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Abstract:  The notion of cone normed spaces was first  presented by M. Gordji, M. Ramezani, H. Khodaei and H. Baghani [1]. In 

this paper, various results related cone normed space such as intersection, union of cone normed space is a cone normed space is 

introduced, so product of two complete space  of cone normed space is complete. Finally we defined equivalent cone normed space.   
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1. INTRODUCTION AND PRELIMINARIES  

The main propositions of complete cone normed spaces proved by [7-8]. Completion of cone normed spaces presented by Sonmez 

and Cakalli [9]. Moreover, fixed point theorems in cone Banach spaces studied by [3], and some properties of cone Banach spaces 

studied by [10]. The main properties of cone normed spaces studied by [6]. In this paper, results related cone normed space such as 

intersection, union of cone normed space is cone normed space and the product of two complete space of cone normed space is 

complete are proved. 

    We say a nonempty subset 𝐶 of a Banach space 𝐷 is cone if and only if the following properties are fulfilled:  

1) 𝐶 is closed, 

2)  𝑎𝑥 + 𝑏𝑦 ∈ 𝐶 for all 𝑥, 𝑦 ∈ 𝐶 and 𝑎, 𝑏 ≥ 0 , 

3) 𝐶 ∩ (−𝐶) =  {0} . 

      For a assumed cone ⊆ 𝐷 , we can describe a partial ordering ≤ with 𝐶 as 𝑥 ≤ 𝑦 if and only if 𝑦 − 𝑥 ∈ 𝐶. We shall write 𝑥 ≺
𝑦 if 𝑥 ≼ 𝑦 and 𝑥 ≠ 𝑦 while 𝑥 ≪ 𝑦 will stands for 𝑦 − 𝑥 ∈ 𝑖𝑛𝑡𝐶, where 𝑖𝑛𝑡𝐶 symbolized the interior of  .  

   The cone 𝐶 is normal if there is number 𝑀 > 0 such that  

0 ≤ 𝑥 ≤ 𝑦 ⟺  ‖𝑥‖ ≤ 𝑀‖𝑦‖   for all 𝑥, 𝑦 ∈ 𝐷. 

      We say normal constant of 𝐶 if the least positive number filling the above inequality [4], obvious 𝑀 ≥ 1. Assume that 𝐶 is cone 

in a real Banach space D with ≤ is partial ordering under to 𝐶 and int𝐶 ≠ 𝜑.  

     Now, We recall the basic definitions and information which are needed in our work. 

Definition 1.1 [1] 

      A cone norm if a mapping ‖. ‖𝑐: 𝐶 → 𝐷 where 𝐶 is a vector space over the field R such that  

1) ‖𝑥‖𝑐 ≥ 0  ∀ 𝑥 ∈ 𝐶 , 

2) ‖𝑥‖𝑐 = 0 if and only if 𝑥 = 0 

3) ‖𝛼𝑥‖𝑐 = |𝛼|‖𝑥‖ ∀ 𝑥 ∈ 𝐶, 𝛼 ∈ 𝑅, 

4) ‖𝑥 + 𝑦‖𝑐 ≤ ‖𝑥‖𝑐 + ‖𝑦‖𝑐  ∀𝑥, 𝑦 ∈ 𝐶 . 

 

Definition 1.2 [1] 

     Let 𝐶 be a vector space over the field 𝑅 and ‖. ‖𝑐  is a cone norm on 𝐶. Then (𝐶, ‖. ‖𝑐) is said to be a cone normed space (CNSp). 

It is obvious every normed space is a cone normed space by setting 𝐸 ∶=  𝑅, 𝑃 ∶=  [0. ∞). 

Example 1.3 [6] 

      Let 𝐸 = 𝑅2 and 𝑃 = {(𝑥, 𝑦): 𝑥 ≥ 0, 𝑦 ≥ 0}. Then 𝑃 is the positive cone of 𝑅2 with partial order: 

(𝑥1, 𝑦1) ≤ (𝑥2, 𝑦2) if and only if 𝑥1 ≤ 𝑥2 and 𝑦1 ≤ 𝑦2. 
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 Also it is clear that int𝑃 = {(𝑥, 𝑦): 𝑥 > 0, 𝑦 > 0} ≠ ∅. Let 𝑋 = 𝑅2 and define ‖. ‖𝑐: 𝑋 → 𝐸 by ‖(𝑥1, 𝑦1)‖𝑐 = (𝛼|𝑥1|, 𝛽|𝑦1|) where 

𝛼 > 0, 𝛽 > 0. (𝑋, ‖. ‖𝑐) is an CNSp. 

