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Abstract: The concept tripolar fuzzy subset is a generalization of fuzzy subset. In this paper, the concept bifuzzy i-ideals, bifuzzy
sub-commutative bifuzzy -ideals and sub-implicative fuzzy -ideals of ip-algebras are introduced and several properties are
investigated. Also, the relations between fuzzy bifuzzy y-ideals, sub-commutative bifuzzy i-ideals and sub-implicative bifuzzy ideals
are given. The image and the preimage of fuzzy y-algebras, bifuzzy -ideals sub-commutative bifuzzy y-ideals and sub-implicative
bifuzzy y-ideals under homomorphism of y-algebras are defined and how the image and the preimage of them are studied.
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1. INTRODUCTION

In 1965, L.A. Zadeh introduced the notion of fuzzy subset, [1]. In 1976, K. Is"eki and S. Tanaka studied the notion of BCK -algebra,
[2]. In 1991, O.G. Xi studied the notion of fuzzy BCK-algebra, [3]. In 2006, A.B. Saoid introduced fuzzy QS-algebra with interval-
valued membership function, [4]. Also, T. Priya and T. Ramachandran introduced anti-fuzzy ideals of Cl-algebra and its lower level
cuts, [5]. Jun[6,7] studied the notion of cubic set as generalization of fuzzy set and interval-valued fuzzy set. In 2015, A.T. Hameed
introduced the idea of SA-algebras. She stated some concepts related to it such as SA-subalgebra, SA-ideal, fuzzy SA-subalgebra
and fuzzy SA-ideal of SA-algebra. She introduced the concept of homomorphisms on SA-algebra and fuzzy homomorphisms on
SA-algebra, [9]. In 2023, A.T. Hameed and N.H. Jaber introduced the notion of y -subalgebra, ¥ -ideal, bifuzzy i -subalgebra,
bifuzzy -ideal and they introduced the concept of homomorphisms on 1 -algebra and fuzzy homomorphisms on i -algebra. In this
paper, the concepts of interval-valued bifuzzy -ideal, interval-valued sub-implicative bifuzzy i -ideals under homomorphism of ¢
-algebras are defined and how the image and the preimage of them under homomaorphism of y-algebras are studied.
2. Preliminaries

In this section, we give some basic definitions and preliminaries proprieties of i-subalgebras and fuzzy 1 -ideals in 1 -algebra
such that we include some elementary aspects that are necessary for this paper.

Definition 2.1.([14].  Let (X; +, —,0) be an algebra with two operations (+) and (=) and constant (0). X is called an i-algebra
if it satisfies the following properties: forall x,y,z € X,

(1) x —x =0,
(¥2) 0—x)+x=0,
(W3) x=y)—z=x—(z+y),
W) +x)—(x—2)=y+z
In , we can define a binary relation (<) by: x < yifandonlyif x+y=0 and x—y=0,x,y €X.
Definition 2.2. [13].

Let (X; +,—,0) be ay-algebra and let S be a nonempty set of X. S is called a y- subalgebra of Xif x + y € Sandx -y €S,
whenever x,y € S.

Definition 2.3. [15].

A nonempty subset I of a y-algebra (X; +, —,0) is called a y-ideal of X if it satisfies: for x,y,z € X,
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1) o€l

2 +2z)eland (x—2)€l imply (y+x)€EI.
Proposition 2.4.[2].
Every y-ideal of y-algebra is a y-subalgebra of X and the converse is not true.
Definition 2.5.[4].
Let X be a nonempty set, a fuzzy subset u of X isa mapping u: X — [0,1].
Definition 2.6.[14].
Forany t €[0,1] and a fuzzy subset p in a nonempty set X, the set

U(pwt) = {xeX | u(x) = t}iscalled an upper t-level cut of p, and the set L(p,t) = {xe X |pn(x) < t} iscalled a lower t-
level cut of .

Definition 2.7.[13].

Let (X; +,—,0) be a y-algebra, a fuzzy subset 1 of X is called a fuzzy -subalgebra of X if for all x,y € X,

1-  p(x +y) =2 min{ u(x), u(y)} and
2- u(x—y) =z min{ux),n()}

Definition 2.8.[15].
Let (X; 4+, —,0) be a-algebra, a fuzzy subset u of X is called a fuzzy -ideal of X if it satisfies: forall x,y,z € X,
(Fl)  pu(0) = p(x),
(Fl2) u(y +x) = min{u(y + 2), u(x — 2)}.
Proposition 2.9.[15].
Every fuzzy y-ideal of y-algebra (X; +, —,0) is a fuzzy y-subalgebra of X .
Proposition 2.10.[15].

