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Abstract— In the paper, a new domination parameter for the fuzzy graph, called the fuzzy inverse odd neighbor domination number
was described. This parameter was studied in a strong fuzzy graph, and constraints were identified for various graphs. The inverse
odd neighbor domination number depends on the odd neighbors of the vertices and the values of these vertices such that these
vertices do not belong to minimum odd neighbor dominating sets.
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1. INTRODUCTION

After the discovery of a significant branch of mathematics known as graph theory, its importance in solving various problems was
established. The details of this field are extensively covered in [1,2]. In recent years, the concept of fuzzy sets, introduced by Zadeh
[3], was studied several years after the development of graph theory. Shortly thereafter, the connection between graphs and fuzzy
sets was made to better align with real-life requirements, leading to the creation of a new type of graph known as fuzzy graphs, first
studied by Rosenfeld [4]. The branch of domination in graph theory has gained significant attention due to its crucial role in various
applications [5]. More of researches introduced some types of domination [6,7].

Researchers have increasingly recognized the importance of fuzzy graphs and their relevance to everyday life, prompting significant
research efforts in this area. Due to the critical concept of domination within graph theory, which has been widely studied, the notion
of fuzzy domination was introduced to bridge these two branches. The concept of domination in fuzzy graphs was initially introduced
by A. Somasundaram and S. Somasundaram [10,11]. This domination number has been characterized in various manners. Mahioub
and Soner defined it by considering the minimum fuzzy cardinality of an all-dominating set. Alternatively, Xavier et al.[12] defined
it by identifying the smallest dominating set and summing all its elements [13,14]and [15]. In this research, we adopt the definition
provided by Xavier et al. for specific expansions.

Let G = (V,E) simple graph. The fuzzy graph (V, o) is defined as a mapping o:V — [0,1] and u: E — [0,1] [0, where V' is vertex
set and for all u,v € V, u(u, v) < min(o(u) .An edge (u, v) is called effective if u(u, v) = min(o(u), o(v)) and the fuzzy graph
of effective edge for all his edges is called strong. In this study, we examine the strong fuzzy graph, where every two adjacent vertices
are connected by an effective edge.

Definition 1.1. Let G, = (o, p) be a fuzzy graph. A subset D™t of V(Gy) is called a fuzzy inverse odd neighbor of D¢ dominating

set (FIOD®S) of G if for every vertex v € D™, v is adjacent to odd number of vertices in D™ (or vV — D~1) and it does not belong
to D such that D is MFOD*CS and has the minimum sum of membership values of the vertices for all other FOD®S.

Definition 1.2. A fuzzy inverse odd neighbor of D¢~" dominating set D~ of Gy = (o, p) is called a minimal fuzzy odd neighbor of
D¢~" dominating set if there is no subset of D=1 isa FIOD®S of Gy.

Definition 1.3. A fuzzy inverse odd neighbor of D¢~" dominating set of a fuzzy graph Gy = (o, p) with minimum number of vertices
is called a minimum fuzzy inverse odd neighbor of D¢~ *dominating set (MFIOD®S) of Gy.
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Definition 1.4. A fuzzy inverse odd neighbor of D¢~* domination number of a fuzzy graph Gy = (o, p) is the minimum sum of
membership values of the vertices for all minimum fuzzy inverse odd neighbor of D~* dominating sets and denoted by yf‘oldc (Gg) or

simply Vyrde:

Example 1.5. For the following wheel graph of order 6

Fig. 1. MFIOD®S of W, .

There are five MFIOD®S as follows.

DIt = (v, v,)

D" = (v, 5}

chl = {vs, vs}

Dcll = {vs,v6}

De5" = {v,, ve}

since all sets have the same order equal to 2, then we take the set of minimum sum of membership values of the vertices. So,
Vice (Woy) =0 ) +0@ ).

2. MAIN RESULTS

2.1 Proposition 2.1. If Gy is a strong fuzzy path graph, Y;oldc (Pnf) =

( hasno, ifnisodd
{o(v),0(vy)}, ifn=2

{o(vy) + o(vy), 0(v2) +o(v3)}if n=14

S (0(Warar) + 0(Vs1a0) + 0(01) + 0(v)), = 0 Gmod &
VM (3 (0(vg4a0) + 0(3140)) + T (@)} (-
(ZEL‘ N(0Warai) + 0(Ws1a0) + 0(01)),

S (0(Vgra0) + 0(V3040)) + (V)
if nis even

,if n =2 (mod4)

Proof:
There are cases.

Casel. If n=2, then it is clear there are only two MFIOD™'S, so D; ={v;} and D, = {v,}. Thus, yjpu. (B) =
max{o(v,), 0(v,)}.

