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1.

INTRODUCTION

Georgia Benkart, an American scientist, introduced the notion of inner ideals (see [3]) in 1976. According to Benkart’s
definition, one can say that an inner ideal is a subspace V of a Lie algebra L, with the property [V, [V, L]] €V, where
[V, [V, L]] = span {[v1, [V, £]] : v, 2o € V, L € L}
An inner ideal V is called commutative if [V, V ] = 0. She demonstrated that a strong correlation exist between elements in
Lie algebras that are ad-nilpotents with inner ideal [4]. An accomplishment of Benkart’s results is done in [5] by Benkart and
Fernandiz Lopes and a generalization of there results is done in [6] by Brox, Fernandez Lopez and Gomez Lozano in 2016 to
the case of centrally closed prime rings with involution of characteristic not 2, 3 or 5.
It can be seen from [9] and [11] that in Lie algebra the role of inner ideals is equivalent to that of the one sided ideals in
associative algebras. Therefore, Artin’s theory can be generalized if one takes into account the inner ideals of Lie algebras. It
was proved in [8] that an Artinian Lie algebra is a Lie algebra that has the property that every decreasing inner ideals chain
must be terminates. In [1, Proposition 2], it was proved that every one-sided ideal of the finite dimensional associative algebra
A admits Levi decomposition and can be generated by an idempotent if some minimal conditions are met. The same results
was obtained for inner ideals by Baranov and Shlaka in [2], where they showed that every inner ideal of the Lie algebra [A, A]
admits Levi decomposition and can be generated by idempotent pair (if satisfied some minimal conditions). These results
were recently Generalized in [14] for the case of a sub-algebra of finite dimensional algebra. Further generalization is done in
[10] and [16] for the infinite dimensional Lie sub-algebras of associative algebras. Abelian non-Jordan Lie inner ideals we
also been studied in 2022 (see [15] for more details). Further motivation for studying inner ideals comes from [9], where
Fernandez L opez et al showed that when L is an arbitrary non- degenerate Lie algebras over an abelian ring F together with
two and three convertible, then for every nonzero commutative inner ideal V of finite length of L is complemented by an
commutative inner ideal [9].
The classification of the real five-dimensional Lie algebras is given by Schobel in [13]. He classified them in terms of the
derived sub-algebra of these Lie algebras. Keep in mind that a derived sub-algebra L' of L is the set
L' =[L, L] = span {[£1, £2] | £1, L2 € L} .
In [12] Saeed and Shlaka studied inner ideals of the four-dimensional Lie algebras over the real fields with two-dimensional
derived. They proved that one, two and three- dimensional non-trivial inner ideals exist in every four-dimensional Lie algebra
with 2-dimensional derived. Prior to that (see [17]) they classify inner ideals of the two and three-dimensional Lie algebras.
In this paper, we use techniques similar to [12] to study inner ideals of the real five-dimensional Lie algebras with 2-
dimensional derived. Suppose that L is a five- dimensional Lie algebra over the real field with 1-dimensional derived. If L
commu- tative, then it is easy to see that every 1, 2, 3 and 4-dimensional subspace of L is an inner ideal. Suppose now that L
is non-commutative, then we get the following results, which is one of our main results:
Theorem 1.1: Let L be a five dimensional Lie algebra over the real field R with 2- dimensional derived L'. Then L contains a
commutative and non-commutative I-ideal.
Recall that if L is 5-dimensional with 2-dimensional derived, then by Theorem2.6 and Theorem2.7 L is either L; or L,. Thus,
to prove the theorem we need to consider all of the cases.
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2. PRELIMINARIES

Definition 2.1 [7]: Let L be a vector space over any field F with a bilinear form L x L — L, where (£1, £2) — [£1, £2], for all €1, €2
€ L. Then L is called a Lie algebra over F, if the following conditions are satisfied:

(1) [t1, €2] =0 forall €1, & € L.