1- Let u be a fuzzy subset of ip-algebra (X; +,—,0) . If p is a fuzzy y-subalgebra of X, forany t € [0,1], u, is a y-subalgebra of
X.

2- Let u be a fuzzy subset of y-algebra (X; +,—,0) . If for all t € [0,1], u, is a yY-subalgebra of X , then p is a fuzzy -
subalgebra of X .

3-  Letyu beafuzzy ideal of y-algebra (X; +,—,0).If u is a fuzzy y-ideal of X, then for any t € [0,1], u; is an y-ideal of X .

4-  Lety beafuzzy ideal of y-algebra (X; +,—,0).If forall t € [0,1], u, is an y-ideal of X , then p is a fuzzy y-ideal of X .
Now, we will recall the concept of anti-fuzzy subsets.

Definition 2.11. [14].

Let (X; +,—,0) be an y-algebra, a fuzzy subset u of X is called an anti-fuzzy y-subalgebra of X if forall x,y € X,
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AFYS:) p(x+y) < max {u (x),u )},

AFYSy) p(x —y) < max {u (x),u ()}
Proposition 2.12. [4].
Let 4 be an anti-fuzzy subset of an y-algebra (X; +,—,0).
1- If p is an anti-fuzzy -subalgebra of , then it satisfies for any te[0, 1], L(u,t) #= @ implies L(y, t) is a y-subalgebra of X.
2- If L(u, t) is a p-subalgebra of X, for all t[0, 1], L(u,t) # @ , then p is an anti-fuzzy y-subalgebra of X .
Definition 2.13. [6]:

Let (X; +,—,0) be an-algebra, a fuzzy subset u of X is called an anti-fuzzy -ideal of X if it satisfies the following
conditions, forall x,y € X,

(AFYl)  p(0) < p(x),
(AFYl) p(y +x) < max{u(y +2), u(x — 2)}.
Proposition 2.14. [4].
Let u be an anti-fuzzy subset of an y-algebra (X; +,—,0) .
1- If u isan anti-fuzzy -ideal of , then it satisfies for any te[0, 1], L(u,t) # @ implies L(y, t) is an y- ideal of X.
2- If L(u,t) isan - ideal of X, for all te[0, 1], L(u, t) # @ , then p is an anti-fuzzy -ideal of X .
Definition 2.15. [12].

Let f: (X; +,—,0) - (Y;+',—',0")be a mapping nonempty y-algebras X and Y respectively. If u is anti-fuzzy subset of X,
then the anti-fuzzy subset £ of Y defined by:

fG) = {ilnf (uGyx € fON} if fOV =X EXfR) =y} #0

otherwise

is said to be the image of p under f.

Similarly if g is anti-fuzzy subset of , then the fuzzy subset u = (B8 ° f) of X (i.e the anti-fuzzy subset defined by
w(x) = B (f (x)), forall

x € X)is called the pre-image of B under f .
Now, we will recall the concept of bifuzzy subsets.
Definition 2.16. [6].

Let A = {(x,pa(x),v4 (x)) | x €X} be abifuzzy subset of a p-algebra X. A is said to be an bifuzzy ¥ -subalgebra of X if :
forall X,y eX,

(IFS1)  palx +y) = min {ps(x), ua(y)} and

a(x —y) = min { pa(x), a(¥)}-
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(IFS2)  va(x +y) < max {v,(x),va(y)} and

va(x —y) < max {vy(x),va(y)}.
i.e., uy is fuzzy y-subalgebra of y-algebra and v, is anti-fuzzy y-subalgebra of y-algebra.
Definition 2.17. [5].

Let A = {(x,na(x),v4 (x)) | x €X} be abifuzzy subset of a y-algebra (X; +,—,0). Ais said to be a bifuzzy ¥p-ideal of X if for
all x,y, z €X,

(IFp1) pa(0) = pa(x) and v, (0) < v, (x),
(IF2) ua(y +x)= min{p,(y + 2), ma(x — 2)} and
(IFY3) va(y +x)<max{vy (y +2), v, (x —2)}.
i.e., py is fuzzy y-ideal of y-algebra and v, is anti-fuzzy -ideal of y-algebra.
Now, we will recall the concept of interval-valued fuzzy subsets.
Remark 2.18. [7].
An interval numberis @ = [a~,a*], where 0 <a < a*<1. Let I be aclosed unit interval, (i.e., | = [0, 1]).

