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1. Introduction

In 1965, L.A. Zadeh introduced the notion of fuzzy subset, [5]. In 1976, K. Is"eki and S. Tanaka studied the notion of BCK-algebra,
[4]. In 1991, O.G. Xi studied the notion of fuzzy BCK-algebra, [6]. Jun studied the notion of cubic set as generalization of fuzzy set
and interval-valued fuzzy set [7]. In 2015, Mustafa and Hameed introduced the idea of SA-algebras. She stated some concepts related
to it such as SA-subalgebra, SA-ideal, fuzzy SA-subalgebra and fuzzy SA-ideal with degree(4, k) of SA-algebra [1].In 2021, A.T.
Hameed and N.J. Raheem introduced the notion of anti-fuzzy SA-subalgebra, anti-fuzzy SA-ideals with degree(4, k)and the notion
of interval-valued fuzzy SA-subalgebra,fuzzy SA-ideals with degree(4, k) [2,3]. The paper aims to introduce the notion of cubic
fuzzy SA-subalgebras of SA-algebra and prove their generalization, Also, we discuss the relation between them and their level cuts.

2. Preliminaries
In this section, we give some elementary aspects in SA-algebra such that we deem it necessary for these papers.

Definition 2.1.[1]. Let (X; +, —,0) be an algebra with two binary operations (+) and (—) and constant (0). X is called a SA-
algebra if it satisfies the following identities: for any x,y,z € X .

(S4)) x—x =0, (S4;) x —0 = x,

(S43) k=) —z=x-(2+y), (SA) (x+y)—(x+2) =y -z

In X we can define a binary relation (<) by : x < y if and only if x+y=0and x—y=0,x,y €X.Andwe will
code it by I'h

Definition 2.2.[1].

Let S be a nonempty set of Th, S is called a SA-subalgebra of Th if x+y € S and x —y € S, whenever x,y € S.

Definition 2.3.[1].

A nonempty subset I of Th is called a SA-ideal of Th if it satisfies: for x,y,z € Ih,
(1) oel,
(2) x+z)eland (y—2z) €l imply (x+y)€El.

Proposition 2.4.[1].

Every SA-ideal of I is a SA-subalgebra of Th and the converse is not true.

Definition 2.5.[5].

Let X be a nonempty set, a fuzzy subset p of X is a mapping u: X — [0,1].
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Definition 2.6.[5].

Forany t €[0,1] and a fuzzy subset p in a nonempty set X, the set

U(wt) = {xeX | u(x) = t}iscalled an upper t-level cut of p, and the set L(p,t) = {xeX |p(x) < t} iscalled a lower t-
level cut of .

Definition 2.7.[8].

A fuzzy subset ¢t of Th is called a fuzzy SA-subalgebra of T if for all x,y € I,

1- u(x +y) = min{u(x), u(y)} and
2- p(x —y) = min{u(x), u(y)}-

Definition 2.8.[1].

A fuzzy subset 4 of Th is called a fuzzy SA-ideal of Th if it satisfies: forall x,y,z € Ih,

o u(0) = u),
o ux+y)=min{u(x+2z),uly —2)}

Proposition 2.9.[1].

Every fuzzy SA-ideal of T is a fuzzy SA-subalgebra of TH.

Proposition 2.10.[1].

1- Let u be a fuzzy subset of Th. If p is a fuzzy SA-subalgebra of Th, for any t € [0,1], p, is a SA-subalgebra of Th.

2- Let u be a fuzzy subset of Th. If for all t € [0,1], p, is a SA-subalgebra of Th, then p is a fuzzy SA-subalgebra of Th.
3-  Letyu beafuzzy ideal of I .If u isa fuzzy SA-ideal of I, then for any t e [0,1], p; is an SA-ideal of Th.

4-  Lety beafuzzy ideal of T . If forall t € [0,1], y; is an SA-ideal of Th , then p is a fuzzy SA-ideal of Th.

Definition 2.11.[1].

Let {;: i € A} be a collection of fuzzy subsets of a set X. Define the fuzzy subset of X (intersection) by: (Niea p) (%) =
inf{y;(x):1 € A}, for all x eX.

Define the fuzzy subset of X (union) by: (Uiea i) (x) = sup{u;(x):i € A}, for all x €X.

Proposition 2.12.[1].

1- The intersection of any set of fuzzy SA-subalgebras of Th is also fuzzy SA-subalgebra.
2-  The union of any set of fuzzy SA-subalgebras of T is also fuzzy SA-subalgebra of Th where is chain (Noetherian).

Definition 2.13.[7].

An interval-valued fuzzy subset 7z,on I is defined as 72, ={<X, [1; (X), 1 (X) 1>| X€ X} . Where z;, (x) < (x), for all
x€ X. Then the ordinary fuzzy subsets 4,: X — [0, 1]7and x: X — [0, 1] are called a lower fuzzy subset and an upper fuzzy

subset of 1 respectively.
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Letz, (x)=[u; (), ()],7,:X— D[0, 1], then A = {<x, 7, (X) > x€ X} .

Proposition 2.14.[3].

Let {4; | ie A} be a family of interval-valued fuzzy SA-ideal of Ih, then N;c, 4; is also an interval-valued fuzzy SA-ideal of
Ih.

Definition 2.15.[3].

An interval-valued fuzzy subset A = [, , 4 ] in Th is called an interval-valued fuzzy SA-subalgebra of It if for all
x,yeIh

1- fiy (x+y) = rmin{fi, (X), fia (V)},
2- iy (x-y) = rmin{ii, (X), fia (V)}-

Definition 2.16.[3].

An interval-valued fuzzy subset A ={<Xx, fiy (X) >[x€ Ib } =[x, , x4 ] of Ihis called an interval-valued fuzzy SA-ideal (i-
v fuzzy ideal, in short) if it satisfies the following conditions, forall x,y,z € Ib,

o 1,00 = iy (X)),
o [fa(xty) = rmind{i, (x + 2), fix (Y-2)}

Definition 2.17.[2].

A fuzzy subset u of Th is called an anti-fuzzy SA-subalgebra of T if for all x,y € Ih,

e ulx+y)< max{u@),uO)}
o px-y) < max{p)p®)}.

Proposition 2.18.[2].

Let u be an anti-fuzzy subset of Th :

1- If u is an anti-fuzzy SA-subalgebra of Th, then it satisfies for any te[0, 1], L(u, t) = @ implies L(u,t) is a SA-subalgebra of
Ib.

2- If L(u, t) is a SA-subalgebra of Th, for all te[0, 1], L(u,t) #= @ , then u is an anti-fuzzy SA-subalgebra of Th .

Proposition 2.19.[2].

1- The union of any set of anti-fuzzy SA-subalgebras of TH is also anti-fuzzy SA-subalgebra.

2-  The intersection of any set of anti-fuzzy SA-subalgebras of Th is also anti-fuzzy SA-subalgebra of Th where is chain
(Artinian).

Proposition 2.20.[3].
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Let A be an interval-valued fuzzy subset of Th. If the nonempty set T (A;[81,82]):={ xe Tk |, (X) > [61,52]} is an SA-
subalgebra of Th, for all [31, 82]€ D[0, 1] , then A is an interval-valued fuzzy SA-subalgebra of Th.

Proposition 2.21.[8].

Let A be an interval-valued fuzzy subset of I and A is an interval-valued fuzzy SA-subalgebra of T'h, then the nonempty set
U (A;[81,82]) is SA-subalgebra of Th, for all [81, 82]€ DO, 1].

Proposition 2.22.[3].

An interval-valued fuzzy subset A =[x, , /1; ] of I is an interval-valued fuzzy SA-subalgebra of Iy if and only if x;, and
1 are fuzzy SA-subalgebras of Ih.

Proposition 2.23.[3].

Let (X; +,—, 0) be an SA-algebraand A be an interval-valued fuzzy subset of X. If the nonempty set T (A;[81,8,]):={ xe X
|fia (X) > [61,62]} is an SA-ideal of X, for all [31, 82]€ DO, 1] , then A is an interval-valued fuzzy SA-ideal of X.

Definition 2.24.[2].

A fuzzy subset u of Th is called an anti-fuzzy SA-ideal of Th if it satisfies the following conditions, for all x,y € Ib,

e u(O) =uM,
e u(x+y) smax{u(x+2),uly —2)}.

Proposition 2.25.[3].

Let A= [z, , ) ]beinterval-valued fuzzy subset of Ih, x; and w7} are fuzzy SA-ideals of Ih if and only if A is an interval-
valued fuzzy SA-ideal of Th.

Proposition 2.26.[2].

Let 4 be an anti-fuzzy subset of Th
1- If u isan anti-fuzzy SA-ideal of Th, then it satisfies for any te[0, 1], L(u,t) # @ implies L(y, t) is a SA- ideal of Th,.
2- If L(u,t) isa SA- ideal of Th, for all te[0, 1], L(u,t) # @ , then u isan anti-fuzzy SA-ideal of Th.

Proposition 2.27.[2].

1- The union of any set of anti-fuzzy SA-ideals of ITh is also anti-fuzzy SA-ideal.
2-  The intersection of any set of anti-fuzzy SA-subalgebras of Th is also anti-fuzzy SA-ideal of T where is chain (Artinian).

Definition 2.27.[2].

Let f: (X; +,—,0) » (Y;+',—',0")be a mapping nonempty SA-algebras X and Y respectively. If u is anti-fuzzy subset of
X, then the anti-fuzzy subset 8 of Y defined by:
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Fu©) = {ilnf (HE):x €f 0N} if FO) =X EXFQR) =y} #0

otherwise

is said to be the image of u under f.

