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Abstract: This paper is devoted to a study of the general properties of the compact sets in S*-Orlicz space, where $* = $*[0,1] is

the ring of all real measurable functions on [0,1].
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1. INTRODUCTION

Throughout this paper, m, i, D, ||k (x, 8)|| and Er, denote
the strictly positive measure, the integral constructed by the
measure m ,bounded closed set in S*, the norm of the
characteristic function and the set of closure bounded
functions in L%, respectively.

For every x € Lp, we set p(x, F) = u(F(x)), note that
p(x,F) € S*. 9]

Recall that uniformly integrable is a subset M of L!
(Lebesgue space) such that for given € > 0 there exists § >
0, therefore V(u(|f]) : f € M) < € whenever  u(B) < 4.
Alternatively M is bounded and uniformly integrable if and
only if given & > 0, there exists N > 0 so V{u(|f]) : |f] >
c,f € M} <& where ¢ = N.

2. BAsIiCc CONCEPTS
Definition 2.1 : [1]

Let f:[0,0) — [0,0) be a monotone increasing, right
continuous function with

1. f(0O)=0
2. }im ft) =
3. f(t) > 0 whenever t > 0, then the function defined by

[ul

Fw) = f F(Odt
0

is said to be an N-function.

An alternative view of N-functions gives by the following
proposition.
Proposition 2.2 :[2,11]

The function F is continuous, even and convex if and only
if F is an N-function with

1. lim@ =0;

u-0 u

2. lim £ = oo;

u—oo u

3. Flu)>0ifu>0.
Remark 2.3 :[6]

Define g(s) fors = 0 as g(s) = sup t.
f(t)ss

Note that g(0) =0, lim g(s) =o. Also, we have
S—00
g(f(®) =tand f(g(s)) =s.
Now,

[ul

F(u) = f f(©)de
0

and

[v|

G(v) =fg(s)ds

0

are N-functions and one complements each other. Furthermore
it is clear that the complement of G is F.[1]

Accordingly, we define an alternative for the complementary
N-function G by [1,2]:

G(v) = max{u|v| — F(uw):u > 0}
Definition 2.4 :[7]

An N-function F is called belong to A,-condition if there
exists a constant ¢ such that

cFQRu) < cF(u) Vu > 0.
Proposition 2.5:[4]
The function F (u) satisfies the A,-condition if and only if
F(auw) < c(a)F(u) foranya > 1.

Note [5]: We shall denote by C,(Q(V)) the set of all
continuous functions on the Stone compactum Q(V) which can
take the values +oo on nowhere dense sets from Q(V). Let
L,(m) be
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the set of all integrable by the measure m elements from
Ceo(QUW).

Definition 2.6 :[5]
Assume G is the complementary N-function to F (u).
Set Ly = Lp(V,m) = {x € Co,(Q(V)): xy € Ly(m) }.

forall y € L;. If x € Lp and y € L, then it follows from the
Young inequality |xy| < F(x) + G(y), that xy € L,(m), it
means, that Ly C L.

Proposition 2.7 :[8]

For every x € Ly, we have

where A(G) = {y € Lg: u(G(y)) < 1}.
The Orlicz norm on L} defined as
el = \/ uconl,
yEA(G)
forall x € L}.

It follows from the definition of the Orlicz norm that the
following usual axioms are satisfied [6]:

1. |Ix|lr = 0ifand onlyif, x = 0 almost everywhere ;
2. lax|lp = lalllx|lF ;
3 lxg +x2lle < llxally + llxzlle

Thus , the set L becomes a normed linear space which is
called an S*- Orlicz space .

Remark 2.8 :[6]

A collection I of functions f(x) with equiabsolutely
continuous integrals if for given € > 0 there exists h > 0 so
that u(|f(x)|) < € whenever m(9) < h.

6

Theorem (Vallée Poussin's ) 2.9:[6]

Let h(y) (0 <x < ) be a monotonically increasing
function which satisfies the condition

lim 29D _
im —— = o0

n-—-oo y

Suppose, for the functions h(y) of some collection ¥C, the
integrals of the function h[|f (x)|] are uniformly bounded:

ulh(f DI =A< (f(x) €X).

Then the collection I has equiabsolutely continuous
integrals.