(2) [, [L2, La]] + [C2, [€3, Ca]] + [Ls, [L1, C2]] = O for all €, €2, 03 € L.
Definition 2.2 [7]: The subspace B of a Lie algebra L is said to be a Lie sub-algebra of L, if [b1, b2] € B for all by, b, € B.
Definition 2.3 [7]: The derived of a Lie algebra L is the set L' = span{[a, b] | a, b € L}, where L' is a Lie sub algebra of L.
Definition 2.4 [7]: The center of ListhesetZ={x e L|[x,y] =0, Vy € L}.

Definition 2.5 [2]: Let V be a subspace of L. Then V is said to be an inner ideal of L when [V, [V, L ]] € V . We denote by I-
ideal to be an inner ideal of L. The inner ideal V is said to be commutative if [ V, V] =0.

Note that in every Lie algebra L, we have L, {0} are inner ideals of L called the trivial inner ideals. Recall that every ideal | of L is
inner ideal, because [ I, [ I, L]] =[1, 1] € I, but the inverse is not true. Since L is five-dimensional, the dimension of L may be 1,
2,3, 4 or 5. In [13] Schébel classified the real n-dimensional Lie algebras by relating the dimensional of L'. For the dimensional of
L'is 2, we have the following result, for the proof see [13, Theorem 1].

Theorem 2.6 [13]: Suppose that L is a real n-dimensional Lie algebra with a two- dimensional derived4L', suchthat L' & Z Then L
= L4 @ Z1, where L. is a 4-dimensional real Lie algebra with 2-dimensional derived algebra and L' & Z4, Z, is the n-dimensional
center of L.

Theorem 2.7 [13]: Suppose that L is a real 4-dimensional Lie algebra with a two- dimensional derived L', such that dim (L' N Z)
=1, and let {Xx1, X2, X3, Xa} be a basis of L. Then L is one of the following two standard forms.

L1 : [X2, Xa] = X1, [X3, Xa] = X2, and otherwise is zero.
Lo : [X2, Xa] = X2, [X3, Xa] = X1, and otherwise is zero.
3. Inner Ideals of The Five Dimensional Lie Algebra