Similarly if B is anti-fuzzy subset of , then the fuzzy subset u = (B8 ° f) of X (i.e the anti-fuzzy subset defined by
u(x) = B (f (x)), forall

x € X) is called the pre-image of B under f .

Theorem 2.29.[2].

A homomorphism pre-image of anti-fuzzy SA-subalgebra is also anti- fuzzy SA-subalgebra.

Definition 2.30.[2].

An anti fuzzy subset u of Th has inf proporty if for any subset Tof Th,there exist t, € T such that u (t,) = infier € u (t). And it
has sup proporty if for any subset Tof I'h,there exist t, € T such that u (t,) = sup.er € u (t).

Theorem 2.31.[2].

Let : (X;+,—,0) - (Y;+',—',0") be an epimorphism between SA-algebras X and Y respectively and f has inf proporety. For
every p is anti-fuzzy SA-subalgebra of X, then f (1) is an anti-fuzzy SA-subalgebra of Y.

Theorem 2.32.[2].

A homomorphism pre-image of anti-fuzzy SA-ideal is also anti- fuzzy SA-ideal.

Theorem 2.33.[2].

Let : (X;+,—,0) - (Y;+',—',0") be an epimorphism between SA-algebras X and Y respectively and f has inf proporety. For
every u is anti-fuzzy SA-ideal of X, then f (i) is an anti-fuzzy SA-idealof Y.

Proposition 2.34.[2].

For agiven fuzzy subset 8 of Ih. Let Rg be the fuzzy relation on I'h.If § is anti fuzzy SA-ideal of XX X ,then Rg(x,x) =
R,;(0,0)Vx €EX.

Theorem 2.35.[3].

Let : (X;+,—,0) - (Y;+',—',0") be an homomorphism between SA-algebras X and Y. If B is an interval-valued fuzzy SA-
subalgebra of Y, then pre-image f~*(B ) is an interval-valued fuzzy SA-subalgebra of X.

Theorem 2.36.[3].

Let : (X;+,—,0) - (Y;+',—',0") be an homomorphism between SA-algebras X and Y. If A is an interval-valued fuzzy SA-
subalgebra of X with sup property, then f(B ) is an interval-valued fuzzy SA-subalgebra of Y.

Theorem 2.37.[3].

Let : (X;+,—,0) = (Y;+',—',0") be an homomorphism between SA-algebras X and Y. If B is an interval-valued fuzzy SA-ideal
of Y, then pre-image f~(B ) is an interval-valued fuzzy SA-ideal of X.
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Theorem 2.38.[3].

Let : (X;+,—,0) - (Y;+',—',0") be an homomorphism between SA-algebras X and Y. If A is an interval-valued fuzzy SA-ideal
of X with sup property, then f(B ) is an interval-valued fuzzy SA-idealof Y.

Remark 2.39.[7].

An interval numberis @ = [a~,a*], where 0 <a < a*<1. Let | be a closed unit interval, (i.e., I = [0, 1]).

Let D[O, 1] denote the family of all closed subintervals of 1 =0, 1], thatis, D[0,1] ={d =[a",a*]|a <a™*,fora™,a*e
1}

Now, we define what is known as refined minimum (briefly, rmin) of two element in D[0,1].

Definition 2.40.[7].

We also define the symbols () , (<), (=) ,"rmin " and "rmax " in case of two elements in D[O0, 1]. Consider two interval
numbers (elements numbers )

d=[a",a*] ,b=[b7,b*]inD[0, 1] : Then

(1)a=b ifandonlyif, a=>b~ and a*>b*, (2) @< b ifandonly if, a <b~ and a*<b*,
(3)@=b ifandonlyif, a~=b~ and a*=b*, (4) rmin {&@, b}=[min {a~, b~} min {a*, b*}],
(5) rmax {@, b}=[max {a~,b"}, max {a*,b*}],

Remark 2.41.[7].

It is obvious that (D[0, 1], <, V, A ) is a complete lattice with 0 = [0, 0] as its least element and 1 = [1, 1] as its greatest

element. Let @, €D[0, 1] where i EA. We define 7 inficad= [r infieana™ , 7 infiepat], v supiead=[r supjepa™ , v sup;epat].

Definition 2.42.[7].

Let (X ; +,—, 0) be a nonempty set. A cubic set 2 inastructure 2 = {<X, g (X),Aq (X)>| X€ X }, which is briefly denoted by 2
=<{in , Ao>, Where i, : X — D[0, 1], fi is an interval-valued fuzzy subset of X and A1q: X — [0, 1], Ao is a fuzzy subset of X.

Definition 2.43.[7].

For a family Q; = {(x, fio;(x))|x € X} on fuzzy subsets of X, where ie A and A is index set, we define the join (\V/)and meet (A)
operations as follows:

Viea Qi = (Viea o) () = sup{figi(x)|i € A},

Niea Qi = (Niea fla) X) = inf{figiX)|i € A},
Definition 2.44.[7].
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Let : (X;+,—,0) - (Y;+',—',0") be a mapping from the SA-algebra X to SA-algebra Y. If A is an interval-valued fuzzy
subset of X, then the subset B is an interval-valued fuzzy subset of Y defined by:

e
f(ﬁAxy)={xerf-’i’3y)“f4(")lff 0) = X EXf() =y} *

0 otherwise

(i.e., the cubic subset defined by i, (X) = {4 (f (X)), for all x €X), is said to be the image of 2 under f. Then the inverse image
of B, denoted by f~* (B), is an interval-valued fuzzy subset of X with the membership function given by pt;-1 4 (X) =iz (f (X)),
forall x € X), is called the preimage of § under f.

3. Cubic Bipolar SA-subalgebras of SA-algebra

In this section, we will introduce a new notion called cubic fuzzy SA-subalgebra of SA-algebra and study several properties of
it.

Definition 3.1.

A cubic fuzzy subset Q =< fig (x),Aq(x) > of I is called cubic fuzzy SA-subalgebra of Ih if, for all x,y € Ib:
1- fig (x +y) » rmin{fly (x), g (»)} and

Ao(x+y) < max{1o(x), Ao(y)}
2- fig (x —y) 7 rmin{fip (x),fla (M} and A, (x —y) < max{Ao(x), 1o(¥)}-

Example 3.2.
LetITh = {0, 1, 2, 3} define by the following table:

+ 0 1 2 3 — 0 1 2 8
0 0 1 2 3 0 0 3 2 1
1 1 2 3 0 1 1 0 3 2
2 2 3 0 1 2 2 1 0 3
3 3 0 1 2 3 3 2 1 0
Define a cubic fuzzy subset 2 =< i, , 4, > of Ih of fuzzy subset u: Th— [0,1] by: fo(X) =

02 ifx=1{02}

[0.3,09] ifx ={02}and A,= {03 i

[0.1,0.6] otherwise
The cubic fuzzy subset 2 =< iy ,1, > isacubic fuzzy SA-subalgebra of Ih.

Proposition 3.3.

Let 2 =< fig ,4, > be acubic fuzzy SA-subalgebra of TH then
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fig (0) = fig () and A, (0) <A, (x), forall x € Th .

Proof.

For all x € I, we have

fia (0) = fig (0 *x) > rmin{fg ((0*x)*0), Ax(x)}

rmin {[1, ((0 * x) * 0), 1, (x)], [1£; ((0 * x) * 0), 13 ()]}

= rmin {[££,(0), 14, ()], [1£;(0), 1; ()]}
= (1 (0, ()] = fia (®) -
Similarly, we can show that 42 (0) < max {12 (0), Ao ()1} = 10 (x) .0

Proposition 3.4.

If a cubic fuzzy subset 2 =< i, ,Aq > of SA-algebra (X; +,—,0) is a cubic fuzzy SA-subalgebra, then 2(x +y) =
2+ ((y+0)+0)), forallx,y € X.

Proof.

Let X be an SA-algebra and x,y € X, then we know that y = (y + 0) + 0. Hence,
fia(x+ y)=fipx+ (¥ + 0) + 0)) and Ao(x + y)=2o(x+ ((y + 0) + 0)). Therefore
Qx+y)= Qx+ ((y+0)+0)). 0

Definition 3.5.
Let Q; =< fig; ,Aq; > be a cubic fuzzy subset of a SA-algebra (X; 4+, —,0) where i € A such that fig; are a fuzzy SA-subalgebras
of X and Aq; are anti-fuzzy SA-subalgebras of X, for any x € X, then
1-The R-intersection of any set of cubic fuzzy subset of X is (N fig;) (x) = inf (fg;)(x) and (V Ag;) (X) = sup (Ag;) (X).

2-The P-intersection of any set of cubic fuzzy subset of X is (N fig;)(x) = inf (fig;)(x) and (A Ag;) (x) = inf (Ag;)(X).
3-The R-union of any set of cubic fuzzy subset of X is (U fig;)(x) = sup(fig;) (x) and (A Ag;)(X) = inf (A1q;) (%).
4-The P-union of any set of cubic fuzzy subset of X is (U fig;)(x) = sup(fig;) (x) and (V Ag;) (X) = sup (Ag;) (%).

Proposition 3.6.
The R-intersection of any set of cubic fuzzy SA-subalgebra of (X; 4+, —,0) is also cubic fuzzy SA-subalgebra of X.
Proof.
Let 2; =< {fig; ,Aq; > Wherei € A, be aset of cubic fuzzy SA-subalgebra of X and x,y € X, then
(N o) (x +y) = inf (Ao)(x +y)
7 inf {rmin{(fiq;) (%), (Fai) )3}
= r min{inf (fiq;(x)), inf (fai ()}
= rmin{(N f;) (x), (N flai)(y)} and

Summarily, (N fg;) (x —y) = rmin{(N do;) (x), (N fa) )}
Hence (N fig;) is a fuzzy y-subalgebra of X.

