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1. Introduction  

Numerous articles have been written recently on the notions of copositive approximation see [2-61 We say that two function 𝑓 𝑎𝑛𝑑 𝑔 

are copositive on an interval [𝑎, 𝑏] if 𝑓(𝑥) 𝑔(𝑥)≥ 0 for all 𝑥 in [𝑎, 𝑏]. Let Π𝑛 denote the set of algebraic polynomials of degree less 

than or equal to n and let ‖. ‖ be the uniform norm on [𝑎, 𝑏]. Given a continuous function f on [𝑎, 𝑏] we define the degree of copositive 

approximation 𝐸̅𝑛(𝑓) as 𝑖𝑛𝑓 {‖𝑓 − 𝑝‖: 𝑝 ∈ Π𝑛} and 𝑝 copositive with  . The degree of approximation to 𝑓 is  

𝐸̅𝑛(𝑓) = 𝑖𝑛𝑓 {‖𝑓 − 𝑝‖: 𝑝 ∈ Π𝑛}. 

2. The main result on copositive approximation . 

Theorem 2.1. [𝟑]  Let 𝑓 ∈  𝐶[0, 1] change sign r times in [0, 1]. Then for each 𝑛 ≥ 1, there is a polynomial 𝑝𝑛of degree ≤  𝑛 which 

is copositive with 𝑓 and such that 

‖𝑓 − 𝑝𝑛‖  ≤ 𝐾𝜔 (𝑓 ,
1

𝑛
) 

where 𝐾 is an absolute constant independent of 𝑓 and 𝑛. 

Lemma 2.2. [𝟑] Let 𝑓 be as in the Theorem. If for each 𝑛 >  
4

𝛿
  , there is a polynomial 𝑃𝑛of degree ≤  𝑛 which is copositive with 𝑓 

in ⋃ (𝑦𝑖 −
1

2𝑛
, 𝑦𝑖 +

1

2𝑛
)𝑟

𝑖=1 , then there  exists a polynomial 𝑃𝑛 of degree ≤  𝐶𝑛 which is copositive with 𝑓 in [0, 1] and  

‖𝑓 − 𝑃𝑛‖ ≤ 𝐶‖𝑓 −  𝑝𝑛‖. 

Lemma 2.3. [𝟑] Let 𝑓 be as in the theorem. Then for each 𝑛 >  
4

𝛿
 there is a function 𝑓𝑛  ∈  𝐶2[0, 1] copositive with 𝑓 

in  ⋃ (𝑦𝑖 −
1

2𝑛
, 𝑦𝑖 +

1

2𝑛
) ,𝑟

𝑖=1   and such that 

‖𝑓 − 𝑓𝑛‖  ≤ 𝐾𝜔2 (𝑓 ,
1

𝑛
), 

‖𝑓𝑛
′′‖ ≤ 𝐾𝑛2𝜔2 (𝑓 ,

1

𝑛
), 

and  |𝑓𝑛
′(𝑥)| ≥ 𝑛𝜔2 (𝑓 ,

1

𝑛
)  ,    𝑥 ∈ ⋃ (𝑦𝑖 −

1

2𝑛
, 𝑦𝑖 +

1

2𝑛
)  𝑟

𝑖=1 . 

Lemma 2.4. [𝟑] Let 𝑓 ∈  𝐶2[0, 1]and assume 𝑦0 =  0 <   𝑦1  < ⋯  <  𝑦𝑟  <  𝑦𝑟+1  =  1. 