Throughout this section, we prove some results related to inner ideal of the 5- dimensional real Lie algebra with 2-dimensional
derived. Our aim is to prove the following theorem.
Proposition 3.1: Suppose that L = L; and L' € Z. Then the following is hold.
1. L contains a 1-dimensional I-ideal which is not ideal.
L contains a 2-dimensional commutative I-ideal which is not ideal .
L contains a 3-dimensional commutative I-ideal which is not ideal.
L contains a 3-dimensional non-commutative I-ideal which is not ideal.
L contains a 3-dimensional non-commutative I-ideal which is not sub-algebra.
L contains a 4-dimensional commutative I-ideal.
L contains a 4-dimensional non-commutative I-ideal which is not ideal.
8. L contains a 4-dimensional non-commutative I-ideal which is not sub-algebra.
Proof: By Theorems 2.6 and 2.7, there is a basis {X1, X2, X3, Xa, z} of L1 with the Lie multiplication [X2, Xa] = X1, [Xs, X4] = X2 and
otherwise is zero. Let £ € L. Then € = BiX1 + PoX2 + PaXz + PaXs + Psz for some Py, B2, B3, P4, Ps € R.
1) We claim that the 1-dimensional subspace V = span {x-} is an I-ideal of L. We need to show that [V, [V, L]] € V. Let X,
y € V. Then x = a1X, y = a2X» for some o1, az € R. Since
[x, [y, £]] = [x, [a2X2, B1X1 + BaXo + BaXs + BaXs + Bsz]] = [01X2, a2PaX1] =0 € V,
[V, [V, L]] € V. Therefore, Vis an I-ideal of L.
Now we need to show that V is not ideal. Since
[X, E] = [(11X2, B1X1 + BzXz + [33X3 + B4X4 + B5Z] = (11B4X1 ZV,
V is not ideal of L, as required.
2) We claim that the 2-dimensional subspace V = span {x, z} is an I-ideal of L. We need to show that [V, [V, L]] € V. Let
X, Y € V. Then x = 01Xz tapz, y = 03X +asz for some a1, oz, 03, a4 € R. Since
[x, [y, 1] = [x, [aaXz + 0uz, BiX + BaXa + PaXs + PaXs + Psz]]
= [oaxz + a2z, azPaxi] =0 €V,
[V, [V, L]] € V. Therefore, Vis an I-ideal of L.
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Now we need to show that V is commutative. Since
[X, y] = [o1X2 + 02z, asX2 + 0sz] = 0 Therefore, V is a commutative I-ideal of L.
It remains to us show that V is not ideal. Since
[x, €] = [oaXz + 02z, P1X1 + B2X2 + BaXs + BaXs + Psz] = a1PaX1 € V,
Therefore, V is not ideal of L.
3) We claim that the 3-dimensional subspace V = span {xi, X3, z} is an I-ideal of L. We need to show that [V, [V, L]] € V.
Let X, y € V. Then x = a1X1 + 02X3 + 03z, Y = 0uX1 + 05X3 + 0z for some aa, 0z, a3, 04, 05, 0 € R. Since
[x, [y, £]] = [X, [oX1 + asX3 + ez, B1X1 + BaXo + BaXs + BaXa + Bsz]]
= [oaX1 + 02X3 + 03z, 0sPax2] =0 €V,
[V, [V, L]] € V. Therefore, V is an I-ideal of L.
Now we need to show that V is commutative. Since
[X, y] = [U,1X1 + 0pX3 + 03z, 04Xy + 0sX3 + (IGZ] =0
Therefore, V is a commutative I-ideal of L.
It remains to us show that V is not ideal. Since
[x, €] = [oaXs + 02Xz + 03z, P1X1 + PaXz + PaXs + PaXa + Psz] = 02Pax2 € V,
Therefore, V is not ideal of L.
4) We claim that the 3-dimensional subspace V = span {xi, Xs, X4} is an I-ideal of L. We need to show that [V, [V, L]] €V .
Let X, y € V. Then x = a1X1 + 02X3 + 03X, Y = 0aX1 + 0sX3 + X4 for some o, ap, 03, 04, as, 05 € R. Since
[x, [y, €1] = [X, [0aX1 + 05X3 + 06Xa, P1X1 + P2X2 + PaXs + PaXs + Psz]]