(VAq)(x +y) = sup (o) (x + )
< sup{max{(10;) (x), (o) ()1}
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= max{sup (Aq;(x)).sup (Aq;(y))}
= max{(V Aq;) (%), (V Aa) ()}

Summarily, (V Aq;) (x —y) < max{(V ;) (x), (V Aq:) ()}

Hence (V Aq;) is anti-fuzzy SA-subalgebra of X.
Hence, R-intersection of ; =< fig; , Aq; > is a cubic fuzzy SA-subalgebra of X. o
Remark 3.7.
The P-intresection of any sets of cubic fuzzy SA-subalgebra need not be a cubic fuzzy SA-subalgebra, for example:

Example 3.8.
Let X = {0, a, b, c, d} be a set with the following table:

Q0 |T | (OO
O|T | | Ol

o0 |T | (OO
o|Q|O|0o(o|T

O|T|v (v |Ol

| O|IQ|(o|T|(T
T|lo|Oo|ajo|o
o0 |T(v|Of!
O T|IT|(O|O|D
[eNlellello]ie]le]

OO0 |T| O+
o|la|o|T|o |

Then (X; +,—,0) is an SA-algebra. It is easy to show that I ={0, c} and ] ={0, d} are SA-subalgebras of X .We defined two
cubicset Q; = {(x, fig; (%), 401 (X)) |x € X}and Q, = {(x, g, (%), gz (x)) | x € X}of X by :-
[0.5,0.8] , if xe{0,c}, 0.2, if xe{0,c},
fo1(x) ={[0.4,0.7], if x€{ab}, A0,(X) :[0.6, if x € {a,b},
[0.3,0.8], otherwise 0.4, otherwise

. ([04,0.9], ifx € {0, ), _{0.1, ifx € {0,d},
Faz(x) _{[0.3,0.7], otherwise. and - Ag(x) = 0.4, otherwise.

Then Q, and Q, are cubic fuzzy SA-subalgebra of X , but P-intersection of Q, N Q, are not cubic fuzzy SA-subalgebras of X .
Since
(figy N figy)(c — d) = min{[0.4,0.7],[0.3,0.5]} = [0.3,0.5] &
[0.3,0.7] = min{(fg N fgz)(c), (fig: N fg,)(d)} = min{min{[0.5,0.8],[0.3,0.7]}, min{[0.3,0.8],[0.4,0.9]}} =
min{[0.3,0.7],[0.3,0.8]}
and (Ag; V Agz)(c — d) = max{0.6,0.4} = 0.6 £ 0.4 = max{(Ag; V 1q2)(c), (Ao V An,)(d)}
= max{max{0.2,0.4}, max{0.4,0.1}}
Proposition 3.9.

Let 2, =< {fig; ,Aq; > Wherei € A, be aset of cubic fuzzy SA-subalgebra of SA-algebra (X; +, —,0), wherei € A,
inf{max{dq;(x), Aa0;(¥)}} = max{inf 1q;(x),inf 1q;(y)}, for all x € X, then the P-intresection of ; is also a cubic fuzzy SA-
subalgebra of X.

Proof.
Let 0; =< fig; ,Aq; > Wherei € A, be a set of cubic fuzzy SA-subalgebra of X and x,y € X, then
(N o) (x +y) = inf (Ao)x +y)
7 inf {rmin{(fiq;) (x), (Fa) )3}
rmin{inf (fg;(x)), inf (fla;i(¥))}
rmin{(N ;) (%), (NN fig;))(y)} and

Summarily, (N o) (x —y) = rmin{(N fg;) (x), (N o) (V)}.

Hence (N fig;) is a fuzzy SA-subalgebra of X.
A o)(x+y) = inf (Ao (x+y)

< inf{max{(1o;) (%), (1a) )1}

= max{inf (Aq;(x)),inf (Aq; (y))}

= max{(A Aq;) (%), (A Aq)) ()}

www.ijeais.org/ijeais
43



International Journal of Engineering and Information Systems (IJEAIS)
ISSN: 2643-640X
Vol. 8 Issue 8 August - 2024, Pages: 35-67

Similarly, (A Adq) (x —y) < max{(A Aq;) (x), (A A0) ()}

Hence (A Aq;) s anti-fuzzy SA-subalgebra of X.
Hence, P-intersection of Q; is a cubic fuzzy SA-subalgebra of X. o

Proposition 3.10.

Let 2; =< fig; ,Aq; > Wherei € A, be aset of cubic fuzzy SA-subalgebra of SA-algebra (X; +, —,0), where i € A,
sup{rmin{fio;(x), foi(¥)}} = rmin{sup iy (x), sup dq(y)}, for all x € X, then the P-union of (; is also a cubic fuzzy SA-
subalgebra of X.

Proof.
Let 0; =< fig; ,Aq; > Wherei € A, be aset of cubic fuzzy SA-subalgebra of X and x,y € X, then
(U flg)x +y) = sup (Fa)(x +y)
7 sup {rmin{(fia;) (), (Aa)) (V)}}
= rmin{sup (flai (x)), sup (i (¥))}
= rmin{(V ;) (%), (U fig;))(y)} and

Summarily, (U fg;) (x —y) # rmin{(U fg;) (x), (U f) ()}

Hence (N fig;) is a fuzzy SA-subalgebra of X.
(V) (x +y) = sup (Ag)(x +y)
< sup{max{(1a;) (X), (Ao) (¥)}}
max{sup (Ao;)(x),sup (1o;) ()}
= max{(V 1)) (x), (V 2q) ()}

A

Summarily, (Vo) (x =) < max{(V do;) (x), (V 2a:) ()}
Hence (V Aq;) is anti-fuzzy SA-subalgebra of X.

Hence, P-union of (; is a cubic fuzzy SA-subalgebra of X. o
Remark 3.11.
The R-union of any sets of cubic fuzzy SA -subalgebra need not be a cubic fuzzy SA -subalgebra, for example:

Example 3.12.
Let X = {0, 1, 2, 3, 4} be a set with the following table:

Rloldlw|NN
N[ |lo|hlw|w
ANV o|lo|-
Mo|lo|lo|lo|w
ok |rkirkrlol~

A O|O|IOIN

AIWINFRL|O|O

WIN PO~

Alw(N|R|o|+
Alw vk |o|lo
olb|lw|N|k|-
AlwN|k|of:

Then (X; +,—,0) is an SA-algebra. It is easy to show that I ={0, 3} and ] ={0, 4} are SA-subalgebras of X .
We defined two cubic set Q; = {(x, g1 (), 201 (x)) |x € X}and Q, = {(x, fg, (x), gz (¥)) | x € X} of X by :-
[0.5,0.8] , if x€{0,c}, 0.2, if x€{0,c},
fg1(x) ={[0.4,0.7], if xe€{ab}, Ag:(x) ={0.6, if x € {a,b},
[0.3,0.8], otherwise 0.4, otherwise

. ([0-409], ifx € {0,d}, _{0.1, ifx € {0,d},
fiaz(x) _{[0.3,0.7], otherwise, 210 Aaz(X) = 0.4, otherwise.
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Then ©, and Q, are cubic fuzzy SA-subalgebra of X , but P-intersection of Q, N Q, are not cubic fuzzy SA-subalgebras of X .
Since
(fiq1 N figz)(c — d) = min{[0.4,0.7],0.3,0.5]} = [0.3,0.5] £ [0.3,0.7] = min{(fg; N Za2)(c), (Fa1 N fg2)(d)} =
min{min{[0.5,0.8],[0.3,0.7]}, min{[0.3,0.8], [0.4,0.9]}} = min{[0.3,0.7],[0.3,0.8]} and
Qa1 V Aaz)(c — d) = max{0.6,0.4} = 0.6 £ 0.4 = max{(1a; V 1a2)(c), (A1 V An3)(d)} = max{max{0.2,0.4}, max{0.4,0.1}}.

Proposition 3.13.

LetQ; =< fig; ,Aq; > Wherei € A, be aset of cubic fuzzy SA-subalgebra of SA-algebra (X; +, —,0), wherei € A,
sup{min{fin;(x), fai(y¥)}} = min{sup fai(x), sup fiai(y)} and inf{max{dq;(x), 4o; ¥)}} = max{inf do;(x), inf 1a;(¥)},
for all x € X, then the R-union of (; is also a cubic fuzzy SA-subalgebra of X.

Proof.
Let 2; =< fig; ,Aq; > Wherei € A, be aset of cubic fuzzy SA-subalgebra of X and x,y € X, then
(U flg) X +y) = sup (fg)(x +y)
7 sup {rmin{(fia;) (), (Aa) (V)}}
= r min{sup (flg; (x)), sup (i (¥))}
= rmin{(V fIoi) (%), (U Ag))(y)} and

Similarly, (U fig;) (x —y) = rmin{(N fg;) (x), (N o) (¥)}.
Hence (U fig;) is a fuzzy SA-subalgebra of X.
(A o) (x +y) = inf (Ag) (x + y)
< inf{max{(1n;) (), (1a) )}
= max{inf (1q;)(x),inf (o) ()}
= max{(A Aq;) (%), (A ) ()}

Similarly, (A Aq;) (x —y) < max{(A Aq;) (x), (A o) (¥)}

Hence (A Aq;) is anti-fuzzy SA-subalgebra of X.
Hence, R-union of Q; is a cubic fuzzy SA-subalgebra of X. o

Definition 3.14.