3. THE IMPORTANT RESULTS

The important results concerning with the characteristic of
compact sets in S*-Orlicz space are investigated.

Firstly, the following information are needs.
Definition 3.1:[10]

A collection ¥ c Ly is sad to be has equiabsolutely
continuous norms if Ve > 0,38 > 0 such that ||x(x, 0)|| <
€ whenever m(0) < 94.

Remark 3.2: [6]

X c Eg, If X is a compact set in Eg, then ithas equi-
absolutely continuous norms.

Definition 3.3: [6]

Let f(x) be a function which is summable on D. The
function

1
F) =5 1 (F©) (x € D),

Where T,.(x) is the n-dimensional sphere with radius r and
center at the point x € D and Z,. is the volume of this sphere,
is called a Steklov function.

We denote the sphere with radius r and center at the zero of
the n-dimensional space by Ty.

Theorem 3.4:[3]

A function f € Ep if and only if f € L} has absolutely
continuous norm.

Lemma 3.5: [3]

The collection {F (x) : x € X} is uniformly integrable in L*.
if and only if F €A, and K c Ly then the set 5 has
equiabsolutely continuous norms

Lemma 3.6:

A necessary and sufficient condition that a sequence of
functions f,, € Ep (n = 1,2, ...), which converges in measure,
converge in norm is that it have equiabsolutely continuous
norms.

Proof:

Let f, € Er be a sequence(n = 1,2,...), converges in
measure and has equiabsolutely continuous norms.

Assume & > 0 is positive number, we denote by 6,,, the
1

D{|f, — fn| > a}, where a = dBm(D)G_l(M)}’ and let
6 > 0 be a number such that

&
MfucCe, Ol < 5

whenever m(0) < 6.

(n=12,..)

Since the sequence f,, (n = 1,2, ...) converges in measure,
and we can find n, such that m(6,,,,, ) < § for n,m > n,.
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Forn,m > n, , we have

”fn - fm”F < ”(fn - fm)K(x' Gmn)”F + ”(fn -
fm)K(xﬂD/gmn)”F < ”fmk(x' emn)”F +
I finke(x, 6mn) llr + allc(x, D)l

<eé&.
This means that the sequence f,, converges in Ly .
Theorem 3.7:

If the collection K < Er is compact in the sense of
convergence in measure and has equiabsolutely continuous
norms, then the collection X is compact in L.

Proof:

From each sequence of the collection K we can select a
subsequence which converges in measure. Also, from ( lemma
3.6 ), we get this subsequence converges with respect to the
normin L.

Theorem 3.8:

A collection K of functions in the space E is compact if and
only if the following properties are satisfied:

DIflls <A f(x) €K,

ii) For arbitrary ¢ > 0,a § > 0 such that d(h, 0) < & implies
that ||[f(x+h) — f(O)|lFp <e forall f(x) e X .

Proof:

Suppose K is a compact collection of functions in Ez.Then,
for this collection we can construct an (g)net consisting of

continuous functions f; (x), f1(x), ..., fn(x). We denote by c
the norm of the characteristic function of the entire set D in the
space L.

Let & > 0 be a number such that
fiG+R — i@l <z (=120
Whenever d(h,0) < §.
It is clear that
IfiGe+ 1) = il <5

Let f(x) be an arbitrary function in . We can find a
function f; (x) such that ||f —fi0||F < &/3 . From (*) and

(If CGx + $)lle = lIf1l7 ), we have
IfCe+h) = FOlr < [|f G+ 1) = fi e + B[ +
+|fig e + 1) = fig |, + [Iiy 06 = f(X)||F <e

Conversely, Suppose f(x) €KX and f.(x) is the
corresponding Steklov function. Then

(i=12,..,n) (%)

1
If ) = £l < o uCIf () = F(OD

T Tr(x)

It follows, for g(x) € L¢, p(g,G) = u(G(g)) < 1,then

1
ulfr () = fFOI1g () < o ke (f (O = FCI g ()],

T Tr(o

Since the order of integration and making a change in
variables, we obtain

u(f ) = fr()lg() < Zi [lTl(M(If(x +5) = f)] g(x)]

sé{gwu+ﬂ—ﬂ@mn

It follows from the theorem [7, page 97], then the converse
is satisfies.
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