      Let (𝑋, ‖⋅‖𝑐) be an CNSp. Set 𝑑(𝑥, 𝑦)  =  ‖𝑥 − 𝑦‖𝑐. Then (𝑋, 𝑑) is a cone metric space, 𝑑 is said to be a cone metric of cone 

norm ‖⋅‖𝑐 .[5] 

Definition 1.4 [1] 

       A sequence {𝑥𝑛}𝑛 in C is said to converge to a point 𝑥 ∈ 𝐶 if for every 𝜖 ∈ 𝐷 with 𝜖 ≫ 0 there is a positive integer 𝑛0 such that 

‖𝑥𝑛 − 𝑥‖𝑐 ≪ 𝜖 , ∀𝑛 ≥ 𝑛0.It will be denoted by lim
𝑛→∞

𝑥𝑛 = 𝑥 𝑜𝑟 𝑥𝑛 → 𝑥  𝑎𝑠 𝑛 → ∞ . 

Definition 1.5 [1] 

      A sequence {𝑥𝑛}𝑛 in 𝐶 is said to be Cauchy sequence if for every 𝜖 ∈ 𝐷 with 𝜖 ≫ 0 there is a positive integer 𝑛0 such that 

‖𝑥𝑛 − 𝑥𝑚‖𝑐 ≪ 𝜖 , ∀ 𝑚, 𝑛 ≥ 𝑛0. 

Definition 1.6 [2] 

     We say that (𝐶, ‖. ‖𝑐) is a cone complete if each Cauchy sequence in 𝐶 is converges. 

Definition 1.7 [1] 

      The set 𝐵𝑐(𝑥, 𝑟) = {𝑦 ∈ 𝐶: ‖𝑦 − 𝑥‖ < 𝑟} , 𝑟 ∈ 𝑅 is said to be an open ball with center 𝑥 and radius r. 

Definition 1.8 [4]   

      If (𝐶, ‖. ‖𝑐) , (𝑋, ‖. ‖𝑐) are CNSp and 𝑓: 𝐶 → 𝑋 is a function, then 𝑓 is called cone continuous at 𝑥0 ∈ 𝐶, if for each 𝜖 ∈ 𝐸 with 𝜖 ≫
0,∃𝛿 ∈ 𝐸 with  𝛿 ≫ 0 whenever ‖𝑥 − 𝑥0‖𝑐 ≪ 𝛿 then        ‖𝑓(𝑥) − 𝑓(𝑥0)‖𝑐 ≪ 𝜖. 

2. THE MAIN RESULTS  

       In this section we shall study cone normed space such as intersection, union of cone normed space is a cone normed space, so 

product of two complete space of cone normed space is complete.  

Theorem 2.1 

     If (𝐶, ‖⋅‖𝑐) is an CNSp such that 𝑆, 𝑇 ⊆ 𝐶. Then (𝑆 ∩ 𝑇, ‖⋅‖𝑐) is an CNSp. 

Proof 

(i)  Let 𝑥 ∈ 𝑆, 𝑦 ∈ 𝑇 such that ‖𝑥‖𝑐 ≥ 𝜃 and ‖𝑦‖𝑐 ≥ 𝜃, then ‖𝑥‖𝑐 ∩ ‖𝑦‖𝑐 ≥ 𝜃   ∀𝑥, 𝑦 ∈ 𝑋; 

(ii) ‖𝑥‖𝑐 ∩ ‖𝑦‖𝑐 = 𝜃 ⟺  ‖𝑥‖𝑐 = 𝜃 𝑎𝑛𝑑  ‖𝑦‖𝑐 = 𝜃 ⟺ 𝑥 = 𝜃𝑋 𝑎𝑛𝑑 𝑦 = 𝜃𝑋; 