 If = min
0≤i≤r 

|𝑦𝑖+1 − 𝑦𝑖|  , then for each 𝑛 >  
4

𝛿
 there is a polynomial 𝑝𝑛 of degree ≤  𝑛  interpolating 𝑓 at 𝑦1, … , 𝑦𝑟  and such that 

‖𝑓(𝑗) −  𝑝𝑛
(𝑗)

‖ ≤ 𝐶 ‖
𝑓′′

𝑛2−𝑗
‖    , 𝑗 =  0, 1  

where 𝐶 is a constant depending only on  𝛿 and 𝑟 .   
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Lemma 2.5. [𝟑] Let 𝑓 be as in the theorem. Then for each 𝑛 >  
4

𝛿
 there is a polynomial 𝑝𝑛 of degree ≤ 𝐶𝑛 which is copositive with 

𝑓 in ⋃ (𝑦𝑖 −
1

2𝑛
, 𝑦𝑖 +

1

2𝑛
)𝑟

𝑖=1   and such that 

‖𝑓 −  𝑝𝑛‖ ≤ 𝐶𝜔2 (𝑓 ,
1

𝑛
). 

Theorem 2.6. [𝟑]  Let 𝑓 ∈  𝐶[0, 1]  change sign 𝑟 times at  0 <  𝑦1  < ⋯  <  𝑦𝑟  <  1 and  let 𝛿 = min
0≤i≤r 

|𝑦𝑖+1 − 𝑦𝑖|  where 𝑦0 =  0 

and 𝑦𝑟+1 =  1 . Then there exists a constant 𝐶 =  𝐶 (𝑟, 𝑠) but otherwise independent of 𝑓 and 𝑛 such that for each 𝑛 >  
4

𝛿
  there is 

a polynomial 𝑝𝑛 of degree ≤  𝐶𝑛 , copositive with 𝑓 , satisfying  

 ‖𝑓 −  𝑝𝑛‖  ≤ 𝐶𝜔2 (𝑓 ,
1

𝑛
). 

Theorem 2.7. [𝟒] For every 𝑛 ∈  𝑁, 0 <  𝑝 < ∞, 0 < 𝜀 ≤ 2 and  𝐴 > 0,  there exists a nonnegative function 𝑓 ∈ 𝐶∞[−1, 1] such 

that for every polynomial 𝑃𝑛 ∈ 𝜋𝑛 that is nonnegative at 𝑥 = 1, the following inequality holds: 

‖𝑓 − 𝑃𝑛‖𝐿𝑝[1−𝜀,1]  > 𝐴𝜔2(𝑓 , 1)𝑃 . 

Lemma 2.8. [𝟒] For every 𝑛 ∈  𝑁, 1 ≤  𝑗 ≤ 𝑛 − 1 and 𝜇 ≥ 10 there exist polynomials  𝑇𝑗  and 𝑇̅𝑗  of degree ≤ 𝑛 satisfying for 𝑥 ∈

 [−1, 1]: 

0 ≤ 𝜒𝑗(𝑥) −  𝑇𝑗(𝑥)𝐶(𝜇) 𝜓𝑗
𝜇

 

0 ≤ 𝑇̅𝑗(𝑥) − 𝜒𝑗(𝑥)𝐶(𝜇) 𝜓𝑗
𝜇

 

Where  

𝜒𝑗(𝑥) = {
1  ,          𝑖𝑓 𝑥 ≥ 𝜒𝑗

0   ,           otherwise  
           

Lemma 2. 9.  [𝟒] For any function 𝑔 ∈ 𝐿𝑝[−1, 1], 0 <  𝑝 < ∞ , the following inequality holds: 

(∑ 𝜔(𝑔, ℎ𝑗  , 𝜌𝑗)
𝑝

𝑝
𝑛

𝑗=1

)

1
𝑝⁄

≤ 𝐶𝐶0 𝜔𝜑( 𝑔, (𝑛 + 1)−1)𝑝 

where, for every 𝑗, 𝜌𝑗 ⊃ 𝐼𝑗 is such that  |𝜌𝑗| ≤ 𝐶0|𝐼𝑗|    and 𝐶 depends on 𝑝 if   0 <  𝑝 < 1 

Theorem 2.10. [𝟒] If 𝑓 ∈ 𝐿𝑝[−1, 1], 0 <  𝑝 < ∞ and 𝑓(𝑥) ≥ 0, 𝑥 ∈  [−1, 1],then for every n ∈  𝑁0 

𝐸𝑛
(0)

  ( 𝑓 )𝑝 ≤ 𝐶𝜔𝜑( 𝑓, (𝑛 + 1)−1)𝑝. 

