y if Vv weR, we obtaind 0 e weR.
Definition(2.4) : [5]

Assume @ # R € Y and Ris an ideal of a BH — algebra Y, hence R is said to be a P — ideal of Y if the following conditions
are held:

0 eR.
(wok)o(vek)e Randve R = we R, forallw,v,keY.
Definition(2.5 ) : [ 5]

Assume @ #= RS Y, and Risan ideal of a BH — algebra Y, thus R is said to be an implicative ideal of Y the following conditions
are held:

0eR.
(wo(vew))ockeRand ke R = we R, forallw,v,k €Y.
Definition(2.6) : [5]

Suppose @ # R € Y and Riis an ideal of a BH — algebra Y, thusR is said to be a positive implicative ideal if the following
conditions are satisfied:

0eR.
(wov)oke RandvekeR = wokeRforallw,v,keY.
Definition(2.7 ) : [5]

Suppose R is an ideal of a BH — algebra Y, thus R denoted by a quasi-associative ideal if for eachw € Y, we obtaind 0 o (0 o
w) =00 w.

Proposition(2.8):[1] If Y is an associative BCl-algebra, then each ideal is a fantastic ideal of Y.
Definition(2.9 ): [5]

Suppose that Y is a BH-algebra and R is an ideal of Y, therefore R is said to be a closed ideal w.r.t. an element beY if bo (0o
w)eR,VweR.

Remark (2.10 ):[5]

Assume R be an ideal of a BH — algebra Y such that R = {0}, then R is said to be 0 — closed ideal, also if R = Y then R called
a b-closed ideal, for all beY.

Definition(2.11 ): [5]
LetY is a closed BCl-algebra w.r.t. b, iff each proper ideal is a b-closed ideal such that Y is a BCI — algebra with beY.
3-The Main Results:

The devoted of study the concept for a closed ideal will be presented In this section with a closed BCl-algebra, for that we involve
these notions with some types of ideals in BCl-algebra which we mentioned in the paper.

Theorem(3.1 ):
Suppose that Y=Y+ where Y a BH-algebra. If R is an ideal of Y, then R is a b-closed ideal, VbeR.
Proof:
Assume beR.
To prove R is a b-closed ideal, assume Y BCI- algebra:
=Y BH-algebra [By Remark(1.12) , each BCl-algebra is a BH- algebra]
Suppose v € R ,then we have
bo(Qov)= boO [By definition(1.13), Since Y=Y+ and 0o Y =0, YveY+]
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=b [By definition(1.8) ,Since ve 0 = v, VveY]
= bo(0ov) = beR
Hence, Ris said ab — closed ideal of Y,V beR.
Theorem(3.2 ):
If Y is a BCl-algebra and R be an ideal of Y, then R is a b-closed ideal, VbeR.
Proof:
Suppose Y BCI- algebra
=Y BH-algebra [By Remark(1.12),(3)]
Suppose beR and Since R be an ideal of a BCI — algebra Y.
= Ris an ideal of a BH-algebra Y [By Remark(1.12),(3)]
But,0ocv =0, rveY [By definition(1.3)]
=Y =Y, [By definition(1.13)]
= By Theorem (3.1) we obtaind R is ab — closed ideal of Y.
We obtain Ris a b — closed ideal of Y, Vb € R.
Theorem(3.3 ):
If { Ri,iep} is acollection of b-closed ideals of a BCl-algebra Y, hence
(Nicp Ry) isab-closed ideal of Y.
Proof:

We must show ( Nje, R;) isanideal .

(1) 0 € R, Viep [By definition(2.1)]

=0 € (Nicp Ry)

(2) Suppose we Ve (Nic,Ri) and  y e(NicpRi)

=woe veRiandy € Ri ,Viep

=we Ri, Viep [By definition(2.1),Since each Ri is ideal, ¥V iep]

= We (NigpRi)
Thus, (NjcpR;) isanideal of Y.
To prove (Nie, R;) is ab-closed ideal
Suppose Xe( Nicp R;) thenw eRi,Viep
=be (0o W) € Ri, Viep [By definition(2.9), Since Ri is b-closed ideal,V iep]
=Dbo (0o W) e(NicpR})
(NicpR;) isab-closed ideal of .
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Theorem(3.4 ):
If { Ri,iep }isacollection of b — closed ideals of a BCI — algebra Y,
therefore (Ui, R; ) isab-closed ideal of Y.
Proof:

In order to show that (Ujc, R; ) isan ideal:

1— 0€eRi, Viep [By definition(2.1)]
- 0e (U R ).
iep
2 — Supposew o v E(URi ) and v E(URi )
iep iep

FRj,Rk e{Ri}iep,wherewoveRjand v € Rk,
= either Rjc Rk or RkcRi [ Since {Ri}iep is achain ]
= either woveRj and veRj or woveRk and veRk