= [ouX1 + 02Xz + 0i3Xa, 05PBaX2 — aePaX1 — asPaXz]
= (—(130,5B4 + (X?,OLGBS)Xl eV,
[V, [V, L]] €V. Therefore, V is an I-ideal of L.
Now we need to show that V is a non-commutative. Since
[X, y] = [ouX1 + 02X3 + 03Xa, 0aX1 + 05X3 + (leX4]
= (0206 — 0305)X2 70
Therefore, V is a non-commutative I-ideal of L, as required.
It remains to us show that V is not ideal. Since
[x, €] = [ouXs + azX3 + agXa, P1X1 + BaXa + PaXs + PaXs + Psz]
= (02Pa — 033Xz — asPexs € V,
Therefore, V is not ideal of L.
5) By (4) we note that for all x, y € V, then [X, y] € V. So V is not sub-algebra of L.
6) We claim that the 4-dimensional subspace V = span {x1, X2, X3, 2} is an I-ideal of L. We need to show that [V, [V, L]] €
V. Let X,y € V. Then x = aaXitaoXo+t0sXstouz, y = asX1 + aeXz + 07Xz + agz for some o, o, a3, 04, 05, 0, 07, 0g € R. Since
[x, [y, £]] = [X, [asX1 + 06Xz + 07X3 + 08z, B1X1 + P2X2 + PaXs + PaxXs + Bsz]]
= [0aX1 + 02Xz + 03X3 + 04z, aePaXs + azPfax2] =0 € V,
[V, [V, L]] €V. Therefore, Vis an I-ideal of L.
Now we need to show that V is commutative. Since
[x, y] = [ouX1 + a2X2 + a3X3 + 04z, 05X1 + 0eX2 + 07Xz + (XBZ] =0
Therefore, V is a commutative I-ideal of L, as required.
7) We claim that the 4-dimensional subspace V = span {x1, X3, X4, 2} is an I-ideal of L. We need to show that [V, [V, L]] €
V. Let X,y € V. Then x = aaX1+taXztosXat0uz, y = asX1 + 0eX3 + a7Xa + agz for some o1, o, a3, 04, 05, 0, 07, 0g € R. Since
[x, [y, £]] = [X, [0sX1 + aeX3 + arXa + agz, B1X1 + B2Xo + BaXz + BaXa + Bsz]]
= [oaX1 + 02X3 + 03Xs T 04z, asPaXz — azP2X1 — azPaxz]
= (—og0ePs + oza7Bs)X1 € V,
[V, [V, L]] €V. Therefore, V is an I-ideal of L.
It remains to show that [x, y]#0 Since
[x, y] = [0aX1 + a2X3 + 03Xa + 04z, 05X1 + 06X3 + 07Xa + 0gZ]
= (0207 — 0306)X2# 0
Therefore, V is a non-commutative I-ideal of L, as required.
It remains to us show that V is not ideal. Since
[X, E] = [(11X1 + 0pX3 + 03Xs + 04z, B1X1 + BzXz + B3X3 + B4X4 + BsZ]
= (02Ba — 03Pa)X2 — azPaxs € V
Therefore, V is not ideal of L.
8) By (7) we note that for all x, y € V, then [X, y] € V. So V is not sub-algebra of L. i
Remark 3.2: Theorem 3.1, is not true if we state that every 1, 2, 3and4-dimensional subspace is an I-ideal because L = L; contains
a1, 2, 3and4-dimensional subspace which is not I-ideal. As one can see in the following examples.
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Example 3.3: Recall that we fix a basis {x1, X2, X3, Xs, z} of L1 with the Lie mul- tiplication [x2, X4] = X1, [X3, X4] = X2 and otherwise
is zero. Let£ € L. Then £ = B1X1 + BzXz + ]33X3 + B4X4 + BsZ for some ﬁl, Bz, ﬁ3, B4, Bs €R.
1) We claim that the 1-dimensional subspace V = span {X.} is not an I-ideal of L. Let X, y € V. Then x = a1Xs, y = o2Xs for
some 01, oz € R. Since
[x, [y, 1] = [x, [02Xa, PaX1 + B2Xa + BaXs + PaXs + Psz]]
= [0uX4, —02P2X1 — 02P3X2] = a102PB3X1 € V,
[V, [V, L]] € V, Therefore V is not an I-ideal of L.
2) We claim that the 2-dimensional subspace V = span {xs, X4} is not an I-ideal of L. Let X, y € V. Then x = 01Xz + 0X4, Y =
03X3 + ayX4 for some ay, az, az, as € R. Since
[x, [y, 1] = [x, [03Xs + 0Xa, BaXa + PoXz + BaXs + BaXs + Psz]]
