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Abstract: The notion of cone normed spaces was first presented by M. Gordji, M. Ramezani, H. Khodaei and H. Baghani [1]. In
this paper, various results related cone normed space such as intersection, union of cone normed space is a cone normed space is
introduced, so product of two complete space of cone normed space is complete. Finally we defined equivalent cone normed space.
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1. INTRODUCTION AND PRELIMINARIES

The main propositions of complete cone normed spaces proved by [7-8]. Completion of cone normed spaces presented by Sonmez
and Cakalli [9]. Moreover, fixed point theorems in cone Banach spaces studied by [3], and some properties of cone Banach spaces
studied by [10]. The main properties of cone normed spaces studied by [6]. In this paper, results related cone normed space such as
intersection, union of cone normed space is cone normed space and the product of two complete space of cone normed space is
complete are proved.

We say a nonempty subset C of a Banach space D is cone if and only if the following properties are fulfilled:
1) Cisclosed,
2) ax+by €eCforallx,yeCanda,b =0,
3) ¢n(=C)= {0}.

For a assumed cone € D , we can describe a partial ordering < with C as x < y if and only if y — x € C. We shall write x <
yifx < y and x # y while x « y will stands for y — x € intC, where intC symbolized the interior of .

The cone C is normal if there is number M > 0 such that
0<x<y e |x|| <M]yl|l forallx,y € D.

We say normal constant of C if the least positive number filling the above inequality [4], obvious M > 1. Assume that C is cone
in a real Banach space D with < is partial ordering under to € and intC # ¢.

Now, We recall the basic definitions and information which are needed in our work.
Definition 1.1 [1]

A cone norm if a mapping ||. ||.: C = D where C is a vector space over the field R such that
1 |Ixll,=0VvVx €C,
2) |lx|l = 0ifand onlyifx =0
3) llax|l; = lalllx||Vx € C,a €R,
4) llx +yllc < llxllc + llyllc vx, y € C.

Definition 1.2 [1]

Let C be a vector space over the field R and ||. || is a cone norm on C. Then (C, ||.||,) is said to be a cone normed space (CNSp).
It is obvious every normed space is a cone normed space by setting E := R, P := [0.).

Example 1.3 [6]
LetE = R>and P = {(x,y):x = 0,y = 0}. Then P is the positive cone of R? with partial order:

(x1,y1) < (x5, y,) ifand only if x; < x, and y; < y,.
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Also it is clear that intP = {(x,y):x > 0,y > 0} # @. Let X = R? and define ||. ||;: X = E by ||(x1, y)llc = (@lx1|, Bly1]) where
a>0,8>0.(X1]ll) isan CNSp.

Let (X, ]|:]l.) be an CNSp. Set d(x,y) = |lx — yll.. Then (X, d) is a cone metric space, d is said to be a cone metric of cone
norm |||l .[5]

Definition 1.4 [1]

A sequence {x,}, in C is said to converge to a point x € C if for every € € D with € > 0 there is a positive integer n, such that
[lx, — x|l < €,Vn = ny.1t will be denoted by lim x, = x or x, - x asn - .

n—-oo

Definition 1.5 [1]

A sequence {x,}, in C is said to be Cauchy sequence if for every € € D with € > 0 there is a positive integer n, such that
[lx, — xmlle K €,Vm,n = n,.

Definition 1.6 [2]

We say that (C, ||. ||) is a cone complete if each Cauchy sequence in C is converges.
Definition 1.7 [1]

The set B.(x,7) = {y € C:|ly — x|| < r},r € R is said to be an open ball with center x and radius r.
Definition 1.8 [4]

If(C, I 1), (X, |l 1l.) are CNSpand f: C — X isafunction, then f is called cone continuous at x, € C, if for each € € E with € >
0,35 € E with & >» 0 whenever ||x — x,||. < & then 1f(x) = flx)ll: K €.

2. THE MAIN RESULTS

In this section we shall study cone normed space such as intersection, union of cone normed space is a cone hormed space, so
product of two complete space of cone normed space is complete.

Theorem 2.1
If (C,1I:ll.) isan CNSp such that S,T < C. Then (SN T, ||-||.) is an CNSp.
Proof
(i) Letx € S,y € T such that ||x||, = 6 and [|y]|. = 6, then ||x||. N llyll. = 8 Vx,y € X;
(i) lixlle nllylle =6 = lixllc = 6 and |lyll =6 < x =6x and y = bx;
(iii) llaxllc 0 llaylle = lallixlle 0 lalliylle = lalClxllc N llylle);
(iv) letx,y € S,z,w € T, then |lx + yllc 0 Iz + wllc < (llxll.+lylle) 0 Uizl +lIwlle)
< (lxlle 0 llzll )+l +HIwlle).
Therefore (SN T,||-||) is acone normed space.
Remark 2.2
It is obvious that the union of finite family of subsets of an CNSp is an CNSp.

