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ABSTRACT— In this paper, we are studying the properties of the BCC-algebra , closed ideal and completely closed ideal.
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INTRODUCTION :

In 1966, Imai and Iski [8, 9] dened two classes of algebras are called BCK-algebras and BClalgebras as algebras connected with
some logics. In 1984, Komori [9] and [7] introduced so-called the BCC-algebras, to solve some problems on BCK-algebras. In [2]
redened the notion of BCCalgebras by using a dual form of the ordinary algebra. Further study of BCC-algebras was continued in
[1, 3,5, 6, 7]. In this paper, we are studying the properties of the BCC-algebra , closed ideal and completely closed ideal..

1.PRELIMINARIES:

Definition (1.1)[12]:

A BCC-algebra X is an abstract algebra (X, *, 0) of type (2; 0) satisfying the following axioms:
() ((x*y)*@*y)*(x*2)=0,

(i) x*x=0,

(iii) x * 0 = x,

(iVyx*y=y*x=0= x=v.

V)0*x=0

is called a BCC-algebra. A BCC-algebra with the condition

is called a BCK-algebra.

Definition(1.2)[12]:

A non-empty subset A of a BCC-algebra X is called a BCK-ideal if

(vii) 0 € A,

(viii)x*y e Aandye Aimply x € A,

and a BCC-ideal if it satisfies (vii) and

(iX)(x*y)*ze Aandy e Aimply x * ze A.

Putting z = 0, we can see that a BCC-ideal is a BCK-ideal. The converse is not true (cf. [6]). This means that a BCC-ideal is a
BCK-ideal with some additional property.

Example(1.3):

Consider the set G = {0, a, b, ¢, d} with the operation * defined by the following table:
* 0 a b c d
0 0 0 0 0 0
a a 0 a 0 0
b b b 0 0 0
c c c a 0 0
d d c d c 0

Then (G, *, 0) is a BCC-algebra, The subset A = {0, a} is a BCK-ideal of this BCC-ideal since (d *a)*c e Aandd*c ¢ A.
Definition (1.4)[6]:
A nonempty subset S of a BCC-algebra X is called a BCC-Subalgebra or Subalgebra of X if x*yeS for all x, yeS.

Example(1.5):
Let X be the BCC-algebra Example( 1.3) Then the set S={0,a} is a Subalgebra of a BCC-algebra X. Since
0*0 =0eS, 0*a=0€S, a*0=aeS and a*a=0eS.

Definition (1.6)[61:
Let X be a BCC-algebra and | be a subset of X. Then | is called a BCC-ideal of X if it satisfies following conditions:
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1) Oel,
2) x*yel and yel =xel,
3) xel and yeX= x*yel, I*Xc I.

2.Main results
In this section, we review some a new definitions and Proposition of Bcc-algebras ,that we results in our work.

Definition (2.1):
A BCC-algebra (X,*,0) is said to be positive implicative if it satisfies for all x ,y and zeX, (x*z)*(y*z)=(x*y)*z.

Example(2.2):

Let X = {0,a,b,c,d} be a set with the following table:
& 0 a b c d
0 0 0 0 0 0
a a 0 a 0 0
b b b 0 0 0
c c c a 0 0
d d c d c 0

Then (X,*,0) is a positive implicative BCC-algebra.

Definition (2.3):
1. A BCC-algebra (X,*,0) is said to be 0-commutative if:

x*(0*y)=y*(0* x) forall x , y eX.
2. A non-empty subset N of Bcc-algebra X is said to be normal of X if ;

(x*a)*(y*b)e N for any x*y, a*be N, VX, y, a, beX.

Theorem (2.4):
Every normal subset N of a BCC-algebra X is a subalgebra of X.

Proof:
If X ,ye N, then x*0, y*0€N. Since N is normal,
x*y=(x*y)*(0*0)eN. Thus N is a subalgebra of X.
Remark: The converse of above theorem does not hold. Indeed, N={0,c} is a subalgebra of X, but it is not normal, since
c*0,b*be N, but (c*b)*(0*b)=agN.

Definition (2.5):
A BCC-algebra X satisfying in condition 0*x=0 = x=0 is called a

P-semisimple BCC-algebra.

Example(2.6):

Consider the BCC-algebra Example( 1.5) X is a p-semisimple BCC-algebra since 0*x =0 = x =0.

Definition (2.7):
1. Let X be a BCC-algebra. Then the set X+={xeX:0*x=0} is called the BCA-part of X .