= [ouX3 + 02X4, 03BaX2 — caPaX1 — auPaXz] = (—0203Pa + 020uP3)X1 € V,
[V, [V, L]] € V, Therefore V is not an I-ideal of L.
3) We claim that the 3-dimensional subspace V = span {Xz, X4, Z} is not an I-ideal of L. Let X, y € V. Then x = 01Xz + azXs +
03z, y = a4X2 + asXa + 0z for some ay, a2, 03, a4, 05, 05 € R. Since
[x, [y, L]] = [x, [0aXz + 05Xa + 06z, BaXs + BoXz + BaXs + BaXs + Psz]]
= [0,1X2 + 0pX4 + 032, (14[34X1 — 0,5[32X1 - (15[33X2] = (120«5[53)(1 &V,
[V, [V, L]] € V, Therefore V is not an I-ideal of L.
4) We claim that the 4-dimensional subspace V = span {Xz, X3, X4, Z} is not an I- ideal of L. Let X, y € V. Then x = 01X +02X3
+0i3Xs t04z, Y = 05X2 T06X3 +07Xs Tagz for some ay, o, 03, 04, 05, O, 07, 0g € R. Since
[x, [y, £]] = [X, [asX2 + 06Xs + 07Xa + 08z, B1X1 + P2X2 + PaXs + PaXs + Psz]]
= [o1X2 + 02X3 + 03Xs T 04z, 0sPaX1 + asPaXz — a7P2X1 — azPaxe]
= (—og06Ps + azazPs)X1 € V,
[V, [V, L]] € V, Therefore V is not an I-ideal of L.
Proposition 3.4: Suppose that L = L, and L' € Z. Then the following is hold.
1. L contains a 1-dimensional I-ideal which is not ideal.
L contains a 2-dimensional commutative I-ideal which is not ideal .
L contains a 2-dimensional non-commutative I-ideal which is not ideal.
L contains a 3-dimensional commutative I-ideal which is not ideal.
L contains a 3-dimensional non-commutative I-ideal which is not ideal.
L contains a 3-dimensional non-commutative I-ideal which is not sub-algebra.
L contains a 4-dimensional commutative I-ideal.
L contains a 4-dimensional non-commutative I-ideal which is not ideal.
9. L contains a 4-dimensional non-commutative I-ideal which is not sub-algebra.
Proof: By Theorems 2.6 and 2.7, there is a basis {X1, X2, X3, X4, z} of L, with the Lie multiplication [X2, X4] = X2,[X3, Xa] = X1 and
otherwise is zero. Let £ € L. Then £ = B1X1 + PoXo + BaXz + BaXa + Psz for some B1, P2, B3, Pa, Bs € R.
1) We claim that the 1-dimensional subspace V = span {xs} is an I-ideal of L. We need to show that [V, [V, L]] € V. Let X,
y € V. Then x = a1X3, y = apX3 for some o1, az € R. Since
[x, [y, €]] = [x, [@2Xs, PaX1 + BoXa + BaXs + PaXa + Psz]] = [0uXs, 02PaXe] =0 €V,
[V, [V, L]] €V. Therefore, V is an I-ideal of L.
Now we need to show that V is not ideal. Since
[X, f,] = [0,1X3, B1X1 + BzXz + [33X3 + B4X4 + B5Z] = U,1B4X1 ¢ V,
V is not ideal of L, as required.
2) We claim that the 2-dimensional subspace V = span {xs, z} is an I-ideal of L. We need to show that [V, [V, L]] € V. Let
X, Y € V. Then x = a1X3 tapz, y = 03Xz +asz for some ay, o, 03, a4 € R. Since
[x, [y, 1] = [x, [0aXs + 0uz, BiX1 + BaXa + PaXs + PaXs + Psz]]
= [ouXs + oz, asPax] =0 €V,
[V, [V, L]] € V. Therefore, V is an I-ideal of L.
Now we need to show that V is commutative. Since
[x, y] = [ouXs + a2z, asXs + a4z] = 0. Therefore, V is a commutative I-ideal of L.
It remains to us show that V is not ideal. Since
[x, €] = [ouXs+ 02z, B1X1 + P2X2 + PaX3 + PaXa + Psz] = aafaX1 € V,
Therefore, V is not ideal of L.
3) We claim that the 2-dimensional subspace V = span {x., X4} is an I-ideal of L. We need to show that [V, [V, L]] € V. Let
X, Y € V. Then x = 01Xz + 02Xs, Y = 03X2 + 0uXa for some s, 02, a3, 04 € R. Since