Theorem 2.3
The product of two cone complete spaces of (C, ||-]|.) is also cone complete.
Proof

Let (X, |I-ll.) and (Y, |I-]l.) be two cone complete space such that every Cauchy sequence in C converges, that is for each € €
D with e > 0 there is a positive integer n, whenever ¢, — x5lle K € and ||y — Vslle K
ein X and Y respectively, v m,n = ng, then |lx, — xll < > and lly, = yllc <.
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Now

Gy ym) — G Wl = N1 Gen = %), G — W)l
= llxy = xllc + llym = ylle <5+ =€
This complete the proof.
Definition 2.4

A cone norms |||, and |||, on a vector space X are called equivalent (denoted by ||-|lc,~II"ll,) if 3a,b > 0 and allx||., <
lxlle, < bllxll.,Vx € X.

Example 2.5

2 2
Let [lx]lc, = ,lexil and [Ix|lc, = [lexilzll/sz € R%. Then [Ix|lc,~[1xllc,
= i=

Solve

2 2 2
By Cauchy -Schwarz inequality ¥ |x;v;| < [ X 1% 1212 3 1y, 2]V
i=1 i=1 i=1
2 2 2
Choosey; =1 Vi=12,wehave Y |x;| <[ Ix2]2[ X 1]7/2. Then
i=1 i=1 i=1

1 .
llxlle, < V2lixllc,, hence = |lxll, < lIxllc, - Since [lx[lc, = llxllc, , thus

\/%lellcl < llxlle, < lixlle,. Therefore ||xl., ~lxllc,-
Lemma 2.6
Let (X, [I-llc,) and (X, [|-]l) be an CNSp such that [|-[lc, ~IIl¢,. If [lxn, — xIlc = 6 in (X, [|-Il¢,), then [lx, — x[[c = 6 in (X, [I]l.,)
Proof
The proofis clear.
Lemma 2.7
Letx € C. Then B.(x,r) = rB.(x,1)
Proof
Let y € B.(x,7). Assume —x =2z , hence y—x = r%z >y—x=rwforw€B.0,1). So ||y —xl| = Ir|llwl|l, since
lly — x|l < r.We have |r|||w|| <r,consequently |lw]| <1 (w € B.(0,1)). Therefore y = rw € rB.(x, 1).

Conversely, y € rB.(x,1). Hence y =1z forz € B.(x,1), we have y=x+rz=y—x=rz= |y — x| = |r||lz||, so
ly —x|| <r.Theny € B.(x,r).

Theorem 2.8
If x, = x,y, = yinan CNSp, then

D llxnlle = llxlle

@) llxn = yulle = lIx =yl

Proof

D) Hlxnlle = lxllel < Nl — e

Since x, — x then [lx, — x[[c = 6. S0 [Ix,llc — llxllc = 6, thus [lx, |l = [lx]l..

(2) ”Ixn _yn”c - ”x —Y||c| < ”(xn _Yn) - (x_Y)”c < ”xn _x”c + ”)In _y”c
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Since Xn =2>X 3 Yn 2 Ys then ”xn - x”c - 9, ”yn - y”c - 6. We have ”lxn - yn”c - ”x - y”cl - 91 then ”xn - yn”(: -
llx = ylle.

Proposition 2.9

The cone norm is cone continuous function.
Proof

Let € € E with € > 0 there exists § € E with § > 0 such that ||[x — x|, K § = €.
If ) = Flxo)l = xll: = lIxolle] < |lx — x|, < €. Then £ is a cone continuous.
Proposition 2.10

If (X, ]I-Il.) is an CNSp

1) The mapping f: X x X — X which defined by f(x,y) = x + y is continuous.
2) The mapping f: X x X — X which defined by g(a, x) = ax is continuous.
Proof
1) Since || (x — x|l K € and [|(y—yo)llc K € (€ > 0), then

f Ce, ) = f(x0, yodlle = I1(x + ) — (xo+y0)llc
= 1Gx —x0) + V—o)llc
< NG = x)lle+Hl(y—yo)lle < 2e
Thus, f is continuous.
2) Let ||[(x —xp)ll. K € and |a — ay| K € (¢ > 0). Then
llg(a,x) — g(ao, xo)llc = llax — aoxollc
= |lax — axo + axo—apxollc
< lalll(x = x)llc+la = aolllxolle < |ale+ellxolle
Hence, g is continuous.
Theorem 2.11
If f:X - Yandg:Y — Z are two a cone continuous map. Then the composition function g o f: X — Z is also cone continuous.
Proof
Let € € E withe > 0. Since g is continuous at f(x,) €Y, there exists § € E with § > 0 such that ||x — x|l K § =

lg) —g(f (xo)llc K €.
Since f is continuous, there exists § € E with § > 0 such that ||x —x,ll. < &, thus||f(x)— f(xy)ll; < €. Then
lg(f(x)) — g(f (xo))l: < €,50 g e f is cone continuous.
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