(iii) ‖𝛼𝑥‖𝑐 ∩ ‖𝛼𝑦‖𝑐 = |𝛼|‖𝑥‖𝑐 ∩ |𝛼|‖𝑦‖𝑐 = |𝛼|(‖𝑥‖𝑐 ∩ ‖𝑦‖𝑐); 

(iv) let 𝑥, 𝑦 ∈ 𝑆, 𝑧, 𝑤 ∈ 𝑇, then ‖𝑥 + 𝑦‖𝑐 ∩ ‖𝑧 + 𝑤‖𝑐 ≤ (‖𝑥‖𝑐+‖𝑦‖𝑐) ∩ (‖𝑧‖𝑐+‖𝑤‖𝑐) 

≤ (‖𝑥‖𝑐 ∩ ‖𝑧‖𝑐)+(‖𝑦‖𝑐+‖𝑤‖𝑐). 

Therefore  (𝑆 ∩ 𝑇, ‖⋅‖𝑐) is a cone normed space. 

Remark 2.2  

      It is obvious that the union of finite family of subsets of an CNSp is an CNSp. 

 

 

Theorem 2.3 

     The product of two cone complete  spaces of (𝐶, ‖⋅‖𝑐) is also cone complete. 

Proof 

        Let (𝑋, ‖⋅‖𝑐) and (𝑌, ‖⋅‖𝑐) be two cone complete space such that every Cauchy sequence in C converges, that is for each 𝜖 ∈
𝐷 with 𝜖 ≫ 0 there is a positive integer 𝑛0 whenever                 ‖𝑥𝑛 − 𝑥𝑣‖𝑐 ≪ 𝜖  and ‖𝑦𝑚 − 𝑦𝑠‖𝑐 ≪

𝜖 in 𝑋 and 𝑌 respectively, ∀ 𝑚, 𝑛 ≥ 𝑛0, then ‖𝑥𝑛 − 𝑥‖𝑐 ≪
𝜖

2
 and ‖𝑦𝑚 − 𝑦‖𝑐 ≪

𝜖

2
 . 
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Now 

        ‖(𝑥𝑛 , 𝑦𝑚) − (𝑥, 𝑦)‖𝑐 = ‖(𝑥𝑛 − 𝑥), (𝑦𝑚 − 𝑦)‖𝑐 

                                            = ‖𝑥𝑛 − 𝑥‖𝑐 + ‖𝑦𝑚 − 𝑦‖𝑐 ≪
𝜖

2
+

𝜖

2
= 𝜖. 

This complete the proof. 

Definition 2.4 

      A cone norms ‖⋅‖𝑐1
and ‖⋅‖𝑐2

 on a vector space 𝑋 are called equivalent (denoted by ‖⋅‖𝑐1
~‖⋅‖𝑐2

) if  ∃𝑎, 𝑏 > 0 and 𝑎‖𝑥‖𝑐1
≤

‖𝑥‖𝑐2
≤ 𝑏‖𝑥‖𝑐1

∀𝑥 ∈ 𝑋. 

Example 2.5 

     Let  ‖𝑥‖𝑐1
= ∑

𝑖=1

2

|𝑥𝑖| and ‖𝑥‖𝑐2
= [ ∑

𝑖=1

2

|𝑥𝑖|
2]1 2⁄ ∀ 𝑥 ∈ 𝑅2. Then ‖𝑥‖𝑐1

~‖𝑥‖𝑐2
 

Solve 

    By Cauchy -Schwarz inequality ∑
𝑖=1

2

|𝑥𝑖𝑦𝑖| ≤ [ ∑
𝑖=1

2

|𝑥𝑖|
2]1 2⁄ [ ∑

𝑖=1

2

|𝑦𝑖|2]1 2⁄ . 

Choose 𝑦𝑖 = 1  ∀ 𝑖 = 1,2 , we have ∑
𝑖=1

2

|𝑥𝑖| ≤ [ ∑
𝑖=1

2

|𝑥𝑖|
2]1 2⁄ [ ∑

𝑖=1

2

1]1 2⁄ . Then 

‖𝑥‖𝑐1
≤ √2‖𝑥‖𝑐2

, hence 
1

√2
‖𝑥‖𝑐1

≤ ‖𝑥‖𝑐2
 . Since ‖𝑥‖𝑐1

≥ ‖𝑥‖𝑐2
 , thus 

 
1

√2
‖𝑥‖𝑐1

≤ ‖𝑥‖𝑐2
≤ ‖𝑥‖𝑐1

. Therefore ‖𝑥‖𝑐1
~‖𝑥‖𝑐2

. 