Let D[0, 1] denote the family of all closed subintervals of 1 =10, 1], thatis, D[0,1] ={d=[a",a*]|a"<a™, fora™,a*e

1}.
Now, we define what is known as refined minimum (briefly, rmin) of two element in D[0,1].
Definition 2.19. [3].

We also define the symbols () , (<), (=) ,"rmin " and "rmax " in case of two elements in D[0, 1] . Consider two interval
numbers (elements numbers )

d=[a",a*] ,b=[b7,b*]inD[0, 1] : Then
(1) ax=b ifandonlyif, a=>b~ and a*>b*,

(2) a< b ifandonlyif, a“<b™ and a*<b*,
(3)@a=b ifandonlyif, a"=b~ and a*=b",

(4) rmin {a@, b}=[min{a~, b}, min{a*, b*}],
(5) rmax {@, b}=[max {a~, b}, max {a*, b*}],
Remark 2.20. [11].

Let 0 = [0, 0] as its least element and 1 = [1, 1] as its greatest element. Let @;€D[0, 1] where i EA. We define r inficpd=
[r infieaa™ , 7 infiepa™], T supiepd=[r supiepa” , v supiepa’].

Definition 2.21. [10].
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An interval-valued fuzzy subset 7i,0n subset is defined as 7z, ={<x, [1; (X), 2 (X) 1>| X€ X} . Where 1, (x) < (x), for
all xe X. Then the ordinary fuzzy subsets 4;: X — [0, 1]and 4}: X — [0, 1] are called a lower fuzzy subset and an upper
fuzzy subset of 7, respectively.

Let7, (x)=[u, (), (0)],7,:X — D[0, 1], then A = {<x, 71, (X) > x€ X} .
Definition 2.22.[7].
Let (X ; +, —, 0) be a nonempty set. A interval-valued bifuzzy set 2 in a structure 2 = {< X, fig (X),7q (X)>| X€ X }, which is
briefly denoted by 2 =<fi, , To>, where fig : X — D[0, 1], fi is an interval-valued fuzzy subset of X and 7, : X — D[0, 1], ¥, is
an interval-valued fuzzy subset of X.

Proposition 2.23.[5].

Let (X ; +,—,0) be an y-algebra. An interval-valued bifuzzy subset 2 =<fi,, , To> of . If forall £€ D[0, 1] and 5 € D[0, 1],
the set U (£2;£,3) is an 1-subalgebra of X, then £ is an interval-valued bifuzzy -subalgebra of X.

3. Interval-valued Bifuzzy y-ideals of y-algebra

In this section, we will introduce a new notion called interval-valued bifuzzy 1 -ideals of  -algebra and study several
properties of it.

Definition 3.1.

Let (X; +,—,0) be an y-algebra. An interval-valued bifuzzy subset 2 =<ji,, , 7> of X is called interval-valued bifuzzy
Y-ideal of X if, forall x,y,z € X:

(IVYlh) fig (0) >fin (X) , and 7 (0) < T (X),

(IVYly) oy +x) = rmin{io(y + 2) , o (x — 2)}, and
Uo (v +x) < max{¥g (y + 2), Uq(x — 2)}.

Example 3.2.

Let X = {0, a, b, c, d} be a set with the following table:

+ |0 |a b c d - |0 |a |b |c |d
0 0 a b o d 0 (0|0 |0 |0 O
a a b c d 0 ala |00 |0 |a
b b c d 0 |a b (b |b |0 |0 |a
© c d 0 a b c |c |b|d |0 |a
d [d [0 |a |b |c d|d|d|d]|d]|O

Then (X; +,—,0) is an y-algebra. It is easy to show that [ ={0, c} and ] ={0, d} are y-ideals of X .
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We defined two cubic set Q; = {(x, fig; (%), To1 (x)) | x € X}and Q, = {(x, g, (x), Tqz () | x € X} of X by :-

[0.5,0.8] , if xe{0,c}, [0.5,0.8] , if xe{0,c},
fg1(x) ={[0.4,0.7], if xe€{ab}, Tn(x)=[0.4,0.7], if x€ {a,b},
[0.3,0.8], otherwise [0.3,0.8], otherwise

. ([0.4,0.9], ifx € {0,d]}, 3 _{[0.4,0.9], ifx € {0, d},
Faz(x) _{[0.3,0.5], otherwise. and o, (%) = [0.3,0.7], otherwise.