Nk WwN

www.ijeais.org/ijeais
20



International Journal of Engineering and Information Systems (IJEAIS)
ISSN: 2643-640X
Vol. 8 Issue 5 May - 2024, Pages: 17-23

[x, [y, €]] = [x, [osX2 + auXs, BrXs + BoX2 + BaXs + PaXs + Psz]]
= [0aX2 + 02Xa, 03BaXz — 0aPaX1] = —0203PaXz € V,
[V, [V, L]] € V. Therefore, V is an I-ideal of L.
Now we need to show that V is a non-commutative. Since
[X, y] = [ouX2 + 02X4, 03X2 + 0aXa] = (0104 — 0203)X2 # 0 Therefore, V is a non-commutative I-ideal of L.
It remains to us show that V is not ideal. Since
[x, €] = [a1X2 + 02Xs, P1X1 + P2X2 + PaXz + PaXa + Psz]
= (0uPa — 02P2)X2 — azP3x1 € V,
Therefore, V is not ideal of L.
4) We claim that the 3-dimensional subspace V = span {2, X3, z} is an I-ideal of L. We need to show that [V, [V, L]] € V.
Let X, y € V. Then X = a1Xz + 02X3 + 03z, y = 04Xz + 05X3 + 06z for some a1, 0z, a3, 04, 05, 06 € R. Since
[x, [y, 1] = [x, [0aXz + 05Xs + 06z, BaXs + BaXz + BaXs + BaXs + Psz]]
= [0,1X2 + 0pX3 + 03z, (14[34X2 + 0,5[34X1] =0€eV,
[V, [V, L]] € V. Therefore, V is an I-ideal of L.
Now we need to show that V is commutative. Since
[x, y] = [0aX2 + a2X3 + 032, 0aX2 + 05Xz + 062] =0
Therefore, V is a commutative I-ideal of L.
It remains to us show that V is not ideal. Since
[x, €] = [ouXz + 02Xz + a3z, P1X1 + PaXz + PaXs + PaXs + Psz]
= 01PaXz + 02Pax1 € V,
Therefore, V is not ideal of L.
5) We claim that the 3-dimensional subspace V = span {Xz, X3, X4} is an I-ideal of L. We need to show that [V, [V, L]] € V.
Let X, y € V. Then x = a1X2 + 02X3 + 03X, Y = 0aX2 + 05X3 + X4 for some o, ap, 03, 04, a5, 05 € R. Since
[x, [y, L]] = [x, [oaXz + 05X3 + 06Xa, B1X1 + BaXa + PaXs + PaXa + Psz]]
= [a1X2 + 02X3 + 03X, 04PaX2 + asPaXs — aeP2X2 — osPaXi]
= (—0304P4 + 0306P2)X2 € V,
[V, [V, L]] € V. Therefore, V is an I-ideal of L.
Now we need to show that V is a non-commutative. Since
[x,y] = [0uX2 + 02X3 + 0i3X4, 04X + 05X3 + 06X4]
= (0«2(16 — 0,3(15)X1 + ((xl()te — OL30,4)X2¢0
Therefore, V is a non-commutative I-ideal of L, as required.
It remains to us show that V is not ideal. Since
[x, €] = [oaX2 + a2X3 + 03X, P1X1 + BaXz + PaXs + Paxs + Psz]
= (0uPa — 03f2)X2 + (a2Ps — azPs)X1 # V,
Therefore, V is not ideal of L.
6) By (5) we note that for all x, y € V, then [X, y] € V. So V is not sub-algebra of L.
7) We claim that the 4-dimensional subspace V = span {Xi, X2, X3, z} is an I-ideal of L. We need to show that [V, [V, L]] €
V. Let X,y € V. Then x = aaX1+aoXot0asXztouz, y = asX1 + 06Xz + a7X3 + agz for some o, o2, a3, 04, 05, 0s, 07, 0g € R. Since
[x, [y, £]] = [x, [asX1 + aeX2 + a7X3 + 087, B1X1 + BzXz + |33X3 + B4X4 + BsZ]]
= [o1X1 + 02X2 + 03X3 + 04z, U.GB4X2 + 0.7[34X1] =0€eV,
[V, [V, L]] € V. Therefore, V is an I-ideal of L.
Now we need to show that V is commutative. Since
[X, y] = [0aX1 + 02Xz + 03X3 + 04z, asX1 + 0eX2 + 0i7X3 + 0Z] = 0
Therefore, V is a commutative I-ideal of L, as required.
8) We claim that the 4-dimensional subspace V = span {xz, X3, X4, } is an I-ideal of L. We need to show that [V, [V, L]] €