Let (X ;+,—,0) be an SA-algebra. A cubic fuzzy subset 2 =<{fi, , 1> of X , for all € D[0, 1] and s € [0, 1], the set
U ;£ s)={ xe X | i (X)=E, 2o(x) <s} is an level set of X.

Proposition 3.15.

Let (X ; +,—,0) be an SA-algebra. A cubic fuzzy subset 2 =<ji, , 1o> of X. If Q is a cubic fuzzy SA-subalgebra of X, then for
all € D[0, 1] and s € [0, 1], the set U (£2;£,5s) isan SA-subalgebra of X .

Proof.
Assume that 2 =<{fi, , Aq>is a cubic fuzzy SA-subalgebra of X and let £e D[0, 1] and
s € [0, 1], be such that U (2; £, s)#@, and let x ,y € X such that

x,y €U (;5), then fig (X) = fi (Y)=E and A (X) <s, A (y) <s. Since £ is a cubic fuzzy SA-subalgebra of X, we get

Ao(x+y) = rmin{ fig (X).fa (Y)} ZEand g (x+y) < max {Ag (X).Aq ()} <s.
Similarly, fo(x—y) > rmin{ fig (X).fa ()} £ and Ag (x-y) < max {Ag (X).Aq (¥)} <s.
Hence the set U (2; £, s)is an SA-subalgebra of X. o

Proposition 3.16.
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Let (X ; +,—,0) be an SA-algebra. A cubic fuzzy subset 2 =<fi , 1o> of . If forall e D[0, 1] and s € [0, 1], the set
U (0;E,s) isan SA-subalgebra of X, then 2 is a cubic fuzzy SA-subalgebra of X.

Proof.

Suppose that U (2; £, s)is an SA-subalgebra of X and let x,y € X be such that

fig (x+y)<rmin {fig (X).Aq (¥)}, and Aq (x+y)> max {4q (X).Aq (¥)}-

_~

Consider  [3 = 1/2 { i1 (x+y) +rmin{ii, (X), i ()} } and

B=1/2 { Ao (x+y) +max{dq (X), 1o (¥)}}.

We have ,g € D[0, 1] and B€ [0, 1], and fi, (X+Y) < ,E < rmin {{i, (X),fdo (Y) }
and Aq (x+y) >B> max {1, (X),Ao (Y) }

It follows that x,y € U (2;£,s), and (x+y) ¢ U (22; £, s). This is a contradiction.
Hence dio(x-+y) > rmin{ flg (<)ia ()} > and 1q (x+y) < max {iq ()2a ()} <.
Similarly, fio(x—y) = rmin{ fiq (X),dq (¥)} =t and g (X-y) < max {1q (X),Aq (¥)} <s.

Therefore 2 =<fi , Ao> is a cubic fuzzy SA-subalgebra of X. o

Definition 3.17.

Let 2 =<fi, , 1> be a cubic set of X. For [t1, t2]€D[0,1]and s €[0,1],the set U (i, |[t1,t2])={XEX| fo(X) = [t1,t2]}is called
upper[ty,to]-Level of Q and L(Aq[t)={XEX|A,(x)<t}is called Lower t-Level of Q.

And Q(E, $)=Q([t1,t2], 5) = U(fi, |[tr,t2])N L(Agls)
=0 (2;,5) = {x €X| fio(x) = [t1,t;] and An(x) < s}.
Theorem 3.18.

Cubic fuzzy subset 2 =<fiq, , 15> is a cubic fuzzy SA-subalgebra of SA-algebra X if and only if, p~, and p*, are fuzzy SA-
subalgebras of X and A is anti-fuzzy SA-subalgebra of X.

Proof.
Assume that Q is a cubic fuzzy SA-subalgebra of X, forany x,y € X,
W &+ y)n' o K+ ]Fa +y) = min{ig (x).00 ()}

=rmin{[u", (), 0¥, (] [0 O 1" M1}
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= [min{u~, (%), 0™ (X)), min{u*, (v), u*, (M.

Thus p= (x+y)=min{p~ (X, 17, (Ohp*, x+y)=min{ u*, (), 1", (x)}and
Ao (x +y )= max{Ag(x). A0 ()} ,
Similarly,u~, (x —y) = min {u~, (%), 0" O}1", (x—y)=min{ p*, (X),n*, (0} and

Ag (x — y )< max{Ag(x),Aq(y)} .Therefore u=, and u*,, are fuzzy SA-subalgebras of X and A, are anti-fuzzy SA-subalgebra of
X.

Conversely, let p~, and p*, are fuzzy SA-subalgebras of X and A, are anti-fuzzy SA-subalgebra of X and x,y € X, then
W o (x+y)2min{u” o (x).u47 ()R (x +y)= min{u*, (x),u*, (¥)} and
Ao(x +y) <max{lg (x),q ()}
Now, fin(x +y) =1 ox+y), u¥ o(x +y)]
> [min{p™ o (x).1™ (N} min{p® o (x).1u" (1)}
= min{[n" (), ' GL [0 O, 17 W1}
=rmin{fig (x),fio (Y)}, therefore
Fo(x=y) = rmin{ fig (X).4q (¥)} ZEand Aq (X-y) < max {1q (X).A4q (¥)} <s.
Similarly, fio(x=y) = rmin{ fig (X).fq (¥)} and 2q (x-y) < max {1q (x).4q (V)}-
Hence Q is a cubic fuzzy SA-subalgebra of X. o

Theorem 3.19.

o . . o (lag, asl, ifxeB
Let B a nonempty subset of X and 2 =<fi, , Ao> be a cubic set of X defined by ‘U_Q(X)—{['B]J ], otherwise an
(v, ifxeB
VQ(X)_{S, otherwise

for all [a;, a,], [B1, B-] € D[0,1]and y, § € [0,1]with[ay, a,] = [B1, B,] andy < 6.

Then Q is a cubic fuzzy SA-subalgebra of X if and only if, B is an SA-subalgebra of X.
Proof.

Let O be a cubic fuzzy SA-subalgebra of X and x, yeB, then
Ao(x+y) = rmin{io(X), Ao(y)}= rmin{[a,, ], [a, a;1}=[ay, @,] and
Ao(x+y)smax{Ao(X). Aa(Y)}={y. v}=y.
So x+y € B. Summarily,

fo(x=y) > rmin{ fig (X).Aa () }=[a1, @] and g (x-y) < max {1y (X).Ae ()} =
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Hence B is an SA-subalgebra of X.

Conversely, suppose that B is SA-subalgebra of X and let x ,y € X. Consider three cases.

Casel Ifx,y €B then x+y €B, thus fo(x+y)=[a, a,]=rmin{{i,(X),i(y)} and
Ao(x+y)=y=max{dn(X).Ao(y)}=max{y, y}.

Case2 If xeB and y¢B , thus fio(x+y) = [B1, B2] =rmin{io(X),i(y)} and
Ao(x+y)< & =max{An(x).Ao(Y)}-

Case 3 if x¢B or ygB, then [ (x+y)= [B1, B2] =rmin{io(X),do(y)} and
Ao(x+y)< & =max{An(x).Ao(Y)}-
Similarly, fo(x=y) > rmin{ fig (X).4q (¥)} and 2q (x-y) < max {4q (X).Aa (¥)}-

Hence, Q is cubic fuzzy SA-subalgebra of X. o

Theorem 3.20.

If a cubic set 2 =<fiy , Ao> is a cubic subalgebra of X, then the upper
[s1,52]-Level and Lower t-Level of Q are subalgebras of X.

Proof.

Let X,y € U(fi |[S1,52]), then (X) = [S1,52] and fo(y) = [S1,52]- It follows that
fio(x+y) = rmin{fin(X), do(Y)} = [sus2], so that x+y € U(fg [[s1.52]).
Similarly, x-y € U(fi |[$1,52]).

Hence U(i |[s1,52]) is SA-subalgebra of X.

Let X, y € L(Aqt), then A5(x) <t and A,(y) <t. It follows that
Ao(X+y) < max{A,(X), Ao(y)}< t, so that x+Yy € L(Aq|t) .
Similarly, x-y € L(Aq|t)

Hence L(Ag|t) is SA-subalgebra of X. o

Corollary 3.21.

Let 2 =<, , o> be a cubic fuzzy SA-subalgebra of X, then
Q([s1,82];t) = U(fiz [[s1,521)N L(Aq 1)
={XeX|fo(X)=[51,52], Aa(x)<t } is a cubic fuzzy SA-subalgebra of X

The following example shows that the converse of Corollary (3.21) is not valid

Example 3.22.
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Let X ={0,a,b,c,d} be SA-algebra in example (3.8) and cubic set Q=({in,A,) of X by

[0.6,08], ifx=0, 0.1, ifx=0,
Ao(x)=410.50.6], ifx €{a,b,c}, and v,(x)=40.3, ifx €{ab,d},
[0.3,0.4], ifxe{d}, 0.8, ifx € {c},

We take [s1,52]=[0.41,0.48] and t=0.4, then

Q([s1,52];t)=U (e, [[S1,52])N LAq ) ={XEX|Eo(X) = [S1,52] Ao(x)<t}

={0, a, b, c}n{0, a, b, d}={0, a, b} is SA-subalgebra of X, but 2 =<, , o> is not a cubic fuzzy SA-subalgebra since fi,,
(cxb)Ermin{fin(c), An(b)} and - Ap (cxd) £ max{A,(c), An(b)}.