Then 2, and £, are interval-valued bifuzzy y-ideal of X .
Proposition 3.3.

Let (X ; +,—,0) be an y-algebra. An interval-valued bifuzzy subset 2 =<, , 7> of X. If Q2 is an interval-valued bifuzzy -
ideal of X, then for all £ 5€ D[0, 1], theset U (2;£,3§) isan -ideal of X .

Proof.
Assume that 2 =<fiq, , To>is an interval-valued bifuzzy -ideal of X and let £, 5€ D[0, 1] , be such that T (12; £, §)#0,
fo(0) = fig (x) =t and ¥, (0) < 7o (x) < §, forall x € X.

Letx,y,z € Xsuchthat +z,x —z € U (12;, ), then fi, (v + z) >t fiq (x — z)=F and ¥, (v + 2) < §, ¥ (x — 2) < §. Since
is an interval-valued bifuzzy -ideal of X, we get

foly +x) =min{ fig (v + 2),iiq (x — 2)} =t and T, (¥ + x) < rmax {¥o (v + 2),7 (x —2)} < 5. Thus +x € U (;£,%).
Hence the set U (2; £, §)is an 1-ideal of X. o
Proposition 3.4.

Let (X ; +,—,0) be an y-algebra. An interval-valued bifuzzy subset 2 =<ji,, , T,> of . If forall £,5 € D[0, 1], the set
U (1;E,5) isan -ideal of X, then 2 is an interval-valued bifuzzy -ideal of X.

Proof.
Suppose that U (2; £, §)is an y-ideal of X and let

Ao(0) = fig (x) =T and ¥, (0) < ¥ (x) < §, forall x € X.

x,y,z € X be such that fig (v + x)<rmin {ig (y + 2),iiq (x — 2)}, and T (y + x) > rmax {¥q (y + 2),7o (x — 2)}.
Consider = 1/2 {jio(y +x) +rmin{ji, (v + 2), fio (x — z)} }and

7=1/2{ g (y + x) +max{¥q (v + 2), T (x — 2)}}.

We have € D[0, 1] and 7€ D[0, 1], and fi,, (v + x) <B< rmin {fio (v + 2).fio (x — 2) } and

To (y +x)>7 >rmax {Tg (y + 2),0q (x — 2)} .

Itfollowsthaty + z, x —z € U (£;£,8), and (v + x) & U (©2; £,§). This is a contradiction.
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Hence fio(y + x) = rmin{ fig (v + 2),flq (x — 2)} =t and T (v + x y) < rmax {Tn(y + 2),7q (x — 2)} < §.

Therefore 2 =<fi,, , To> is an interval-valued bifuzzy y-ideal of X. o
Theorem 3.5.

Interval-valued bifuzzy subset 2 =<f, , ¥io> is a interval-valued bifuzzy 1)-ideal of y-algebra X if and only if, p~,and p*,
are fuzzy -ideals of X and v—(, and v* are anti-fuzzy y-ideals of X.

Proof.
Assume that Q is an interval-valued bifuzzy vy-ideal of X, forany x,y,z € X,
Ao(0) = fig (x) =T and ¥, (0) < 7o (x) < §, forall x € X.
o O +0) 1", ¢+ 0)]=la(y + x) = min{fio (v + 2).fq (x — 2)}
=min{[u, v +2), 1" U + 2L [0 (x —2), 1", (x —2)]}
= [min{u, ¢ + 2), 0o (x — 2), minfu* o, (v + 2), 4", (x = 2)}].
Thus u= o (y +x)>min {u~ (v +2), 0 (x —2)}u", (7 + x ) >min{ u*, (v + 2),u*, (x — z)} and
o O +x),v (0 + 0)]=0a(y + x) < rmax{Pg (v + 2),7q (x — 2)}
=max{[v oy +2),v oy + 2)], [vTa (x — 2),v"q (x — 2)]}
=[max{v o (y + 2), v o(x — z), max{vt, (y + 2),v o (x — 2)}].
Thus v g(y+x)<smax{v oy +2),v o (x—2)}v oy +x)Smax{vto(y +2),v o (x —2)}.
Therefore p=,, and u*, are fuzzy y-ideals of X and v~ and v*, are anti-fuzzy -ideals of X.