V. Let X,y € V. Then x = apX1taoXztosXat04z, y = 05Xz + 06X3 + 07Xa + agz for some o, o2, a3, 04, 05, s, 07, 0 € R. Since
[x, [y, £]] = [x, [0sX2 + 06Xz + arXa + agz, P1X1 + PaXo + BaXz + BaXa + Bsz]]
= [o1Xz + 02X3 + 03Xa + 04z, 0sPaX2 + aePaXs — 07B2X2 — o7faxd]
= (—oz0sB4 + 0307P2)X2 € V,
[V, [V, L]] € V. Therefore, V isan I-ideal of L.
It remains to show that [x, y]# 0 Since
[X, y] = [0,1X2 + 02X3 + 03Xs + 04z, 0sX2 + 0eX3 + a7Xg + (132]
= (0207 — 0306)X1 + (0107 — 0305)Xo# O
Therefore, V is a non-commutative I-ideal of L, as required.
It remains to us show that V is not ideal. Since
[x, €] = [a1X2 + 02X3 + 03Xs + 04z, P1X1 + P2X2 + PaXs + PaXs + Psz]
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= (—03Ps + azPa)X1 + (01fs — asf2)X2 & V
Therefore, V is not ideal of L.
9) By (8) we note that for all x, y € V, then [x, y] € V. So V is not sub-algebra of L. O
Remark 3.5: Theorem 3.4, is not true if we state that every 1, 2, 3and4-dimensional subspace is an I-ideal because L = L, contains
a 1, 2, 3and4-dimensional subspace which is not I-ideal. As one can see in the following examples.
Example 3.6. Recall that we fix a basis {X1, X, X3, Xa, z} of L, with the Lie mul- tiplication [X2, Xa] = X2,[Xs, Xa] = X1 and otherwise
is zero. Let € € L. Then € = B1Xy + PoXa + PaX3 + PaXs + Psz for some B, B2, B3, P4, Ps € R.
1) We claim that the 1-dimensional subspaceV = span {xs} is not an I-ideal of L. Let X, y € V. Then x = 01Xs, y = aX4 for
some 01, o2 € R. Since
[x, [y, 1] = [x, [02Xa, PrXa + BaXz + BaXs + PaXa + Psz]]
= [aaXa, —02B2X2 — 02BsX1] = aa02P2X2 € V,
[V, [V, L]] € V, Therefore V is not an I-ideal of L.
2) We claim that the 2-dimensional subspace V = span {xs, x4} is not an I-ideal of L. Let X, y € V. Then x = 01X3 + ooX4, Y =
o3X3 + ayX4 for some aa, oy, a3, a4 € R. Since
[x, [y, 1] = [x, [aX3 + 0Xa, BaXs + BoXz + BaXs + BaXs + Psz]]
= [01X3 + 02Xa, 03PaX1 — aaP2X2 — 0aPaX1] = c20uPoX2 € V,
[V, [V, L]] € V, Therefore V is not an I-ideal of L.
3) We claim that the 3-dimensional subspace V = span {xi, X4, 2} is not an I-ideal of L. Let X, y € V. Then x = auX1 + a2Xsa +
03z, y = a4X1 + asXs + aez for some ay, o, 03, 04, 05, 0 € R. Since
[x, [y, L]] = [x, [oaX1 + 05Xa + 06z, BaXs + BoXz + BaXs + BaXa + Psz]]
= [ouX1 + 02Xa + 03z, —05P2X2 — 05PBaX1] = az0sPoX2 € V,
[V, [V, L]] € V, Therefore V is not an I-ideal of L.
4) We claim that the 4-dimensional subspace V = span {xi, X3, Xs, 2} is not an |- ideal of L. Let X, y € V. Then x = aa1X1 +o2X3
+0i3Xa t04z, Y = 05X1 T06X3 +07Xs +agz for some ay, o, 03, 04, 05, O, 07, 0g € R. Since
[x, [y, £]] = [x, [asX1 + aeX3 + a7Xs + 087, B1X1 + BzXz + B3X3 + B4X4 + BsZ]]
= [oaX1 + 02X + 03Xa + 04z, asPaX1 — a7PXz — 07BsX1] = oza7PX2 € V,
[V, [V, L]] € V, Therefore V is not an I-ideal of L.
Now we are ready to prove Theorem 1.1. Recall that L is either L, or L,. We need to show that L contains a commutative and non-
commutative I-ideal.
Proof for Theorem 1.1:
If L = Ly, by the Proposition 3.1, L contains a commutative and non-commutative I-ideal.
If L = Ly, by the Proposition 3.4, L contains a commutative and non-commutative I-ideal.