Theorem 3.23.

Let 2 =<{i, , A\o> be a cubic fuzzy subset of X such that the sets U(ii; |[s1,52]) and L(vq|t) are SA-subalgebras of X, for every
[s1,52]€D[0,1]and t €[0,1], then Q2 =<fq , Ao> is acubic fuzzy SA-subalgebra of X.

Proof.
Let U(fi, |[s1,52])and L(vq|t) are SA-subalgebras of X, for every [s1,52]€D[0,1]
and t €[0,1] on the contrary, let x,y, € X be such that
Ao(xe +¥o) < rmin{fo(Xo ), Fa(Yo)}-
Let fin(xo) =[01,62] and [n(yo) =[0s,04] and fin(xe + yo)=[s1,52]-
Then [s1,52] < rmin{[61,02],[03,04]}=[min{61,03},min{6,,64}].
So, s1< min{01,03 }and s;< min{62,04}. Let us consider,
[p1.p2] = Slin(xe + Yo)+ Mmin{fin(xo), fia(yo)}]
=%[[sl, s,] + [min{@,, 6:3, min{6,, 6,}]]
=3 (s, + min{6;, 6:)) 5 (s, + min{6, 6,})|.
Therefore, min{6;, 65}>p1=> (s + min{6}, 6;})>s;and
Min{6,, 6,3>p2=> (s + min{6,, 6,3)>s,.

Hence [min{0,, 05}, min{0,, 0,}] >[p1.p2] > [s1,5,], SO that (xo + y,) & U(f, |[s1,52]) which is a contradiction, since
Aa(x0)=[61, 6,] > [min{6;, 65}, min{6,, 6,3] > [p1.p2] and [o(yo)=[6s, 6,] > [Min{6;, 65}, min{6,, 6,}] > [p1.p2] thisimplies

(X +¥0) € Ui |[s1.82]). Thus fn(x+y) > rmin{fin(x).fia(y)}, forall x,y € X.
Again, Let x,y, € Xsuch that Aq (X + yo)> max{Aq(Xo), A (Vo )}-

Let Aa(X0)=n1, Aq(Yo)=m2 and Aq(x, + yo) = t, then t > max{na,n2}.
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Let us consider, ti;= 32[?\9 (X + ¥o)*+ maxfAo (Xg ), Aq(¥o )3
1
We get that t;= (¢ + max{n,,n,}), therefore,
ty== t and mo<t;=- t, h
mi<t=> (t+ max{nl,nz})< and ma<ti= - (t+ max{nl,nz})< , hence,

max{n,,n, }J<ti<t =A5(xy * yo).

So that x, + yo & L(Aq|t) which is a contradiction, since Aq(xo) = n1< max{n,,n,}<t and Aq(y,)=n, < max{n,,n,}<t,, this
implies x, * yq € L(Aq|t) this implies

Ao(X+y)< max{Aq(X), Aa(Y)}, forall x,y € X.
Therefore, o (X+y) = rmin{ fq (X),dq (Y)} and 1q (x+y) <max {1q (X),4q (V)}-
Similarly, fig(x=y) > rmin{ fig (x).fia (¥)} and Aq (x-y) < max {1q ()40 (¥)}-
Hence, 2 =<fi, , 1> is a cubic fuzzy SA-subalgebra of X.a
Theorem 3.24.

Any SA-subalgebra of SA-algebra(X ; +, —, 0) can be realized as both the upper [s1,52]-Level and Lower t-Level of some cubic
SA-subalgebra of X.

Proof.
Let P be a cubic fuzzy SA-subalgebra of X and Q be cubic fuzzy subset on X defined by
Let P be a cubic fuzzy SA-subalgebra of X and Q be cubic fuzzy subset on X defined by

ifxe P

N (2 ifxe P
”Q(X)_{ othrwise

[00], otherwise ™ VQ(X)z{f.'
For all[a,, a,] € D[0,1]andB € [0,1], we consider the following cases

Case 1) Ifx yeP, then fig(x)=[ay, a;], A0 (X)=B and fig(y)=[ay, a;]. Aa(y)=B.
Thus, fig(x+y )=[ay, az]=rmin{[ay, a,], [a, az ]}=rmin{fiq(x),ia(y)} and

Ao (x+y) =B=max[By, B,]=max{Aq(x), Aa(Y)}-

Case 2) If x € Pand y¢ P then fi(X )=[ay, ], Aq(X)=P and fin(y)=[0,0],Aq(y)=1.
Thus fig(x+y )=[0,0] > rmin{[a, a,], [0,0]}=rmin{fin(X).fia(y)} and

Ao (x+y) <1 =max[B, 1] = max{Ao(X), Aa(y)}-

Case 3) If x¢ P and ye P, thenfig(x ) = [0,0], Ag(x)=1and fin(y)=[ay, a,].Aq(Y)=B

ThUS,rlQ(X‘l'y )=[010] z rmin{[0,0], [al' az]}z rmin{ﬁQ(X)iﬁQ(y)} and

Ao(x+y) <1 =max([1, B]=max{Aq(X), Ao (¥)}-
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Cased) Ifxg P,y & P andy, thenfig(x) = [0,0], Ap(x)=1and fin(y)=[0,0] Ao (y)= 1
Now, fig(x+y )=[0,0]=rmin{[0,0], [0,0]}=rmin{fiq(x).fia(y)}and Aq(x+y) <1 =max[1,1]=max{A,(x), Ao(¥)}-
Hence, fio(x+y) = rmin{ fig (X).fla (Y)} and Aq (x+y) < max {4q (x).4q (¥)}.
Similarly, fo(x—y) > rmin{ fiq (X),fq (¥)} and Ag (x-y) < max {1g (X).Aq (¥)}.

Therefore, Q is a cubic fuzzy SA-subalgebra of X.a

4. Cubic Fuzzy SA-ideals of SA-algebra
In this section, we will introduce a new notion called cubic fuzzy SA-ideal of SA-algebras and study several properties of it.
Definition 4.1.

Let (X; +,—,0) bean SA-algebra. A cubic fuzzy subset 2 =<fi, , A\o> of X is called cubic fuzzy SA-ideal of X if, for all
x,y,z €X:

(ABl1) fq (0) Zig (X) , and A, (0) <Aq (X),
(ABly)  fip(x +y) = rmin{fig(x + 2) ,fip (y — 2)}, and
Ao (x+y) < max{iq (x +2),Aq(y — 2)}.

Example 4.2.
Let X = {0, a, b, c, d} be a set with the following tables:

o0 |T|o (O +
o0 |T | (OO
o|la|o |T|o |
OO0 |T|T
T|lo|Oo|lalo|o
O |T | |Oa|la
o0 |T|(|Of!
o0 |T( | O|O
O T|IT(O|O|D
OO0 |00 |0O|T
O 0000 |0
Ol | (v Ol

Then (X; *,0) is an SA-algebra. It is easy to show that 1 ={0, ¢} and ] ={0, d} are SA-subalgebras of X .We defined two cubic set
Q1 = {(x, i1 (), 401 (X)) | x €X}and Q, = {(x, fAgz (x), A2 (x)) | x € X} of X by :-

[0.50.8] , if x€{0,c}, 0.2, if x€{0,c},
f01(x)={[0.4,0.7], if x€{ab}, 10,(X) ={0.6, if x € {a,b},

[0.3,0.8], otherwise 0.4, otherwise

. ([0.4,09], ifx € {0,d}, _{0.1, ifx € {0, d},
fiaz(x) _{[0.3,0.7], otherwise, 210 Aa2(X) = 0.4, otherwise.

Then 2, and 2, are cubic fuzzy SA-ideal of X .

Proposition 4.3.

The R-intersection of any set of cubic fuzzy SA-ideal of X is also cubic fuzzy SA-ideal of X.
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Proof.
Let {0;/ieA} be family of cubic fuzzy SA-ideals of X, then forany x,y,z € X,
(N fi)(0) =rinf (fg; (0))> rinf (i (X)) = (N Ag;)(x) and
(V20 (0) = supAg;(0) < supAg;(y) = (V) ).
(N fqi(x + ¥)) = rinf (fg; (x + ¥))
Z rinf (rmin {fig; (x + 2), flg; (v — 2)})
=rmin {rinf ( fiq; (x + 2),rinf ( fg; (v — 2))}
=rmin { (N fgi)(x + 2),(N fgi) (v — 2)}
(VAo (x +y) = sup do;(x +y)
< sup{max{aq;(x + 2), Ao; (y — 2)}}
= max{sup (Aq;(x + 2)).sup (Ao; (y — 2))}
= max{(V Ao (x + 2), (VA0 (y — 2)}-
Hence, R-intersection of Q; is a cubic fuzzy SA-ideal of X.
Remark 4.4.
The P-intresection of any sets of cubic fuzzy SA-ideal need not be a cubic fuzzy SA-ideal, for example:

Example 4.5.