Conversely, let p=,, and p*, are fuzzy i-ideals of X and v~ and v™*, are anti-fuzzy y-ideals of X and x,y,z € X,
then

Ao(0) = fig (x) =T and ¥, (0) < 7o (x) < §, forall x € X.
W +x)zmin{u=o (v +2)u7 5(x —2)} 1w', (v +2) 2min{p*, (v + 2).u*, (x —2)} and
va(tx)smax{vo (¥ +2)vTalx—2)} vy +x) S max{via(y+2)vialx - 2)} .
Now, fio(y +x) = [0y + x), 1" (¥ + x)]
Z [min{p™ o (v + 2).u” o(x — 2)} min{p* (v + 2).10" , (x — 2)}]
=min{[p v+ 20, 0+ DL [, (x—2) 0, (x - 2]}
=min{fio (v + 2).fiq (x — 2)}, therefore
Aoy +x) = min{ fig (v + 2), Tt (x — zy)} >t and

Uy +x)=[v 7oy + %), v7a(y + X)]
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< [mindv™o(v + 2).v7ax — 2)} mi{v o (v + 2), v 7o (x — 2)}]
= max{[v oy +2),v7a (0 +2)], [va (x —2),v"q (x — 2)]}
= rmax{¥q (v + 2),0o (x — z)}, therefore

To(y + x) < rmax{ Uo(y + 2),Uq(x —2)} < §.

Hence Q is an interval-valued bifuzzy y-subalgebraof X. &

Theorem 3.6.

If a interval-valued bifuzzy set 2 =<fi, , T,> is a interval-valued bifuzzy y-ideal of X, then the upper [t1,t2]-Level and Lower
[s1,52]-Level of Q are y-ideals of X.

Proof.

Letx,y,z € U(fi|[t1,t2]), then o (y + 2) = [tite] and o (x — 2) = [ti,t2]. It follows that fi(y + x) = rmin{i, (y + z),
do(x —2)} = [tt], sothaty + x € U(i, |[t,t2]).

Hence U(ii |[ts,t2]) is y-ideal of X.
Let X, Y, z € L(¥g|[S1,52]), then ¥ (y + z) < [S1,52] and T (x — z) < [S1,52]. It follows that
To(y + x) < rmax{To(y + z), Uo(x — 2z)} < §,sothat y + x € L(75]5) .
Hence L(7|S) is i-ideal of X. o
Corollary 3.7.
Let 2 =<f, , To> be an interval-valued bifuzzy -ideal of X, then
Q(E, 5) = U(fip I[tuta])N L(Tal [s1, 52])
={xeX|in(X)= t, Do(x)< § }is an y-ideal of X
Remark 3.8.
The following example shows that the converse of Corollary (3.7) is not valid
Example 3.9.

Let X ={0,a,b,c,d} be 1-algebra in example (3.2) and cubic set Q =< fig (x), To(x) > of X by

[0.6,0.8], ifx=0, [0.3,04], ifx=0,
Ao(x)=41[0.50.6], ifx €{ab,c}, and vy(x)=1[0.4,0.41], ifx €{ab,c},
[03,04], ifxe€{d}, [0.50.6], ifx € {d},

We take [t1,12]=[0.41,0.48] and [s1,52]=[0.41,0.48] , then

Q([s1.52:)=U (g, [t t2D)N Lol [s1, 521 ={XEX|fIn (X) > [t1,to]. Ta(X) < [s1, 521}

={0, a, b, c}n{0, a, b, c}={0, a, b, c} is p-ideal of X, but 2 =<, , To> is not an interval-valued bifuzzy -ideal since i, (y +
x)Emin{fo(y + z), fio(x —2)}and T (y + x) £ rmax{o(y + z), To(x — 2)}.
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Theorem 3.10.

Let 2 =<fi, , o> be an interval-valued bifuzzy subset of X such that the sets U(i, | [tq, t2]) and L(¥g|[s1,s,]) are p-ideals
of X, for every [t1,t2] and [s,, s;] €D[0,1], then 2 =<f , To> is an interval-valued bifuzzy y-ideal of X.

Proof.
Let U(fp |[tutz])and L(Dg | [s1,52]) are ideals of X, forevery f,§ €D[0,1]
on the contrary, let xq Yo, 2z, € X be such that
fio (Vo + %) < tmin{fip (Vo + Zo), e (X0 — Z9)}-
Let f, (v + 2Zo) =[01,02] and fpo(xy — z¢) =[03,04] and [, (vo + X0 )=[t1,t2].
Then [ty,t2] < rmin{[01,0,],[03,04]}=[Min{61,0s},min{62,0.}].
S0, ti< min{01,0; }and to< min{6,,0.}. Let us consider,
[p1.p2] = e (Vo + Xo )+ Min{ii (Vo + 20 ), i (%o — 70)}]
= ; [[t1, ;] + [min{6,, 653, min{6s, 6,}]]
=[% (¢, + min{6,, 6,1) 2 (t; + min{6;, 6,))].