2. Let X be a BCC-algebra. Then the set med(X)={xe X:0*(0*x)=x} is called the medial part of X.
Example(2.8):

Consider the BCC-algebra Example( 1.5) The set med (X)={0} is a medial part of a BCC-algebra X, since 0*(0*0)=0*0=0

Remark:

Let X and Y be Bcc-algebras. A mapping f:X—Y is called

a homomorphism if f(x*y)=f(x)*f(y) for any x, yeX.

a homomorphism f is called a monomorphism (resp., epimorphism) if it
is injective (resp., surjective). A bijective homomorphism is called an

isomorphism. Two BH-algebras X and Y are said to be isomorphic,
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written X = Y , if there exists an isomorphism f:X—Y . For any
homomorphism f:X —Y, the set {xeX:f(x)=0} is called the kernel of
f, denoted by Ker(f), and the set {f(x):xeX} is called the image of f,
denoted by Im(f). Notice that f(0)=0 for any homomorphism f.

Definition (2.9):

A mapping f:X—X on a Bcc-algebra (X,*,0) is called a Bcc-endomorphism if it is a homomorphism.
Definition (2.10):

Let X be a BCC-algebra. For a fixed ae X, we define a map Ra :X— X such that Ra(x)=x*a for all xe X, and call Ra a right map
on X. The set of all right maps on X is denoted by R(X). A left map La is defined by a similar way, and the set of all left maps on
X is denoted by L(X).

Definition (2.11):
Let I be a nonempty subset of a Bcc-algebra X. Then | is called an ideal of X if it satisfies:

1) Oel.

2) x*yel and yel imply xel.
Definition (2.12):
Let X be a BCC-algebra and I be a subset of X. Then | is called a BCC-ideal of X if it satisfies following conditions:

1) Oel,

2) x*yel and yel =xel,
3) xel and yeX= x*yel, I*Xc I.

Definition (2.13):

An Bcc-ideal | in Bec-algebra X is said to be closed Bcec-ideal if it also is sub-algebra.

Proposition (2.14):

Let f be isomorphism from a Bcc-algebra X into a Bec-algebra Y. If | is closed Bcec-ideal in X, then f(1) is closed Bcc-ideal in
Proof :

Let a, b € f(I) such that a = f(x), b = f(y), when x, y € |

Since a * b = f(x) = f(y) = f(x * y)

Since | is closed Bcc-ideal, then x = y € |, thus f(x * y) € (1)

Then f(1) is closed Bcc-ideal.

Proposition (2.15):

Let f be epimorphism from a Bcc-algebra X into a Bec-algebra Y. If J is closed Bec-ideal in Y, then £1(J) is closed Bcc-ideal in.
Proof :

Let x, y € £1(J), since f(x), f(y) € J & J is closed Bcc-ideal Then

f(x) = f(y) € J, thus f(x * y) € J

Then x = y € f1(J), thus () is closed Bcc-ideal .

Definition (2.16):

Let I and J be two subset of X such that I < J. Then I is said to be closed with respectto Jifx *y€J, Vy €L, y#0,thenx *y € I.
Proposition (2.17):

The union of family of closed with respect to J is closed with respect to J.

Proof :

Let{li:i€ A} be a family of closed with respect to J and

Letxxy€eJ, Vye UieATli,y+#0,since Vi € A, 1i is closed with respect to J then 3 j € A such

thatx *y€J, VY €T, y#0,thenx xy € lj

Thus x * y € UI€A T, then Ui€A Ti is closed with respect to.

Proposition (2.18):

Let I be Bec-ideal and @ #1 < J, if I is closed with respect to J, then J is
Bcc-ideal .

Proof:

Letx*y€J, VYEL Y#0

Sincel € J,thenx*y€eJ,VYyeLy#0.
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Since | is closed with respectto J, thenx xy € I, Vy € I, y # 0, since I is Bec-ideal, thus

X € 1, consequently x € J, then J is Bcc-ideal .

Proposition (2.19):

Let X be a Bcc-algebra and | is Bec-ideal if X is implicative with respect to I, then | is ideal .

Proof:

Letx*ye€l,y€lsuchthaty #0

Since(x*(x*xy))*y=0€l,Vy€elLy+#0 Since I is Bcc-ideal,

then x * (X * y) € | Since X * (X * y) = X, thus € | , then | is ideal .

Proposition (2.20):

Let X be a commutative BCK-algebra has at lest two element. If X is implicative with respect to | .Then X = I has only two
elements .

Proof:

Let X, y € X such that x # 0, y # 0, since X is implicative with respectto I, thenx * (X * y) = X & Yy * (y * X) =y But X is
commutative, thenx =y .

Definition (2.21):

An ideal | of a BCC-algebra X is called a normal ideal if x*(x*y) el implies y*(y*x) el, for all x, yeX.

Example(2.22):

Let X={0,a,b,c}. The following table shows the BCC-algebra structure on X.

* 0 |a |[b |c
0 0 |0 |0 |O
a a 0 |0 |a
b b |b |0 |0
c C c |b |0

The set 1={0,a} is a normal ideal.
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