= eitherw e Rj or v eRk [By definition(2.1),Since Rj and Rk are ideals]
> we( Jr)

= (U R; ) isanideal

iep

To show (U R; ) isb —closed ideal of Y.
iep

let w E(URL- )

FRj e{Ri}iep where w eRj
= bo(0ow) €Rj [By definition(2.9)]
= bo(0ow) e(URi )

iep

Hence (Uic, R ) ,issaid to be ab — closed ideal of Y.
Proposition(3.5):
If Y be a BCl-algebra, then each p — ideal of Y be an ideal of Y.
Proof:
Suppose Risap —ideal .
Suppose Y BCI — algebra .
= Y BH — algebra [By Remark(1.12), Since each BCI — algebra is a BH — algebra]
To prove R is anideal
1—- 0eR [By definition(2.4) of ap — ideal ,Since R is a p — ideal]

2 — Suppose w,veY such that w o veR and veR
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Choose k = 0,then:
(Wek)o(wek) = (Wwo0)o(veO0)
= wov [Bydefinition(1.8) of a BH — algebra,Since wo 0 = w, ViweY]
= (Wok)o(vek) eR and veR
= xeR [By definition(2.4) of a p-ideal ]
Hence, R be an ideal of Y.
Theorem(3.6 ):
If Y be a BCl-algebra ,where Y =Y+and R be ap —ideal of Y, then Risab — closed ideal of Y, VbeR.
Proof:
Suppose Y BCI — algebra
=Y BH — algebra [By Remark(1.12)Since each BCl-algebra is a BH- algebra]
Assume beR, since R is a p-ideal = By proposition (3.5) we obtained
R is an ideal of Y. ButbeR = By Theorem (3.1) we have to
Rbeab — closed ideal of Y implies Ris a b — closed ideal of Y, VbeR .
Theorem(3.7 ):
IfR is ap — ideal of Yand Y be a BCI — algebra , then Risab — closed ideal of Y, VbeR.
Proof:
Suppose Y BCI — algebra
=Y BH — algebra [By Remark(1.12),Since each BCl-algebra is a BH- algebra]
Suppose beR, Since Ris a p — ideal of a BCI — algebra Y.
= Rbe ap —ideal of a BCI — algebra R [By Remark(1.12)Since each BCI —
algebra is a BH — algebra. ]
But, 0o w=0, VweY [By definition(1.3)]
=Y =Y, [By definition(1.13)]
= By Theorem (3.6) we obtained that R represents a b-closed ideal of the BCl-algebra Y.
Thus, Rbe ab — closed ideal of Y, Vb € R..
Proposition(3.8):
If Y be a BCI — algebra, then each implicative ideal is an ideal of Y.
Proof:
Suppose Y BCI- algebra
=Y BH-algebra [By Remark(1.12),Since each BCl-algebra is a BH- algebra]
Now, by supposing that R representing an implicative ideal , so in order to have R presenting an ideal:
1- 0eR [By definition(2.5) of an implicative ideal ,Since R is an implicative ideal]
2- Letw, keY such that we k eR and keR
Choose v = w,then
(wWo(we w))ek = (We(w ow))ok
= (wol)ok [By definition(1.8),Sincew ow = 0, ViweY]
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= (Wo(vew))ek eR and keR

=> weR [By definition(2.9),Since R is an implicative ideal]
Thus, R is an ideal of Y.
Theorem(3.9 ):

If R be an implicative ideal of BCI — algebra Y, where Y =Y+ and , then R be ab — closed ideal of Y, VbeR .
Suppose beR and since R be an implicative ideal .
we obtained by Proposition (3.8), R is an ideal of Y.
Now but beR = By Theorem (3.1) we have that R representing a b-closed ideal of the BCI — algebra. .
Thus, Rbe ab — closed ideal of Y, VbeR
Theorem( 3.10):

If R be an implicative ideal of BCI — algebra Y,thus R is called b — closed ideal of Y, VbeR .
Proof:

Suppose beR, Since R by imposition be an implicative ideal of a BCI — algebra Y.

= R be an implicative ideal of a BH — algebra Y. [By remark(1.12) ,(3)]
But, 0c w=0, YweY [By definition(1.3)]
=>Y=Y+ [By definition(1.13)]
= we obtained Rbe a b — closed ideal of Y. [ By Theorem (3.9)]