Therefore, min{4,, 93}>p1:% (t; + min{8,, 6;})>t,and

min{6,, 94}>p2:% (t, + min{&,, 6,))>t,.

Hence [min{0,, 05}, min{0,, 0,}] >[p1.p2] > [t1.t;], S0 that (y, + %o ) & U(fi |[t1,t2]) which is a contradiction, since fio(yo +

z9)=[64, 6,] > [min{G,, 65}, min{G,, 6,}] > [p1,p2] and Ao (xo — 29)=[65, 64] > [Min{ 6}, 653}, min{6,, 6,3] > [p1.p2] this
implies

(Vo + x0) € U(fip |[t1,t2]). Thus fio(y + x) = rmin{{ig(y + 2),fig(x — 2)}, forall x,y,z € X.
And T (Yo + Xo) > rmax{iin(yo + Z), To(Xo — Z)}.
Let Do(yo +20) =[N, n,] and T (xo — o) =[ns, na] and T, (yo + X0 )=[51,52]-

Then [s1,52] > rmax{[nz, n2].[ N3, nal}=[max{n1, n2},max{ns, na}].

So, $1> max{ni, nz }and s;> max{n, na}. Let us consider,
[0, 021 = Z[Ba(yo + %o )+ rmax{, (Vo + 20 ), Ta(xo — 70)}]
= % [[sl,sz] + [max{nl,ns}, max{nz,n4}]]
:E (s; + max{nl,n3}) ,i (sy + max{nz,n4})].

Therefore, max{n,,n,}<o 1:% (s; + max{nl, n3})<sland
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max{nz, n4}< 4 F% (s, + max{nz, n4})< S5.
Hence [max{n_,n,}, max{n,,n,}1 <[ 1, 02] < [s1,5,], s0 that (y, + X, ) & U(¥q, |[51,52]) which is a contradiction, since
Uo(Yo + 2o)=[ny,m,] < [max{n,,n,}, max{n, n,}] <[o1, 0] and
T (X0 — 2o )=[N5 M,] < [Min{n,,n,}, min{n,,n,}] <[o1,02] thisimplies
(Vo + x0) € U(Dq [[51,52])- Thus Tg(y + x) < rmax{¥o(y + z),Uo(x — 2)}, for all x,y,z € X.
Hence, 2 =<f, , o> is an interval-valued bifuzzy i-ideal of X.a

Theorem 3.11.

Any y-ideal of y-algebra(X ; +, —, 0) can be realized as both the upper [t1,t2]-Level and Lower [s,, s,]-Level of some interval-
valued bifuzzy y-ideals of X.

Proof.
Let P be an interval-valued bifuzzy 1y-ideal of X and Q be interval-valued bifuzzy subset on X defined by

[Bll.BZ]' ifx € P

o (lag, as], ifxe P
”Q(X)_{ [1,1], othrwise

(00, otherwise ¢ ﬁQ(X):{
For all[a,, a,] € D[0,1]and[B,, B2] € D[0,1], we consider the following cases
Casel) Ify+z x—z€P, thenfig(y + z)=[ay, azl, Ty + 2)=[B1, B2] and fig(x — 2)=[ay, az], To(x — 2)=[B1, B2 ].
Thus, fi(y + x)=[oy, ag]=rmin{[ay, az], [a, oz I}=rmin{fiq(y + z).fia(x — 2)} and

Ua(y + x) = rmax{[By, B2], [B1, B-1} = rmax{Ta(y + 2), To(x — 2)}-
Case2) Ify+z€Pandx —z & P, then fig(y + z )=[ay, a,], To(y + 2)=[B1, f2] and fig(x — 2)=[0,0], Bo(x — 2)=[1,1].

Thus fig(y + x)=[0,0] > rmin{[ay, &, ], [0,0]}=rmin{fio(y + 2),fa(x — 2)} and

oy + x) =[1,1] < max[[By, B2], [1,1]] = max{Ta(y + 2), Da(x — 2)}.
Case3)Ify+z@Pandx—z€P,then {ig(y +2) = [0,0], 5oy + 2)=[1,1] and fio(x — 2)=[ay, ;] T (x — 2)= [By, B2]. Thus,
fio(y +x)=[0,0] > rmin{[0,0], [a, &, ]}= rmin{fi(y + 3%2(& - ZZ))}}.and Uo(y + x) =[1,1] <max[[1,1], [B1, Bz ]1=max{To(y +

Cased) Ify+z¢P,x—z¢Pandy,thenfig(y+2z) = [0,0], Tq(y + 2z)=[1,1] and {io(x — 2)=[0,0],To(x — z)=[1,1].