Theorem 2.11. [𝟒] Let 𝑌𝑠 =  {𝑦1, . . . , 𝑦𝑠} be given, and let 𝛿 = min
0≤i≤r 

|𝑦𝑖+1 − 𝑦𝑖|  .If 𝑓 ∈ 𝐿𝑝[−1, 1] ∩ ∆0(𝑌𝑠) ,0 <  𝑝 < ∞, then for 

every n ∈  𝑁0 

  

𝐸𝑛
(0)

  ( 𝑓 )𝑝 ≤ 𝐶𝜔𝜑( 𝑓, (𝑛 + 1)−1)𝑝. 

where 𝐶 depends on 𝑠, 𝛿 and also on 𝑝 in the case for 0 < 𝑝 < 1. 

Theorem 2.12. [𝟒]  Let  𝑓 ∈ 𝐿𝑝[−1, 1] ∩ ∆0(𝑌𝑠) ,0 <  𝑝 < ∞ , 𝑠 ≥ 0 and let  𝑟 ≥ 1be an integer. Let 𝑇𝑛 = {𝑧0 , . . . , 𝑧𝑛 | − 1 =

𝑧0 < 𝑧1 < ⋯  < 𝑧𝑛−1 < 𝑧𝑛 = 1}   be a given knot sequence such that there are at least 𝑚𝑎𝑥(2, 4(𝑟 − 1)2)   knots in each open 

interval (𝑦𝑗  , 𝑦𝑗+1),   𝑗 = 0, . . . , 𝑠.     Then there exists a spline  𝑠𝑛  ∈ 𝐶𝑟−2 [−1, 1] ∩ ∆0(𝑌𝑠)    of order 𝑟 on knot sequence 𝑇𝑛     such 

that  
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‖𝑓 − 𝑠𝑛‖  ≤ 𝐶𝜔(𝑓 , 𝑑)𝑝 . 

Theorem 2.13.  [𝟕] Given 𝑓 ∈  𝐶[𝑎, 𝑏], then there exists 𝑟∗  ∈  𝑅𝑓[𝑎, 𝑏] such that 

 ‖𝑓 − 𝑟∗‖  ≤ inf
𝑟∈ 𝑅𝑓[𝑎,𝑏] 

‖𝑓 −  𝑟‖ . 

Lemma 2. 14. [𝟕]  Assume that 𝑥𝑖 , 𝑦𝑖  ∈  𝑋𝑟∗ , (𝑥𝑖 , 𝑦𝑖)  ∩  𝑆 =  {𝑧𝑖+1 , . . . , 𝑧𝑖+𝑟} and 𝑓 − 𝑟∗  alternates 𝜔𝑖 times between 𝑥𝑖 

and    𝑦𝑖 . Let 𝑟 ∈  𝑅𝑓[𝑎, 𝑏] satisfy   ‖𝑓 −  𝑟‖ < ‖𝑓 −  𝑟∗‖   , then  

i. If 𝑟∗(𝑥𝑖) = 𝑟(𝑥𝑖) =  0 then   𝑟∗ − 𝑟 has at least  𝑣 +  𝜔𝑖 +  1 zeros in [𝑥𝑖 , 𝑦𝑖] 
ii. If 𝑟∗(𝑥𝑖) ≠ 𝑟(𝑥𝑖)  ,  𝑟∗(𝑦𝑖) ≠ 𝑟(𝑦𝑖)  and 𝜔𝑖 = 1 , then  𝑟∗ − 𝑟  has at least  𝑣 +  𝜔𝑖  zeros in (𝑥𝑖 , 𝑦𝑖) 

iii. If 𝜔𝑖 = 2 , then  𝑟∗ − 𝑟  has at least  𝑣 +  𝜔𝑖  zeros in (𝑥𝑖 , 𝑦𝑖). 