Lemma  2.6 

     Let (𝑋, ‖⋅‖𝑐1
) and (𝑋, ‖⋅‖𝑐) be an CNSp such that ‖⋅‖𝑐1

~‖⋅‖𝑐2
. If ‖𝑥𝑛 − 𝑥‖𝑐 → 𝜃 in (𝑋, ‖⋅‖𝑐1

), then ‖𝑥𝑛 − 𝑥‖𝑐 → 𝜃 in (𝑋, ‖⋅‖𝑐2
) 

Proof 

        The  proof is clear. 

Lemma  2.7 

      Let 𝑥 ∈ 𝐶. Then 𝐵𝑐(𝑥, 𝑟) = 𝑟𝐵𝑐(𝑥, 1) 

Proof 

       Let 𝑦 ∈ 𝐵𝑐(𝑥, 𝑟). Assume −𝑥 = 𝑧 , hence 𝑦 − 𝑥 = 𝑟
1

𝑟
𝑧 ⇒ 𝑦 − 𝑥 = 𝑟𝑤 𝑓𝑜𝑟 𝑤 ∈ 𝐵𝑐(0,1). So ‖𝑦 − 𝑥‖ = |𝑟|‖𝑤‖, since 

‖𝑦 − 𝑥‖ < 𝑟 . We have |𝑟|‖𝑤‖ < 𝑟, consequently  ‖𝑤‖ < 1              (𝑤 ∈ 𝐵𝑐(0,1)). Therefore 𝑦 = 𝑟𝑤 ∈ 𝑟𝐵𝑐(𝑥, 1). 

      Conversely, 𝑦 ∈ 𝑟𝐵𝑐(𝑥, 1). Hence 𝑦 = 𝑟𝑧   𝑓𝑜𝑟 𝑧 ∈ 𝐵𝑐(𝑥, 1), we have 𝑦 = 𝑥 + 𝑟𝑧 ⟹ 𝑦 − 𝑥 = 𝑟𝑧 ⟹ ‖𝑦 − 𝑥‖ = |𝑟|‖𝑧‖, so 

‖𝑦 − 𝑥‖ < 𝑟. Then 𝑦 ∈ 𝐵𝑐(𝑥, 𝑟). 

Theorem 2.8 

     If 𝑥𝑛 → 𝑥, 𝑦𝑛 → 𝑦 in an CNSp, then  

 

(1) ‖𝑥𝑛‖𝑐 → ‖𝑥‖𝑐 

(2) ‖𝑥𝑛 − 𝑦𝑛‖𝑐 → ‖𝑥 − 𝑦‖𝑐 

Proof 

(1) |‖𝑥𝑛‖𝑐 − ‖𝑥‖𝑐| ≤ ‖𝑥𝑛 − 𝑥‖𝑐 

Since 𝑥𝑛 → 𝑥 then ‖𝑥𝑛 − 𝑥‖𝑐 → 𝜃. So ‖𝑥𝑛‖𝑐 − ‖𝑥‖𝑐 → 𝜃, thus ‖𝑥𝑛‖𝑐 → ‖𝑥‖𝑐 . 

(2) |‖𝑥𝑛 − 𝑦𝑛‖𝑐 − ‖𝑥 − 𝑦‖𝑐| ≤ ‖(𝑥𝑛 − 𝑦𝑛) − (𝑥 − 𝑦)‖𝑐 ≤ ‖𝑥𝑛 − 𝑥‖𝑐 + ‖𝑦𝑛 − 𝑦‖𝑐 
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   Since 𝑥𝑛 → 𝑥 , 𝑦𝑛 → 𝑦, then ‖𝑥𝑛 − 𝑥‖𝑐 → 𝜃, ‖𝑦𝑛 − 𝑦‖𝑐 → 𝜃. We have |‖𝑥𝑛 − 𝑦𝑛‖𝑐 − ‖𝑥 − 𝑦‖𝑐| → 𝜃, then ‖𝑥𝑛 − 𝑦𝑛‖𝑐 →
‖𝑥 − 𝑦‖𝑐. 