Let X = {0, a, b, ¢, d} be a set with the following tables:

o0 |T|o |Of+
o0 |T|w|O|o
o|la|o|T|lo |
OO0 |(T|T
T|o |Oalo|o
O|T | (Ola|a
o0 |T( | O
o0 |Tl (O|O
O T|IT|OO|®
OO0 |00 (0O|T
[N} lelielie] o]
Ol | (Ol

Then (X; *,0) is an SA-algebra. It is easy to show that 1 ={0, ¢} and ] ={0, b} are SA-ideals of X. We defined two cubic set Q,=
<fla1,Aa1 > and Q, = <{ig, Ag, > of X by :-

[0.6,0.7], fx € {0,c}, 0.1, if x€{0,c},
fin.(x) =¢ [0.1,0.2], ifx € {d}, A1 (%) ={ 0.6, ifxe{d}

[0.3,0.4], otherwise 0.2, otherwise
N _([0.8,0.9], ifx € {a,d}, _{0.1, ifx € {0, b},
floz (%) _{ [0.3,0.4], otherwise, and - Aoz (x) = 0.4, otherwise.
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Then Q, and Q, are cubic fuzzy SA-ideal of X, but P-intersection of Q;and Q, are not cubic fuzzy SA-ideals of X . Since

(N figi) (b) = [0.3,0.4] * [0.5,0.6] = rmin{(N fin;)(d * ), (N figi)(a)}
and (Avgi)(d=*b)=04£0.2= min{(/\ in)((d * Q) * b), (A in)(a)}.

Proposition 4.6.

Let OQ; =< Woi Agi > be a cubic fuzzy SA-ideal of SA-algebra (X ;+,—,0), where i € A, rsup{rmin{fig; (%), fig;(¥)}} =
rmin{rsup fig;(x), rsup fig;(y)}, for all x € X, then the P-intresection of €; is also a cubic fuzzy SA-ideal of X.

Proof. Let Q; ={(x, fin;, (%), Aq;(x))|x € X}where i € A, be a set of cubic ideal of X , for all x € X, then for x,y € X,
(N fa;)(0) =rinf (fq; (0))= rinf (fg; (X)) = (N fai)(X) and
(A1) (0) = infAq;(0) < infAqg;(y) = (A ().
(N fq) (x + y) = rinf fig;(x + y)
7 rsup{rmin{fiq;(x + 2), fini(y — 2)}}
= rmin{rsup fiq;(x + z), rsup fig;(y — 2)}
= rmin{(N o) (x + 2), (N fa) (¥ — 2)}
and (Adg)(x +y) = inf voi(x +y)
< inf{max{Aq;(x + 2), A\ (v — 2)}}
= max{inf An;(x + z), inf Aq;(y — 2) }
= max{(AAq))(x + 2), Ada) ¥y — 2)} .
< min{(Adq) (x + 2), A )y — 2)} .
Hence, P-intersection of Q; is a cubic fuzzy SA-ideal of X. o
Proposition 4.8.
The P-union of any set of cubic fuzzy SA-ideal of X is also cubic fuzzy SA-ideal of X.

Proof.

Let O; ={(X, fin; (), Aai(X))|x € X} wherei € A, be a set of cubic fuzzy SA-ideal of X and x,y € X, then (U fig;)(0) =rinf
(g (0)) rinf (fg; (X)) = (U fi;)(x) and

(V20i1)(0) = sup2Ag;(0) < supAoi(y) = (VAa) ().
(U fig) (x + y) = rsup figi(x +y)
> rsup{rmax{fio; (x + 2), fii (v — 2)}}
> rmax{rsup fig;(x + z), rsup fioi(y — 2)}

= rmax {(U fig;) (x + 2), (U fig) (v — 2)}.
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(Vv (x +y) =supvgi(x +y)
< sup{max{vg;(x + z),ve;(y — 2)}}

= max{sup veai(x + z), sup ve;(y — 2)} = max{(Vvqy;) (x + 2), (V vo;) (y — z)},Hence, P-union of Q; is a cubic
fuzzy SA-ideal of X.

Remark 4.8.
The R-union of any sets of cubic fuzzy SA-ideal need not be a cubic fuzzy SA-ideal, for example:

Example 4.9.

Let X = {0, a, b, c, d} be a set with the following tables:

o0 |T | |(Olo
o|Q|Oo|Oo(o|T
Ol || Ol

O |T | |Oa|la

OO0 |T|(T
T|lo|Oo|afjo|o
o0 |T( | Of!
O T|IT|(O|O|D
O |O|0|O0(o|o

o0 |T|o O+
o0 |T | |(O
o|la|o|T|o |

Then (X; +,—,0) isan SA-algebra. It is easy to show that I ={0, ¢} and ] ={0, d} are ideals of X.We defined two cubic set
0= <fig1.A01 > and Q; = <{ig;Ag; > of X by :-

_ . _([0.6,0.7], ifx €{0,c}, _{0.2, ifx € {0, c},
o1 (x) _{ [0.1,0.2], otherwise, A1 () = 0.6, otherwise,

. ([08,09], ifxe€ {0,d}, _{0.1, ifx € {0, d),
oz (x) _{ [0.3,0.4], otherwise, and Ao, (x) = 0.4, otherwise.

Then Q; and Q, are cubic fuzzy SA-ideals of X, but P-union of Q,and Q, are not cubic fuzzy SA-ideal of X .Since

(U figi)(d) =[0.3,0.4] * [0.6,0.7] = rmin{(U fig;)(c * d), (U pi) (©)}
and (A2q)(d) = 0.4 £ 0.2 = max{(AAq;)(c * d), (AAai) ()}

Proposition 4.11.

Let Q; = < figi, Ao; > be a cubic ideal of SA-algebra (X ;+,—,0), wherei € A rsup{rmin{iiq; (%), f0;(y)}} =
rmin{rsup fig; (X), rsup fig;(y)}, for all x € X, then the R-union of Q; is also a cubic fuzzy SA-ideal of X.

Proof.
Let ; ={(x, flgi, (x), da: (X))|x € X}where i € A, be a set of cubic ideal of X , then for x,y € X,
(U fqi)(0) =rinf (fg; (0))% rinf (fg; (X)) = (N fa:)(x) and
(A25)(0) = infAq;(0) < infAg;(y) = (Adai) (¥).
(U figi) (x + y) = rinf fig;(x +¥)

7 rsup{rmin{fig;(x + 2), fiq;(y — 2)}}

www.ijeais.org/ijeais
54



International Journal of Engineering and Information Systems (IJEAIS)
ISSN: 2643-640X
Vol. 8 Issue 8 August - 2024, Pages: 35-67

= rmin{rsup fg;(x + z), rsup fig;(y — 2)}
= rmin{(U fg) (x + 2), (U o) (v — 2)}
and (Ao (x +y) =inf v (x + y)
< inf{max{Aq;(x + 2), A (¥ — 2)}}
= max{inf Aq;(x + z), inf An;(y — 2) }
= max{(AAq))(x + 2), Ada) ¥ — 2)} .
Hence, R-union of Q; is a cubic fuzzy SA-ideal of X. o

Proposition 4.11.

Let (X ; +,—,0) be an SA-algebra. If a cubic subset 2 =<fi, , Ao> of X, then (2 is a cubic fuzzy SA-ideal of X, then for all
te D[0, 1] and s € [0, 1], the set U (2; £, s) is an SA-ideal of X.

Proof.
Assume that 2 =<ji,, , A\q> is a cubic fuzzy SA-ideal of X and let € D[0, 1] and
s € [0, 1], be such that T (2; £, s)#@, and let x, v,z € X such that

x+z,y—z €U ;E5s),then i (x + 2) =t fig (y —z)=tand Ay (x + 2) <s, A (¥ — z) <s. Since {2 is a cubic fuzzy SA-
ideal of X, we get

folx +y) = rmin{ fq (x + 2),0q (y — 2)} T and
Ao (x +y)<max{Aq (x + 2),1q (y — 2)} <s.
Hence the set U (2; £, s)is an SA-ideal of X.o

Proposition 4.12.

Let (X ; +,—,0) be an SA-algebra. If for all e D[0, 1] and s € [0, 1], the set
U (2;£,s) is an SA-ideal of X, then 2 =<fi , A\o> is a cubic fuzzy SA-ideal of X.
Proof.
Suppose that U (£2; £, s)is an SA-ideal of X and let x,y,z € X be such that
fig (x +y)<rmin {iig (x + 2),iq (v — 2)}, and Aq (x + y)> max {Aq (x + 2).4q (v — 2)}-
Consider = 1/2 {jio(x +y) +min{i, (x + 2), fiq (y — 2)} } and
p=1/2{ Ao (x +y) + max{do (x +z), 1o (y — 2)}}.

We have f€ D[0, 1] and € [0, 1], and ji, (x + y) < E <min{io(x+2),io(y—2)}
(x+2)do(y—2)}.
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It follows that (x + z), (y — z) € U (2;£,s),and (x + y) ¢ U (2; £, s). This is a contradiction and therefore 2 =<fi, , Ao> is a

cubic fuzzy SA-ideal of . o

Theorem 4.13.

Cubic set 2 =<fi , Ao> is a cubic ideal of X if and only if, p~, and p*, be fuzzy SA-ideals of X and Aq, be anti-fuzzy SA-

ideals of .
Proof.

Let up=,, and u*, be fuzzy SA-ideals of X and A, be anti-fuzzy SA-ideals of X and x,y,z € X, then
Ko @215 (0, 1, 0)2p*, (¥) and vq (0) < vo(x).