Thus, we have Rbe ab — closed ideal of Y,Vb e R .
Proposition(3.11):
Each positive implicative ideal in BCI — algebra Y is an ideal of Y.
Proof:
Suppose Y BCI — algebra .
=Y BH — algebra . [By Remark(1.12),Since each BCl-algebra is a BH- algebra]
Suppose that R represents a positive implicative ideal, so to have R be an ideal:
1-0eR [By definition(2.6),Since R is a positive implicative ideal ]
2- Suppose w, veY where w o veR and veR
Choose k = 0.Then
(Wov)ok = (Wov)el
= (wo v) [Bydefinition(1.8) of a BH — algebra,Sincewo 0 = w, ViweY |
And
vVok =voel =vw [By definition(1.8) of a BH — algebra ,Sincew o0 = w, Vv eY]
= (Wov)ok eR and vo keR
= wo k eR [By definition(2.6), Since R is an implicative ideal ]
Butwo k = wo0 = w [Bydefinition(1.8) of a BH — algebra,Sincew o0 = w, viveY]
= weR
Thus, R is an ideal of Y.
Theorem(3.12 ):
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IfR be a positive implicative ideal of Y such that Y be a BCI — algebra ,Y = Y+. Thus, Ris ab — closed ideal of Y for all b
belongs to R.

Proof:
Assume beR, since R is a positive implicative ideal
= we obtaind R is an ideal of Y . [ By Proposition(3.11)]
But beR implies we found Ris ab — closed ideal of Y. [By Theorem(3.1)]
Thus, Rbe ab — closed ideal of Y, VbeR.
Theorem(3.13 ):
If R be a positive implicative ideal of Y where Ybe a BCI — algebra, then R isa b — closed ideal of Y, VbeR .
Proof:
Suppose beR, Since R is a positive implicative ideal from a BCI — algebra Y.
= R is said to be a positive implicative ideal of aBH — algebra Y. [By

remark(1.12), Since each BCI — algebra is a BH — algebra)]

But,0ow =0, VweY. [By definition(1.3)]
=>Y =Y+ . [By definition(1.13)]
= we obtained R is a b — closed ideal of Y. [By Theorem (3.12)]

Hence,R be a b — closed ideal of Y, Vb €R.
Theorem(3.14 ):
If Y is a BCI — algebra such that =Y, , then Y is 0 — closed BCI — algebra .
Proof:
Suppose Y BCI- algebra
=Y BH-algebra [By Remark(1.12),Since each BCl-algebra is a BH- algebra]
Suppose R be an ideal of Y
To prove R is O-closed ideal of Y.

Suppose weR

0o (0e W) =000 [by definition(1.13),Since 0o w =0, YweY+ ]
=0 [By definition(1.8)Since w o w =0, VweY]
ButOeR [By definition(2.2),Since R is an ideal ]

= 00(0ow) = 0€eR

= Ris 0 —closed ideal of Y.

Thus, Y is 0 — closed BCI — algebra.

Theorem(3.15 ):

Each BCI — algebra is 0 — closed BH — algebra

Proof:

Suppose Y be a BCI — algebra

= Y is BH —algebra [Byremark(1.12),each BCI — algebrais a BH — algebra |
ButOQow = 0, ¥iwveY [By definition(2.2)]
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>Y=Y+ [By definition(1.13) of Y+ ]

= By Theorem(3.14) we obtained
Yisa 0 — closed BH — algebra.

Theorem(3. 16 ):
If Y be 0-closed BCl-algebra ,then each quasi-associative ideal is closed ideal.

Proof:
Suppose Y BCI — algebra
= Y BH — algebra [By Remark(1.12), Since each BCI — algebra is a BH — algebra |
Suppose R be a quasi — associative ideal of Y .
To prove R be aclosed ideal of Y.
Suppose weR
= 0c(0ow) = 00w [By definition(2.7) of a quasi — associative ideal]

But R be a 0 — closed ideal of Y .[Since Y is a 0 — closed BH — algebra
= each ideal is 0 — closed ideal. by definition(2.11) of a b — closed BH — algebra]

= 0o (0ow)eR
= 0oweR [Since 0eo (0ow) = 0ow]
= Risaclosed ideal.

Theorem(3.17 ):

If Y be a BCl-algebra ,then each quasi-associative ideal is subalgebra.
Proof:
Assume Y BCI — algebra

= Y BH — algebra [By Remark(1.12), Since each BCI — algebra is a BH — algebra]
Assume R be a quasi — associative ideal
Assume w,veR

To prove woveR

Oc(0o(wov)) = 00 ((0ow)o (00v)) [By proposition(1.5)]
= (0o (0ow))o (0o (00°v)) [By proposition(1.5)]
= (0 ocw)o (00v) [By definition(2.7)]
= 0o (wWov) [By proposition(1.5)]
= 0o(0o(Wov)) = 00 (Wov)
= woveR [By definition(2.7)]

Thus, R is asubalgebra.
Conclusions :

By this paper , we have proved that some theorems and propositions which are related to b- closed ideal of a BCl-algebra, also
we introduced a study in some ideal types of a BCl-algebra ,with detaild discssions, addition to that we have bind this notion with
other kinds of ideal that involved in this paper .
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