Reference

[1] A. A. Baranov, A. Mudrov, and H. M. Shlaka (2018) Wedderburn-Malcev decompo- sition of one-sided ideals of finite
dimensional algebras, Communications in Algebra 46(8), 3605-3607.

[2] A. Baranov, and H. M. Shlaka, (2020) Jordan-Lie inner ideals of finite dimensional associative algebras. Journal of Pure
and Applied Algebra, 224(5), 106189.

[3] G. Benkart (1976) The Lie inner ideal structure of associative rings, Journal of Algebra, 43(2), 561-584.

[4] G. Benkart (1977) On inner ideals and ad-nilpotent elements of Lie algebras, Trans- actions of the American Mathematical
Society, 232, 61-81.

[5] G. Benkart, and A. Fern"andez L"opez (2009) The Lie inner ideal structure of asso- ciative rings revisited, Communications
in Algebra, 37(11), 3833-3850.

[6] J. Brox, A. Fern"andez L opez, and M. G"omez Lozano (2016) Inner ideals of Lie alge- bras of skew elements of prime
rings with involution, Proceedings of the American Mathematical Society, 144(7), 2741-2751.

[7] K. Erdmann, and M. J. Wildon (2006) Introduction to Lie algebras, Springer Science & Business Media, London Vol(122).

[8] A Fern’andez L opez, E. Garc’1a, and M. G’omez Lozano (2008) An Artinian theory for Lie algebras. Journal of Algebra,
319(3), 938-951.

[9] A. Fern’andez L’opez, E. Garc'ia, M. G'omez Lozano, and E. Neher (2007) A con- struction of gradings of Lie algebras,
International Mathematics Research Notices, 9, rnm051-rnm051.

[10]F. S. Kareem, and H. M. Shlaka, 2022 Inner Ideals of the Symplectic Simple Lie Algebra, Journal of Physics: Conference
Series, IOP Publishing 2322(1), 012058.

[11]  A. A. Premet (1987) Lie algebras without strong degeneration, Mathematics of the USSR-Sbornik, 57(1), 151.

[12] H.S. Saeed and H. M . Shlaka (2023) Inner ideals of Four-Dimensional Real Lie Algebras with One-Dimensional
Derivation, Journal of Physics: Conference Series, IOP Publishing, (to appear).

www.ijeais.org/ijeais
22



International Journal of Engineering and Information Systems (IJEAIS)
ISSN: 2643-640X
Vol. 8 Issue 5 May - 2024, Pages: 17-23

[13]C. Sch obel (1993) A Classification of the Real Finite-Dimensional Lie Algebras with a Low-Dimensional Derived Algebra.
Reports on Mathematical Physics, 33(1- 2), 175-186.

[14]H. M. Shlaka (2023) Generalization of Jordan-Lie of Finite Dimensional Associative Algebras, Journal of Algebra and Its
Applications 22(12): 2350266.

[15]H. M. Shlaka, and F. S. Kareem (2022) Abelian Non Jordan-Lie Inner Ideals of the Orthogonal Finite Dimensional Lie
Algebras, Journal of Discrete Mathematical Sciences and Cryptography, 25(5), 1547-1561.

[16] H. M. Shlaka, and D. A. Mousa (2023) Inner Ideals of The Special Linear Lie Algebras of Associative Simple Finite
Dimensional Algebras, AIP Conference Pro- ceedings, AIP Publishing LLC, 2414(1), 040070.

[17]H. Shlaka, and H. S. Saeed (2023) Inner ldeals of The Two and Three-Dimensional Lie Algebras, AIP Conference
Proceedings, AIP Publishing LLC 2834(1), 080052.

www.ijeais.org/ijeais
23