M_Q (x +y)= min{.u'_g (x + Z)nu'_g(y - Z)}v IJ'+Q (x + .'y)2 min{u+g( x+ Z)'IJ'+Q (y - Z)} and }‘Q(x +y)< maX{)‘Q (x +
72),Aq (¥ —2z)}. Now,

fo(x+y) = o(x +¥)u* o(x +y)]
> [min{p™ o (x + 2).u” oy — 2)} min{u*,(x + 2).0* (v — 2)}]
= min{[p o (x+2), 1", x+2)) [0, 0 —2)n, -2}
= rmin{fi (x + 2),fiq (y — 2)}, therefore
fo(x +y) > rmin{jig (x + 2).fio (v — 2)}. And
Ao(x +y) < max{iq(x + 2),10(y — 2)}.
Hence Q is a cubic fuzzy SA-ideal of X.
Conversely, assume that Q is a cubic fuzzy SA-ideal of X, forany x,y,z € X,
fia(0) > fig(x) and Ag (0 )< A(x) , and
W (x + 31" (x + M]=lialy) = rmin{fiq (x + 2).io (v — 2)}
=min{[u", (x+2), 1", x+ D] [0, 0V —2) 1", O — 2]}
=[min{p o (x + 2), 0 (v — 2), {0F (x + 2), 1", v — 2)}].
Thus o (x+y)={p o (x+2), 07, (v —2)}
Wy +y)z{n, (x+2),u", (y—2)}and
Ao (x +y)smax{dg (x + 2).A0(y — 2)},
Therefore p~, and p*,, be fuzzy SA-ideals of X and Aq, be anti-fuzzy SA-ideal of X. o
Theorem 4.14.

Every cubic fuzzy SA-ideal of SA-algebra (X; +, —, 0) is a cubic fuzzy SA-subalgebra of X.
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Proof:

Let (X ;4,—,0) be an SA-algebraand Q =< ['g (x),Aq(x) > is a cubic fuzzy SA-ideal of X. Since Q is an cubic fuzzy SA-
ideal of X, then by Proposition (4.11) , for every { € (0,1] , £€ D[0, 1]and s € [0,1], U (2;,5) = {xe X | fio (x) > {,Aq(x) <
s}, is ideal of X . By Proposition (2.9), for every { € (0,1] , £€ D[0, 1] and s € [0,1], U (2;,s) is SA-subgalgebra of X . Hence
u is a cubic fuzzy SA-subalgebra of X by Proposition (3.19). o
Remark 4.15.

The converse of Theorem (4.14) is not true as the following example:

Example 4.16.
Let X={0,1,2, 3} in which (4 ) be a defined by the following tables:

w(N (ko4
w|N|k|o|o
olw|N|k |k
Rlojw|N(N
N R [o|w lw
W(N|k o]
w|N[k|o|o
wlo|o|o|r
wlo|o|o|N
o|lo|o|o|w

Then (X; +,—,0) isan SA-algebra. Define a cubic set 2 =<jfi, , Ao> of X is fuzzy subset u: X— [0,1] by:fi, (X) =
{[0.3,0.9] ifx =1{0,1,2} and A= {0.1 ifx =1{0,1,2}
[0.1,0.6] otherwise " 10.6 otherwise
The cubic set O =< g (%), Ao(x) >is not a cubic fuzzy SA-subalgebra of X.
Note that A is not an anti-fuzzy SA-ideal of X since
Aa(4) = 0.24 > 0.04 = max{Ao(1 * 4), Ao (1)}
= max{Aq(1),2o(1)} = Ao(1) . Hence Q is not cubic fuzzy SA-ideal of X.

Theorem 4.17.

e . . N _([ag, @3], ifxeB

Let B a nonempty subset of X and 2 =<f, , o> be a cubic set of X defined by ug(x)—{[ﬁl, ], otherwise
(v, ifxeB
VQ(X)_{S, otherwise

for all [a,, @], [B1,B-] € D[0,1]and y,§ € [0,1]with[a,, a,] = [B1,B.] andy < &. Then Q is a cubic fuzzy SA-ideal of X if and
only if, B is an SA-ideal of X.

Proof.
Let O be a cubic fuzzy SA-ideal of X and x, y,z €B, then

folx +y) = min{fo( x + 2), Aoy — 2)}= rmin{[ay, a;], [a1, @;]}=[ay, a,] and
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Aolx +y) < max{Ao(x + 2) Aoy — 2)}={y, v}=r.

So y — z € B. Hence B is an SA-ideal of X.
Conversely, suppose that B is an SA-ideal of X and let x ,y,z € X. Consider two cases.

Case 1) If (x + 2),(y — z) €Bthen x + y €B, thus fio(x + y)=[a,, a;]=rmin{i,(x + z).fdo(y — z)} and Ao(x +
y)Fy=max{io(x + z)Ao(y — z)}=max{y,v}.

Case2) If(x+z)€eBand(y—2z)¢B,thus fio(x + y) = [B1, B2] =rmin{iio(x + 2),do(y — z)} and Ao(x + y)< & =max{A(x +
z).ho(y — 2)}-

Case 3) If (x+z) ¢Band (y — 2)€B , thus fio(x + y) = [B1, B-] =rmin{io(x + 2),do(y — 2)} and Ao(x + y)< § =max{A,(x +
2).ho(y — 2)}

Case 4) if (y —z)¢Bor (x + y)¢B, then i (x + ¥)= [B1, Bo] =rmin{fi(x + z),fdo(y — z)} and Ao(x + y)< § =max{A(x +
z)ho(y — 2)}.

Hence, Q is cubic fuzzy SA-ideal of X. o
Theorem 4.18.
If a cubic fuzzy subset 2 =<fi, , 1> is a cubic fuzzy SA-ideal of X, then the upper
[s1,52]-Level and Lower t-Level of Q are SA-ideals of X.
Proof.
Let (x + 2), (y — z) € U(jip |[S1,52]), then fio(x + z) = [s1,52] and fio(y — z) = [s1,52]. It follows that
dolx +y) = min{io(x + z), oy — 2)} = [s1,52], so that (x + y) € U(ii, |[S1,52])-
Hence U(fi |[S1,52]) is an SA-ideal of X.
Let (x + 2), (y — z) € L(vglt), then A, (x + z) <t and A,(y — z) <t. It follows that
Ao(x + y) <max{Ao(x + z), Ao(y — 2)}< t, so that (x + y) € L(Aq]t) .
Hence L(Aq|t) is an SA-ideal of X. o
Corollary 4.19.
Let 2 =<fig , 1o> be a cubic fuzzy SA-ideal of X, then
Ui |[51,521)N LA [O)={XEX | (x)>[51,52],Aa(X)<t } is an SA-ideal of X
The following example shows that the converse of Corollary (4.19) is not valid

Example 4.20.

Let X ={0,a,b,c,d} be SA-algebra in example (3.8) and cubic set Q=(jig,Aq) of X by
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[0.6,0.8], ifx=0, 0.1, ifx=0,
Ao(x)=110.50.6], ifx €{a,b,c}, and A,(x)=10.3, ifx € {ab,c},
[0.3,04], ifxe{d}, 08, ifxe{d}

We take [s1,52]=[0.41,0.48] and t=0.4, then

U(fio [[s1.82)N Lo | ={XEX|@a(X) > [s1.52] An(x)<t}

={0, a, b, c}n{0, a, b, d}={0, a, b} is subalgebra of X, but 2 =<f, , 15> is not a cubic subalgebra since f
(cxb)Ermin{fin(c), in(b)} and A, (cxb) £ max{Ao(c), An(b)}-

Theorem 4.21.

Let O=(fin,A\o) be a cubic fuzzy subset of X such that the sets U(fi,, |[S1,52]) and L(Aq|t) are SA-ideals of X, for every
[s1,52]1€D[0,1]and t €[0,1], then 0 =<fi, , o> is a cubic fuzzy SA-ideal of X.

Proof.
Let U(fi; |[s1,52])and L(Aq|t) are ideals of X, for every [s1,5:]€D[0,1]
and t €[0,1] on the contrary, let x4 yy,2, € X be such that
fo(xo +yo) < rmin{fio(xe + 7o), Fo(Yo — Zo)}-
Let do(xg + zo) =[01,02] and fo(yy — zo ) =[03,04] and fo(xg + yo )=[S1,52]-
Then [s1,52] < rmin{[61,02],[03,0:]}=[min{61,02},min{63,04}].
S0, s1< min{61,03 }and sp< min{6,04}. Let us consider,
[p1.p2] = SLiia(xe + ¥o )+ Mminfiin (%o + 20 ), fia(o — 70)3]
=%[[sl, s, + [min{@,, 6:3, min{6,, 6,}]]
=3 (s, + min{6;, 6:)) 5 (s, + min{6, 6,})|.
Therefore, min{6;, 65}>p1=> (s, + min{6}, 6;})>s;and
min{6,, 94}>p2=§ (s, + min{6,, 6,})>s,.
Hence [min{0,, 05}, min{0,, 0,}] >[p1,p2] > [s1,5,], SO that (xq + v, ) & U(fi, |[S1,52]) which is a contradiction, since f,(x, +
in%)p:Ii[eHsl’ 6,] > [min{@,, &3}, min{&;, 6,}] > [p1,p2] and fo(yo — 29 )=[65, 6,] > [Min{8,, 653}, min{&,, 6,}] > [p1,p2] this

(xo +¥0) € U(fig|[s1,52]). Thus fin(x + y) = rmin{fio(x + z),fig(y — 2)}, forall x,y,z € X. Again, Let x, Vo, zy € Xsuch that
Ao (%o + yo)>max{Aq(Xo + 2o ), Ao (Vo — Zo)}-

Let Ao (Xo + Zo)=M1, Aq(Xo + Vo )=n2 and Aq(Xo + 2,) = t, then t > max{ni,n2}.