Theorem 2.15. [𝟕] Let 𝑓 ∈  𝐶[𝑎, 𝑏]~𝑅𝑛
𝑚[𝑎, 𝑏]  be an admissible function and 𝑆 =  (𝑧 , , . . . , 𝑧𝑘}, 𝑘 ≤  𝑚 as described earlier 

. Then  𝑟∗  ∈  𝑅𝑓[𝑎, 𝑏]  is a best approximation to f if and only if there exists a set of open intervals  (𝑥𝑖 , 𝑦𝑖)  which is an 

alternant of length 𝑁 −  𝑘 for   𝑓 −  𝑟∗  , where  

𝑁 =  1 +  𝑚𝑎𝑥{𝑛 + 𝜕𝑝∗ , 𝑚 + 𝜕𝑞∗} , 𝑟∗ = 𝑝∗ 𝑞∗⁄  

Theorem 2.16. [𝟕] Let 𝑓 ∈  𝐶[𝑎, 𝑏]~𝑅𝑛
𝑚[𝑎, 𝑏]   and 𝑟∗   ∈ 𝑅𝑓[𝑎, 𝑏] ,  then 𝑟∗is a best approximation to 𝑓  from 𝑅𝑓[𝑎, 𝑏] if and 

only if for each  ℎ ∈ 𝑠̅𝑟∗  , 𝑚𝑖𝑛𝑥∈𝑆1∪𝑆2  𝜎(𝑥)ℎ(𝑥) ≤ 0.  

Lemma 2. 17. [𝟕]  Let   𝑟∗ = 𝑝∗ 𝑞∗⁄  ∈ 𝑅𝑓[𝑎, 𝑏] be a best approximation to  ∈  𝐶[𝑎, 𝑏]~𝑅𝑛
𝑚[𝑎, 𝑏] .  If there exists 𝑟 =  𝑝 𝑞⁄ ∈

 𝑅𝑓[𝑎, 𝑏] such that 𝜎(𝑥)[𝑝(𝑥) − 𝑟∗(𝑥)𝑞(𝑥)] ≥ 0 for all 𝑥 ∈ 𝑋∗  then 𝑝 − 𝑟∗𝑞 = 0. 

Corollary  2.18. [𝟕]  Let 𝑓 ∈  𝐶[𝑎, 𝑏]~𝑅𝑛
𝑚[𝑎, 𝑏]  then 𝑓 has  a unique  best  approximation from 𝑅𝑓[𝑎, 𝑏].  

Corollary  2.19. [𝟕] Let 𝑟∗ be the best approximation to 𝑓 from 𝑅𝑓[𝑎, 𝑏] , then for every ℎ ∈ 𝑠̅𝑟∗ with ‖ℎ‖ =

1 , 𝑚𝑖𝑛𝑥∈𝑋∗  𝜎(𝑥)ℎ(𝑥) < 0. 

Definition 2.20. [𝟕] Let 𝑓 ∈  𝐶[𝑎, 𝑏] and 𝑟∗ = 𝑝∗ 𝑞∗⁄  be a best approximation to 𝑓  from 𝑅𝑓[𝑎, 𝑏] f is said to be copositive 

normal if either 𝜕𝑝∗ = 𝑚  or 𝑞∗ = 𝑛 . 

Theorem 2.21. [𝟕]  Let  𝑟∗ ∈ 𝑅𝑓[𝑎, 𝑏] be the best approximation to 𝑓 from 𝑅𝑓[𝑎, 𝑏]  with (𝑝∗, 𝑞∗) = 𝟏 where 𝑓 ∈  𝐶[𝑎, 𝑏] If 𝑓 is 

copositive normal then there exists a constant 𝑦 = 𝑦(𝑓) > 0 such that for all 

𝑟 ∈ 𝑅𝑓[𝑎, 𝑏] 

‖𝑓 −  𝑟‖ ≥ ‖𝑓 − 𝑟∗‖ + 𝑦‖𝑟 − 𝑟∗‖. 

