International Journal of Engineering and Information Systems (IJEAIS)
ISSN: 2643-640X
Vol. 8 Issue 7 July - 2024, Pages: 86-90

On Copositive Approximation

Mayada Ali Kareem 1, Fatema Ali Albayati 2 and May A. A. AL-Yaseen 3

1,2,3 Department of Mathematics , College of Education for Pure Sciences, University of Babylon, Iraq
pure.meyada.ali@uobabylon.edu.ig , pure.fatema.albayati@uobabylon.edu.igq

pure.may.alaa@uobabylon.edu.iq
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1. Introduction

Numerous articles have been written recently on the notions of copositive approximation see [2-61 We say that two function f and g
are copositive on an interval [a, b] if f(x) g(x)= 0 for all x in [a, b]. Let I1,, denote the set of algebraic polynomials of degree less
than or equal to nand let ||. || be the uniform norm on [a, b]. Given a continuous function f on [a, b] we define the degree of copositive
approximation E,, () as inf {||f — pll: p € I,.} and p copositive with . The degree of approximation to f is

En(f) =inf {”f -pl:pe Hn}-
2. The main result on copositive approximation .

Theorem 2.1. [3] Letf € ([0, 1] change signrtimes in [0, 1]. Then for each n > 1, there is a polynomial p,,of degree < n which
is copositive with f and such that

IF = pull < Koo(f )

where K is an absolute constant independent of f and n.

Lemma 2.2. [3] Let f be as in the Theorem. If for eachn > % , there is a polynomial B,of degree < n which is copositive with f

inUl_; (yl- - %,yi + i) then there exists a polynomial B, of degree < C,, which is copositive with f in [0, 1] and

”f_ Pn” < C”f_ pn”

Lemma 2.3. [3] Let f be as in the theorem. Then for each n > % there is a function f, € C?[0,1] copositive with f

in U_; (yl- - i,yi + i) , and such that

If = full <Ko, (),

IF" Il < Kn?w, (£ ),

n
, 1 1 1
and |f; ()| = nw, (f.;) , XE Uizl(yi—;.yi +;) :
Lemma2.4. [3] Let f € C?[0,1]andassume y, = 0 < y; <+ < Y. < Ypyq = L.

If = 0r£1_i<n |vie1 — il , then foreachn > %there is a polynomial p,, of degree < n interpolating f at y,, ..., - and such that
<Isr

LI -

”f(j) _ Pr(lj)” <C | -

where C is a constant depending only on § and r .
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Lemma 2.5. [3] Let f be as in the theorem. Then for each n > %there is a polynomial p,, of degree < C,, which is copositive with

H 1 1
finUi (yi —5o Vit 5) and such that

If = pull < Cow, (f%)

Theorem 2.6. [3] Let f € C[0,1] changesignrtimesat 0 < y; <.+ < y. < land let§ = Om_in |Vis1 — yi|l where y, = 0
<isr

and y,,, = 1. Then there exists a constant C = C (r, s) but otherwise independent of f and n such that for each n > % there is
a polynomial p,, of degree < C,, , copositive with f, satisfying

If = pall < Ca, (£.2).

Theorem 2.7. [4] Foreveryn € N,0< p<o,0<e<2and A > 0, there exists a nonnegative function f € C*[—1, 1] such
that for every polynomial B, € m,, that is nonnegative at x = 1, the following inequality holds:

lf = PullL f1-e1] > Aw?(f, Dp .
P

Lemma 2.8. [4] Foreveryn € N,1 < j <n—1andu > 10 there exist polynomials 7; and T; of degree < n satisfying for x €
[—1,1]:

0<x(x) = [()CW) ¥y

0<Tj(x) — x;()C(w) P

Where
(1, ifx=y
Xj(x) B {O s otherwise
Lemma 2. 9. [4] For any function g € L,[—1,1], 0 < p < o, the following inequality holds:
n 1/p
P —
Zw(g,hj,pj)p S CCwy(g,(n+ 1)),
j=1

where, for every j,p; o I; issuch that |p;| < Co|l;| and C dependsonpif 0< p <1

Theorem 2.10. [4] If f € L,[-1,1],0 < p <ooand f(x) = 0,x € [-1,1],then foreveryn € N,

E® (f)y < Cw,(f,(n+1)),,

Theorem 2.11. [4] Let Y, = {y,,...,y,} be given, and let § = 0m_in lyier —yil M f € Ly[—1,1] n A°(Y;),0 < p < oo, then for
<I<r
everyn € N,

EY (f)p < Cw,(f,(n+ 1)),
where C depends on s, § and also on p in the case for 0 < p < 1.

Theorem 2.12.[4] Let f € L,[-1,1]nA°(Y,),0< p<o, s >0 and let r > 1be an integer. Let T, = {zy,...,2, | — 1=
Zy <z <+ <z,_; <2z, =1} be a given knot sequence such that there are at least max(2,4(r — 1)?) knots in each open
interval (y;,¥j+1), j=0,...,s. Then there exists aspline s, € C""%[—-1,1] n A°(Y;) of order r on knot sequence T, ~ such
that
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If = sall < Co(f,d)y,.

Theorem 2.13. [7] Given f € C[a, b], then there exists r* € R[a, b] such that
— r¥l| < i —
If =il < _nIF =7l

Lemma 2. 14. [7] Assume that x;,v; € X,», (x;,¥;)) N S = {z;41,...,Zi1-yand f — r* alternates w; times between x;
and y;.Letr € Re[a,b]satisfy ||f — | <||f— r*|| ,then

i Ifr*(x;) =r(x;)) = 0then r* —rhasatleast v+ w; + 1 zerosin [x;,y;]
ii. Ifre() #=r(x) , r"(y) #r(y;) and w; = 1,then r* —r hasat least v + w; zerosin (x;,y;)
iii. Ifw; =2 ,then r* —r hasatleast v+ w; zerosin (x;, y;).