Case 2. If n = 4, since the MFIOD*®S are two sets |D;| = |D,| = 2 because every two adjacent vertices is adjacent to one vertex in
D, 50 ¥ipue (Puy) = max{o(v,) + 0(v,), 0(1,) + 0 (v3)}.

Case 3. If n = 6 and even, by proposition there are just two sets as MFOD*S according to modulo n to following cases.
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Subcasel. If n=0mod 4, D, = {V4+4i, Vsyais 1 =0, % - 2} U{v, vy} and D, = {v2+4i’v3+4i;i =0, % - 1} are only
. . . L
MFOD*S. Since |D;| = |D,|, then the MFIOD®S has the maximum values of vertices, so y7ou. (Pry) = max{(X:_, (0 (Varai) +

L
0(Vs44i)) + 0(v1) + 0(0y)), 27, ((0(Vp14:) + 0(V344:)) + 0 (V))}
Subcase2. If n = 2 mod 4, D, = {v4+4i, Vsyais i =0, ..., EJ — 1} U{v,}and D, = {v2+4i, Vgyais 1 =0, ..., EJ — 1} U {v,} are only

L B 21 21
MFODCS and it is clear |D;|=D;|. SO, Voqc (Pnf) = max{(zllilo (0(V44ai) + 0(Vs140)) + 0(V1)), Xf, ((0(V24ai) +

0(V314)) +0())}. O
Proposition 2.2. If G is a strong fuzzy Cycle has V as set of vertices that has order n and D is MFODS, yf_oldc (Cnf) =

( : { i i }
min ’ O\ Viya;) + 0( V44 ;j=1,...,n—1¢ ,
Vj+4iVj+4i+1€V/D =0 ( ( J+4l) ( ]+4l+1)) J
if n =0 (mod4)
has no ,otherwise

Proof:
If n = 0 (nod 4), by proposition there are j number of MFIOD®S as

D; = {vj+4i' Vitaiv L =0, %— 1};j =1,..,n—1. Since D; MFOD*S is the set has minimum of values of vertices, the
MFIOD='"S is complement set of D;. Then D; is also MFIOD™'"S such that j + 4i + 1,j + 4i + 2 (mod n). S0, you. (Cpy) =

n
) —1 .
min 2, @Wjsa) + 0(Wjai41))ij =1, .,m =13 o
Vj+4iVj+4i+1€V/D

Proposition 2.3. If G is a strong fuzzy Complete has V' as set of vertices that has order n and D is MFODS, yﬁ}dc (an) =
( has no , if n=3

min {o(v; i=1,...,n, ifnis even
‘UiEV/D{ ( L)} ) ) ] f

kvi;?eirvlm{a(vi) + a(vj)} i,j=1,..,m;j#1i ,if n# 3and odd
Proof:

There are two cases as follows.
Casel. If nisan even, this graph has n sets represent FOD®S has the same order equal to 1. That means a vertex has the minimum

value (say vy, k=1,..,n) is MFODS, then the MFIOD™''S D '={y}i=1,..,nandi#k. SO, ¥ (Kus) =
min{o(v;),i =1, ..,nand i # k}

Case2. If nis odd, if n = 3, it is clear K5 has no FIOD™1°S .

Other cases n > 5, by same away in casel the set of order two is MFOD®S (say D = {v,v,}). Then the MFIOD™'°S D! =
{vi,vj}; i,j=1,..,nandi,j # k,r.So, yf'oldc (an) = min{o(vi),o(vj), i,j=1,..,nandi#j+k +# r}. O

Proposition 2.4. If Gy is a strong fuzzy Complete has V' as set of vertices that has order n even and D is MFOD°S, yfoldc (an) =

min {{O'(Vj+3i); i=1,.., EJ - 1} ij =2, .",n} ’
such that j + 3i (mod n)
if n=0,1(mod 3)

. n .

- {{a(v]-+3i),l =1,.., H —1hj=2, n} ’
such that j + 3i (mod n)

if n=2(mod 3)
Proof: The wheel graph represents W, = C,_; + K; and v, is center vertex. There are two cases as.
Casel. If n = 0,1 (mod 3), the set D™, = {vj+3i'i =0,.., EJ - 1};]' =2,..,n are FIOD™*“S because each vertex in D
dominates three vertices in V — D~*; and removing any vertex from D~*; makes it not dominating set. So, D%, is MFIOD™‘S and
Vioae (Wny) = min {{G(Vj+3i);i =1,.., EJ - 1};] =2, ...,n} ;j + 3i (mod n).
Case2. If n =2 (mod 3), by the same manner in casel D™'; = {vj+3i,i =0,.., E] - 1};j =2,..,n are MFIOD™'°S. So,

Yidse (Wos) = min {{a(vj+3i);i =1,.., [g] - 1};;’ =2, n} ;j + 3i (mod n). 0

if niseven
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