 

Theorem 2.22. [𝟏] Let 𝑚, 𝑘  𝑁, 𝑚  𝑘 and 𝑓 𝑘  ∩ 𝑊𝑝
𝑚 (𝐼). Then for any, 𝑛  𝑘 1, there exists a polynomial 𝑝𝑛 ∈ 𝑛 such 

that : 

 ‖𝑓( 𝑗)   𝑝( 𝑗)‖
𝑝

  𝑐(𝑝, 𝑘)𝑘−𝑗


 ( 𝑓( 𝑗), 𝑛−1, 𝐼)
𝑝

     𝑓𝑜𝑟     𝑗 1, … , 𝑚. 

Lemma 2. 23. [𝟏]  Let  𝐽𝑖   i  𝑎𝑛𝑑 𝑓  𝐿 ,𝑝 (i ) ∩  0 (i ), 𝑝 < 1.  Then there exist 𝑝𝑘1( 𝑓 ) ∈ 𝑘1  ∩  0 (i ) interpolate 𝑓 at 

𝑘 1  points in side 𝐽𝑖 , then for any constant   0 , we have two cases:   

Case (1): For  𝑎 ̌ =  
𝐽𝑖−𝐽𝑖

(𝑘−1)

𝑘−1
+ |𝐽𝑖| < 𝐽𝑖

(𝑘−1)
     , we have  

‖𝑝𝑘1( 𝑓 )‖
𝐿 ,𝑝[

𝐽𝑖−𝐽𝑖
(𝑣)

𝑘−1
,𝑎 ̌]

≤ 𝐶(𝑝,)‖ 𝑓 ‖
𝐿 ,𝑝[

𝐽𝑖−𝐽𝑖
(𝑣)

𝑘−1
,𝑎 ̌]

. 
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Case (2) : For 𝑏 ̌ =
𝐽𝑖−𝐽𝑖

(𝑣)

𝑘−1
− +|𝐽𝑖| > 𝐽𝑖

(𝑣)
   , we have  

‖𝑝𝑘1( 𝑓 )‖
𝐿 ,𝑝[𝑏 ̌,   

𝐽𝑖−𝐽𝑖
(𝑘−1)

𝑘−1
]

≤ 𝐶(𝑝,)‖ 𝑓 ‖
𝐿 ,𝑝[𝑏 ̌,   

𝐽𝑖−𝐽𝑖
(𝑘−1)

𝑘−1
]

. 

 

Lemma 2. 24. [𝟏] Let   𝐿 ,𝑝 (i ) ∩  0 (i ) , then there exist 𝑝𝑘1( 𝑓 ) ∈ 𝑘1  ∩  0 (i )  interpolate 𝑓 at 𝑘 1  points in side 𝐽𝑖  

, such that  

 ‖𝑓 −  𝑝𝑘1( 𝑓 )‖𝐿 ,𝑝(i ) 𝑐(𝑝, 𝑘)𝑘


 ( 𝑓, |i|, i)𝑝 . 

Lemma 2. 25. [𝟏]  Let   𝐿 ,𝑝 (i ) ∩  0 (i ) , then there exist a polynomial 𝑞𝑘1( 𝑓 ) ∈ 𝑘1  ∩  0 (i ) interpolate 𝑓 at 𝑘 1  

points in side i , such that  

‖𝑓 −  𝑞𝑘1( 𝑓 )‖𝐿 ,𝑝(i ) 𝑐(𝑝, 𝑘)𝜏𝑘 ( 𝑓, |i|, i) ,𝑝 . 