Theorem 2.15. [7] Let f € C[a, b]~R[a,b] be an admissible functionand S = (z,,...,z.},k < m as described earlier
.Then " € Rf[a,b] is a best approximation to f if and only if there exists a set of open intervals (x;,y;) which is an
alternant of length N — k for f — r* , where

N =1 + max{n+ dp*,m+ dq*}, r=p'/q

Theorem 2.16. [7] Let f € C[a,b]~R}*[a,b] andr* € R¢[a,b], thenr*is a best approximation to f from R [a, b] if and
only if foreach h € §,- , minyes,ys, o(x)h(x) < 0.

Lemma 2. 17.[7] Let r* =p*/q" € R¢[a,b] be a best approximationto € C[a, b]~Ry'[a,b] . If there exists r = p/q €
R¢[a, b] such that o (x)[p(x) — r*(x)q(x)] = 0 forall x € X, thenp —r"q = 0.

Corollary 2.18.[7] Let f € C[a,b]~R}*[a,b] then f has aunique best approximation from R¢[a, b].

Corollary 2.19. [7] Let r* be the best approximation to f from R¢[a, b] , then for every h € §,.- with ||h|| =
1, min,ex, o(x)h(x) < 0.

Definition 2.20. [7] Let f € C[a,b] and r* = p*/q" be a best approximation to f from R¢[a, b] f is said to be copositive
normal if either dp* =m orq*=n.

Theorem 2.21. [7] Let r* € R¢[a, b] be the best approximation to f from R¢[a, b] with (p*,q*) = 1 where f € C[a,b] If f is
copositive normal then there exists a constant y = y(f) > 0 such that for all

r € Re[a, b]

Wf=rll = If = vl + yllr —r].

Theorem 2.22. [1] Let m,k e N,m <k and f eA* n W,™ (I). Then for any, n >k —1, there exists a polynomial p,, € IT,, such
that :

Ir? —p|| se kol (fPn40) for j=,..m.
Lemma2.23.[1] Let J;c/; and f €L, , (4;) N A° (4;),p < 1. Then there exist py_, (f) € IT,_, n A° (¢;) interpolate f at

k —1 points in side J; , then for any constant >0 , we have two cases:

]i—]i(k_l)

k-1

Case (1): For @ = +ulfil <JEV we have

k=1 ¢ k=1 "

llpk_l(f)llLu,,p[]"_]i(w v] <Cluwlf llL,/,_p[]"_]"(wd]-
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= 5= W)
Case (2): Forb = ﬁ— +ulfi| > ], we have

D (I

/i—],gk_l)

Ji- | _ '
= LW[b' "1 ]

LW-P[b' *—1

(k-n] sCl ol fl

Lemma2.24. [1] Let €L, , (4;) N A° (4;) , then there exist p_, () € IT,_, n A° (¢;) interpolate f at k —1 points in side J;
, such that

If = pea (e, ,eH<c( K)oy (161,60, .

Lemma2.25.[1] Let €L, , (4;) N A° (4;) , then there exist a polynomial q_( f ) € IT,_, n A° (¢;) interpolate f at k —1
points in side ¢; , such that

1F = G CPley oy <@ 0T CF 141 6D,

Theorem 2.26. [1] Let €L, , (1)n 4°(s),p <1 ,then there exist a polynomial p_4 () € [Ty N A° (5 ) ,k > 1
such that

"f - pk—l”LW,p(l)SC(pt k)Tk (ft |I|, I) v,p*
Lemma227.[8] IfFeL,, (I)N A°(Js)0 < p < 1 then there is copositive a piecewise spline

Si.—1 with F on the knots sequence {tr}*_, that satisfies:

If — Sk_1llLy,pd) < c(p, k) Wko(F,n—1)y,p,iftr = Xn—r1r,0 < r < n.

Theorem 2.28. [8] If Fe L, , 1)N 4° ()0 < p < 1,k > 1,whereJ; = {jy, ... ,is}, then
EQF,J ),p < c Wko(FE,n—1),p,0 <n < k — 1.

_ _ [x—jrl m _
Where c = A(p,k,b,m)and A = (—) c(p,k)m = 2,r =0,...s.

1+]|x—jr|

Theorem 2.29. [5] P(x) = (x o x)TM(x o x) allows for a polynomial s.o.sifand only if M € K?,i.e. ifandonlyifM = S +
T for matrices S € S andT € Nn.

Higher order sufficient conditions can be derived by the polynomial

P™ (x) = P(x) (i x,%)r = Zn: xZ Mijx?x} (Z

n
k=1 ij=1 k=1

xzf) - @

Definition 2.30. [2] The convex cone K%, consists of the matrices for which P(™ (x) in (1) allows a polynomial sum of squares
decomposition.

Theorem 3.1. [4] M € K2 if and only if there are n symmetric n x n matrices M@ € Sn fori=1,..,nandj = 1,...,nsuch
that the following system of linear inequalities has a solution:
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M- M@ esti=1,.,n,
MP>0,i=1..n,
M +2M(V > 0.1 %],
MP + M +amP 2 0.1 %],
where MW € Sn fori = 1,...,nandj = 1,...,n.
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