Now, {in(y + x)=[0,0]=rmin{[0,0], [0,01}=rmin{fiq(y + 2z),fio(x — 2)} and To(y + x) =[1,1] < max[1,1]=max{Tn(y +
2), o(x — 2)}.

Hence, oy + x) =min{ fg (v + 2),fq (x — 2z)} and 7 (y + x) < rmax {Tq (v + 2),7q (x — 2)}.
Therefore, Q is an interval-valued bifuzzy -ideal of X.o
Theorem 3.12.

Every interval-valued bifuzzy i -ideal of i-algebra (X; +, —, 0) is an interval-valued bifuzzy i -subalgebra of X.
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Proof:

Let (X;+,—,0) beany -algebraand Q =< {ig (x), Uo(x) > is an interval-valued bifuzzy -ideal of X.

Since Q is an interval-valued bifuzzy v-ideal of X, then by Proposition (3.4), for every £, € D[0, 1], U (2;£,8) =
{xe X |fip %) » f,75(x) < §},is ideal of X . By Proposition (2.4), for every £,5 € D[0, 1], U (©2;£,5) is y-subgalgebra of X .

Hence Q is an interval-valued bifuzzy -subalgebra of X by Proposition (2.23). o
Remark 3.13.
The converse of Theorem (3.12) is not true as the following example:
Example 3.14.

Let X={0,1,2, 3} in which (4 ) be a defined by the following table:

+ 0 1 2 3 = 0 1 2 3
0 0 1 2 3 0 0 0 0 0
1 1 2 3 0 1 1 0 0 0
2 2 3 0 1 2 2 0 0 0
3 3 0 1 2 3 3 3 3 0

Then (X; +,—,0) isan 1 -algebra. Define an interval-valued bifuzzy subset 2 =<fi , Ao> of X is fuzzy subset u: X— [0,1] by:

[0305] ifx={012} _ . - _ {[0.4,0.8] ifx = {0,1,2}
[0.2,0.7] otherwise

Ao (x) = {[0.4,0.6] otherwise Vo=
Theset Q =< g (%), To(x) >is not an interval-valued bifuzzy -ideal of X.
Note that 7, is not an anti-fuzzy -ideal of X since

Po(1 + 2)

[0.2,0.7] # [0.4,0.8] = max{Fn(1 + 0), T, (2 — 0)}

max{vo(1), 7o(2)} .
Proposition 3.15.

If an interval-valued bifuzzy subset 2 =<fi, , U,> is an interval-valued bifuzzy y-ideal of X, then the upper [t1,t2]-Level and
Lower [s1,52]-Level of Q2 are y-ideals of X.

Proof.

Let (y + 2), (x — z) € U(fi |[ts,t2]), then fo(y + z) = [ti,t2] and fio(x — z) = [ti,tz]. It follows that fo(y + x) =
rmin{Zo(y + z), fio(x — 2)} = [tu,t2], sothat

(y + x) € U(fip|[t1,t2]). Hence U(fip |[ti,t2]) is an y-ideal of X.

Let (y + 2), (x — z) € L(¥q| [S1.52]), then Tq(y + z) < [s1,52] and Tg(x — z) < [s1,52] . It follows that Tg(y + x) <
rmax{vo(y + z), Uq(x — 2)} < [S1,52] , so that
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(y + x) € L(Tn][s1,52])). Hence L(¥g]|[s1,52]) is an y-ideal of X. o

Definition 3.16[3].
Let f: (X;+,—,0) = (Y;+',—',0") be a mapping from the set X to aset Y.

If 2 =<{i, , U > isan interval-valued bifuzzy subset of X, then the interval-valued bifuzzy subset B =<fig , Tg>0f ¥ defined by:

i i e F = 12 g
f(ﬁg>(y)=ﬁﬁ(y)={gerfs—'“i’<’y>“ a0 ST = ERS) =

otherwise

inf v if i) ={x€X f(x)=
f(ﬁg)(y)zﬁﬁ(y)z{,f?_lf(y)vg(x) if FfFAO)={xeX,f(x)=y}=+0

otherwise

is said to be the image of Q under f .