Theorem 2.26. [𝟏]  Let   𝐿 ,𝑝 (I ) ∩  0 (J𝑠  ) , 𝑝 < 1   , then there exist a polynomial 𝑝𝑘1( 𝑓 ) ∈ 𝑘1  ∩  0 (J𝑠   )  , 𝑘 > 1   

such that  

‖𝑓 −  𝑝𝑘1‖𝐿 ,𝑝(I ) 𝑐(𝑝, 𝑘)𝜏𝑘  ( 𝑓, |I|, I) ,𝑝.  

Lemma 2.27. [𝟖] If Ϝ  𝐿 ,𝑝 (I ) ∩  0 (J𝑠  ) 0 <  𝑝 <  1  ,then there is copositive a piecewise spline 

𝑆𝑘−1 with Ϝ on the knots sequence {𝑡𝑟}𝑟=1
𝑛  that satisfies: 

‖𝑓 − 𝑆𝑘−1‖𝐿𝜓, 𝑝(𝐼)  ≤  𝑐(𝑝, 𝑘) 𝒲𝑘𝜑(Ϝ, 𝑛 − 1)𝜓, 𝑝 , if tr =  Xn − r , 0 ≤  r ≤  n . 

 

Theorem 2.28. [𝟖] If Ϝ  𝐿 ,𝑝 (I ) ∩  0 (J𝑠  ) 0 <  𝑝 <  1, 𝑘 >  1 , where J𝑠 =  {𝔧1, … , 𝔧𝑠} , then 

𝔼𝑛
(0)

(Ϝ, J𝑠 )𝜓, 𝑝 ≤  𝑐 𝒲𝑘𝜑(Ϝ, 𝑛 − 1)𝜓, 𝑝 , 0 ≤  𝑛 ≤  𝑘 −  1. 

Where 𝑐 =  𝐴(𝑝, 𝑘, 𝑏, 𝔪) 𝑎𝑛𝑑 𝐴 = (
|𝑥−𝑗𝑟|

1+|𝑥−𝑗𝑟|
)

𝑚

  𝑐(𝑝, 𝑘), 𝔪 ≥  2 , r =  0, …  s. 

 

Theorem 2.29.  [𝟓] 𝑃(𝒙)  =  (𝒙 ∘ 𝒙)𝑇𝑀(𝒙 ∘ 𝒙) allows for a polynomial s.o.s if and only if 𝑀 ∈  𝐾𝑛
0 , i.e., if and only if 𝑀 =  𝑆 +

 𝑇 for matrices 𝑆 ∈ 𝑆𝑛
+ and 𝑇 ∈  𝑁𝑛 . 

Higher order sufficient conditions can be derived by the polynomial 

𝑃(𝑟) (𝒙) =  𝑃(𝒙) (∑ 𝑥𝑘
2

𝑛

𝑘=1

)

𝑟

= ∑ 𝑥𝑘
2

𝑛

𝑖,𝑗=1

𝑀𝑖𝑗𝑥𝑖
2𝑥𝑗

2 (∑ 𝑥𝑘
2

𝑛

𝑘=1

)

𝑟

.     (1) 

 

Definition 2.30. [𝟐] The convex cone Kn
r  consists of the matrices for which P(r) (𝐱) in (1) allows a polynomial sum of squares 

decomposition. 

Theorem 3.1. [𝟒] M ∈ Kn
2 if and only if there are n symmetric n ×  n matrices M(ij)  ∈  Sn  for i = 1, ..., n and j =  1, . . . , n such 

that the following system of linear inequalities has a solution: 
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                                                                      M −  M(ii) ∈ Sn
+ , i =  1, . . . , n, 

Mii
(ii)

≥ 0  , i =  1, . . . , n, 

                                              2Mii

(ij)
+ 2Mij

(ii) ≥ 0 . i ≠ j , 

                                      Mii

(jj)
+ Mjj

(ii) + 4Mij

(ij)
≥ 0 . i ≠ j , 

where M(ij) ∈  Sn   for i =  1, . . . , n and j =  1, . . . , n. 
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