Proposition 2.9 

     The cone norm is cone continuous function. 

Proof 

      Let 𝜖 ∈ 𝐸 with 𝜖 ≫ 0 there exists 𝛿 ∈ 𝐸 with  𝛿 ≫ 0 such that ‖𝑥 − 𝑥0‖𝑐 ≪ 𝛿 = 𝜖. 

|𝑓(𝑥) − 𝑓(𝑥0)| = |‖𝑥‖𝑐 − ‖𝑥0‖𝑐| ≪ ‖𝑥 − 𝑥0‖𝑐 ≪ 𝜖. Then 𝑓 is a cone continuous. 

Proposition 2.10  

       If (𝑋, ‖⋅‖𝑐) is an CNSp 

1) The mapping  𝑓: X × X → X which defined by 𝑓(𝑥, 𝑦) = 𝑥 + 𝑦 is continuous. 

2) The mapping  𝑓: X × X → X which defined by g(𝛼, 𝑥) = 𝛼𝑥 is continuous. 

Proof 

1) Since ‖(𝑥 − 𝑥0)‖𝑐 ≪ 𝜖  𝑎𝑛𝑑  ‖(𝑦−𝑦0)‖𝑐 ≪ 𝜖  (𝜖 ≫ 0), then  

  ‖𝑓(𝑥, 𝑦) − 𝑓(𝑥0, 𝑦0)‖𝑐 = ‖(𝑥 + 𝑦) − (𝑥0+𝑦0)‖𝑐 

                                         = ‖(𝑥 − 𝑥0) + (𝑦−𝑦0)‖𝑐 

                                         ≤ ‖(𝑥 − 𝑥0)‖𝑐+‖(𝑦−𝑦0)‖𝑐 ≪ 2𝜖 

Thus, 𝑓 is continuous.  

2) Let  ‖(𝑥 − 𝑥0)‖𝑐 ≪ 𝜖  𝑎𝑛𝑑  |𝛼 − 𝛼0| ≪ 𝜖 (𝜖 ≫ 0). Then  

‖𝑔(𝛼, 𝑥) − 𝑔(𝛼0, 𝑥0)‖𝑐 = ‖𝛼𝑥 − 𝛼0𝑥0‖𝑐 

                                         = ‖𝛼𝑥 − 𝛼𝑥0 + 𝛼𝑥0−𝛼0𝑥0‖𝑐 

                                         ≤ |𝛼|‖(𝑥 − 𝑥0)‖𝑐+|𝛼 − 𝛼0|‖𝑥0‖𝑐 ≪ |𝛼|𝜖+𝜖‖𝑥0‖𝑐 

Hence,  𝑔 is continuous. 

Theorem 2.11 

     If 𝑓: 𝑋 → 𝑌 and g: 𝑌 → 𝑍 are two a cone continuous map. Then the composition function g ∘ 𝑓: 𝑋 → 𝑍 is also cone continuous. 

Proof 

     Let  𝜖 ∈ 𝐸 with 𝜖 ≫ 0. Since 𝑔 is continuous at 𝑓(𝑥0) ∈ 𝑌, there exists 𝛿 ∈ 𝐸 with  𝛿 ≫ 0 such that ‖𝑥 − 𝑥0‖𝑐 ≪ 𝛿 ⟹
 ‖𝑔(𝑦) − 𝑔(𝑓(𝑥0))‖𝑐 ≪ 𝜖 .  

     Since 𝑓 is continuous, there exists 𝛿 ∈ 𝐸 with  𝛿 ≫ 0 such that ‖𝑥 − 𝑥0‖𝑐 ≪ 𝛿 ,  thus ‖𝑓(𝑥) − 𝑓(𝑥0)‖𝑐 ≪ 𝜖. Then 

‖𝑔(𝑓(𝑥)) − 𝑔(𝑓(𝑥0))‖𝑐 ≪ 𝜖, so g ∘ 𝑓 is cone continuous. 
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