Similarly if B = <fig , ¥g> is an interval-valued bifuzzy subset of Y, then the interval-valued bifuzzy subset 2 = (B ° f) in X (i.e
the interval-valued bifuzzy subset defined by fia (X) = fig (f(¥) , T (X) = T (£(x)) for all x eX) is called the pre-image
of B under f).

Theorem 3.18.

A homomorphic pre-image of interval-valued bifuzzy y-ideal is also interval-valued bifuzzy -ideal.
Proof.

Let f: (X;+,—,0) - (Y;+',—',0") be homomorphism from an y-algebra X into an y-algebra Y.

If B =<fig , Dg>is interval-valued bifuzzy y-ideal of Y and 2 =<fi, , T> the pre-image of B under f, then fiq, (X) = fig (f (X)),
Ui (X) = Tg (f (), forall x € X . Letx €X, then

(10)(0) = fig (f () =g (f (X)) = fiq (), and (7o)(0) = U (f (0))< T (f (X)) = Vg (X).
Now, let x,y,z € X, then
fio (y +x) = fig (f (v + x))
Frmin {iig (f (v + 2).5 (f (x — 2)) }
=rmin {fio(y + 2),fiq (x — 2)}, and
U (v +x) =7 (f (v +x))
< rmax {Dg (f (v + 2),7g (f (x — 2))}
= rmax {Po(y + 2),5o (x — 2)} . O
Definition 3.19[2].

Let f: (X;+,—,0) - (Y;+',—',0")be a mapping froma set X intoaset Y.
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N =<fig , Un,> is an interval-valued bifuzzy subset of X has sup and inf properties if for any subset T of X, there existt,s€ T
such that i, (t) = rsup f,(ty) and ¥ (s) = rinf Uo(sy).
tOET SOET

Theorem 3.20.

Let f:(X;+,—,0) - (Y;+',—',0") be a epimorphism from an -algebra X into an y-algebra Y. For every interval-valued
bifuzzy y-ideal 2 =<ji, , T,> of X with sup and inf properties, then f (2) is an interval-valued bifuzzy vy-ideal of Y.

Proof.
Since rsup(@) = [0, 0] and rinf (@) = [1,1], then

Note that, 0 €~ (0") where 0,0" are the zero of X and Y, respectively. Thus
fg(0) = Tsup fig(t) = fn(0) Zfa(X) = Tsup fig(t) = fig(x"), and
tef=1(on tef~1(xr)

7g(0") = rinf T(t) = Uo(0) < Uo(x) = rinf ¥o(t) = g(x") forall x €X, which implies that g (0') >iig(x") and
tef~(on tef~1(xn) )
7g(0") < Tg(x') , forall X' €Y.

Hence (fi)(0) =i, (X) and (T6)(0)< 7 (%), forall x €X.
Foranyx',y',z €Y, letx ef~1(x) ,y €f~*(y) and z €f~1(z") be such that

By Definition fiz(y' +'2") = f(fip)(y' +'2") = rSup fo(y+2) &
yzef1(y'+'z")

gy +'2) = fI)(y' +'2") = rinf To(y + z) and
y+zef 1y +'z")

fg(x' ='2) = f(lp)(x' ='z) = rsup ,)ﬁa(x —2)&

x—zef1(x'-'z

vg(x’' —'z") = f(Io)(x' = '2') = rinf To(x —2) forall xX,y',z'€Y and
x—z€f1(x'-"z")

Also,

Ap(y' +x) = rsup [a(t) = fo(y +x)
tef "1 (y'+rx1)

Zrmin {fi, (y +2) fg (x —2)},

= rmin{ rsup [@p(t), Trsup [,(t)}
tef~1(y' +1zr) tef~1(x"-rzn)

=rmin { fig(y' +2), fig(x’' —2) } and

Tp(y' +x) = rinf [fgp(t) = Do(y +X)
tef Tt (yr+rxn)

<rmmax {Tg (y + 2) 7 (x — 2)},

= mmax{ rinf To(t), rinf To)}
tef~1(y'+rzr) tef~1(x"—1zr)
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=mmax { 7g(y' +'2"), Ug(x' —'2") }.

Ag(y' +'x") =rmin{iz(y' +'2"), fig(x'— z')}, and

vg (v +'x) < rmax{¥g (y'+'2), vg (x' ="z} forallx,y' ,z’ €Y.

Hence, B is an interval-valued bifuzzy y-ideal of . o
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