Let us consider, t;= %[kg(xo + ¥o )+ max{Aq (X + 20), Ao (Vo — 20 )}]-
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We get that t1=% (t + max{n,,n,}), therefore,

m<t1=% (t+ max{nl, nz})<t and mp<ti= % (t+ max{nl, nz})<t, hence,

max{n ,n, }<ti<t =2 (x, +yo). S0 that x, * z, & L(Aq|t) which is a contradiction, since Aq(x, * yo) = n1< max{n,,n, }<t1 and
Ao — 29)=n, < max{n,,n,} <t,, this implies (x, + yo) € L(Aq|t) this implies Aq(x + y)< max{Aq (x + 2), Ao(y — 2)}, for all
X,y,Z € X.

Hence, Q2 =<fg , Ao> is a cubic fuzzy SA-ideal of X.a

5. Homomorphism of Cubic on SA-algebra

In this section, we will present some results on images and preimages of cubic fuzzy SA-subalgebra and cubic fuzzy SA-ideals
of SA-algebras.

Theorem 5.1.

A homomorphic preimage of cubic fuzzy SA-subalgebra is also cubic fuzzy SA-subalgebra.

Proof.

Let f: (X;+,—,0) — (Y;+',—',0")be homomorphism from an SA -algebra X into an SA-algebra Y. If p =<fig , Ag>is cubic
fuzzy SA-subalgebra of Y and 2 =<{i,, , Ao> the preimage of p under f , then -1y (X) = fig ( f ), =108y (X) = A ( f
(X)), for all xeX. Letx €X , then (f;-1(5)0) = fi (f (0)=fin (F (X)) = -1 (¥), and

(A1) 0) = Ao ( F (0))<Aq (F (X)) = Ap-1g) (). Now, letx,y € X, then
A1) (xty) = flio( £ (x+y)) =i f (=" f(y))
Fmin{io( f (.0 (f ()}
= rmin {g-1g) (9, -1 (¥)} and
A1y (x+Y) = Ao( T (x+Y)) = Aa( F ()*" ()
<max {Aq ( f (X)do ( f ()} =max{Ap-1) (X).Ar-1(5) (V)} -
Similarly, fig-1g) (=) > rming fip-1g) (<)1) ()} and
Ap=1cpy (x-Y) < max {A-1g) (X)Ap-1¢) ()} ©

Theorem 5.2.

Let f: (X;+,—,0) - (Y;+',—',0") be an epimorphism from an SA-algebra X into an SA-algebra Y. For every cubic fuzzy SA-
subalgebra Q =<fiq , Aq> of X with sup and inf properties , then f (£2) is a cubic fuzzy SA-subalgebra of Y.
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Proof.

Since f(fp)(y") = rsup fig(x) and
X € n

fl) () = mf An(x) forally' e Y and
x€ef~t

rsup(®) = [0,0] and inf () = 1. We have prove that
f (@) (x+y’) Zrmin {f (Ag)(X) fiq (y')}, and
f(Aq) (x+y)< rmax{f (Ao)(x) f(4) (y')}, forallx,y" €Y.

fl)(x'+'y) = rsup fig(t) = fig(xo + Yo)
tef~1(x*y")

# rmin {fi (%) Ag (yo)}= rmin { rsup)un(t) Jsup 3ﬁn(t)}
y

=rmin { f (o) (x).f (@) (¥) } and

fA'+y) = inf Aa(t) = Aa(xo + ¥o)

tef~1(x"y")
< max {Aq(x0), Aa(Vo)} = maX{ mf Ao(®), inf Aq(0)}
“1(x) tef~1(y"
=max { f (1) (x).f 1)) } -

Similarly, f(fin)(x=y) > rmin{ f ({ip)(X).f (o) (y)} and
f(2g) (x-y) = max {f (o) (X), f(4a) (¥)}-

Hence, f () is a cubic fuzzy SA-subalgebra of Y.
Theorem 5.3.

A homomorphic pre-image of cubic fuzzy SA-ideal is also cubic fuzzy SA-ideal.

Proof.

Let f:(X;+,—,0) — (Y;+',—,0")be homomorphism from an SA-algebra X into an SA-algebra Y. If f =<fig , Ag>is a cubic
ideal of Y and 2 =<{i, , Ap>the pre-image of B under f ,then g (X)=fg ( f (X)), dq (X)=Ag ( f (X)), forallx € X . Letx
€X, then
(A)Q) =g ( f ()= ( f (X)) =il (X), and (A0)(0) =25 ( f (0)=<Ap ( f (X)) = g (X).

Now, letx,y,z € X, then fio (x +y)=fig ( T (x +y))

min{gg (f (x+2)4(f (y—2)}
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=rmin {fio(x + 2).io (v — 2)}, and

lox+y)=2(f (x+))
<max {Ag ( f (x+2) 45 (f (v —2)}=max{Ao(x +2).4q (y —2)}. O
Theorem 5.4.

Let f:(X;+,—,0) - (Y;+',—',0") be an epimorphism from an SA-algebra X into an SA-algebra Y. For every cubic fuzzy
SA-ideal 2 =<jij, , 15> of X with sup and inf properties, then f (£2) is a cubic fuzzy SA-ideal of Y.

Proof.
Since fig(x' +'z") = f(fip)(x' +'2') = rsup folx+2) &
x+z€f~1(x"+'z")
Ap(x'+'2) = f(Ap)(x' +'2') = inf Ao(x +z) and
x+zef~1(x"+'z")
(' ='2) = fA)O' ='2) = rsup  fp(y—-2)&
y-zef1('~'2")
(' ="2)=fA)(y' = '2") = inf Aoy —2) forall x,y',z€Y and

y-zef~1(y'-'z")
rsup(®) = [0, 0] and inf (@) =0. We have prove that
fp (X' +y") Zrmin {iiz (X' +z'), fp (y-2')}, and
Ag (X' +y")< max{Ag (X' +Z') ,Aﬁ (z'-z' )}, forall X',y ,zZ' €Y.
Let f: (X;+,—,0) = (Y;+',—',0") be epimorphism of SA-algebras, 2 =<{i,, , 10> is a cubic fuzzy SA-ideal of X has sup and inf

properties and B =<fg , Ag>the image of2 =<fi, , Ag>under f . Since Q =<{i,, A,> is a cubic fuzzy SA-ideal of X, we have
(f0)(0) =in (X) and  (Ap)(0)<A, (%), forall x eX.

-1
Note that, 0 € f (0" where 0,0" are the zero of X and Y, respectively. Thus

Hy(0)= rsup fio(1)=11,(0) > = FSUP fg(t)=1,(X)

tef (0 tef 1(x)
A ﬂ(0|): irlf A Q(t) =g (0)< Ao (X) = inf A4 ,(t) =A,(x") forall xeX, whichimplies that ,L~l/;
tef (0 LU 5

©) > ﬁﬂ(X') and lﬂ(O')S lﬁ(X') ,forall x' €Y.

Forany x',y',Z' €Y, let xo€f "1(X) , Yo€f ~1(y") and zo€f~1(z') be such that

Bo(xo+2z0) = 1sup  {dop(t), Bo(yo —20) = Tsup [ip(t)and
tef~1(x'+1zr) tef~1(y!—1zr)
fig(xo +yo) = figx'+y) = rsup
tEf_l(x’+’y,)
and A, (xo + z9) = inf  Ap(6), Ao —20) = inf  2(0)
tef~1(x"+1zr) tef~1(y'-1zr)
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tEf 10 +1yn)

Also, fig(x"*y") = rsup [ip(t) = fig(xy +¥o)
tef =1 Goreyr)

» min {fiy (xo + 20) fa 0o = 20)}:

= rmin{ rsup [ip(t), rsup [g(t)}
tef ~1(x'+r2r) tef~1(y'—rzr)

=rmin { fig(x' + 2", fig(y' —z") }and

Ao(x' =y = inf 2Ap(yo) < max{A, (xo + 29) Ao (Vo — 20)} = max{ inf Ap@), inf Ay(t)}=max
o)ef~ty" ! tef~1(x" +rzr) tef~1(y'—rzr)

A" +2), (' —2) }
Hence, B is a cubic fuzzy SA-ideal of . &
6. cartesian product on Cubic Fuzzy of SA -algebra

In this section we introduce the notions of Cartesian product of cubic fuzzy SA -subalgebras and cubic fuzzy ideals ina SA -
algebra.

Definition 6.1.
Let Q; =<fig, , Aq,> be a cubic fuzzy subset of X and Q, =<fig, , Aq,> be a cubic fuzzy subset of Y. The Cartesian product of
Q, and Q, is defined as Q; X Q, = (XXY, fig, X flg,, Ao, X Aq,) Where , fig X fg,: XXY—[0,1] and

Ag, X Ag, s XXY-[0,1] VX € X,y € Y, such that (, ig, X fig,)(X,y) = rmin{iig, (X), o, (Y)} and (g, X Ag,)(X,y) =
max{4q, (X), Aq,(¥)}

Theorem 6.2.

Let Q; =<fig, , Aq,> be a cubic fuzzy SA -subalgebra of X and Q, =<{i,, , 1q,>be a cubic fuzzy SA-subalgebra of Y, then Q, x
Q, is a cubic fuzzy SA-subalgebras of XxY.

Proof:
Let (x;,y;) € X x Yand (x,,y,) € X x Y, then
(o, X o, )((x1, y1)+ (x2,¥2)) = (fla, X flo,)((x1+x2), (1 + ¥2))
= min{iig, (x1+x7), g, (1 + ¥2)}
» min{rmin(q, (1), flg, (xz)),rmin(fa, 1), fa, (V2))}
= rmin{min{fq, (x,), flo, (y1)}, min{fg, (x2), fa,(¥2)}}
= rmin{( Ao, X fln,) (¥1, 1), (Aa, X fla,) (X2, ¥2)},

Similarly, (fq, X fig,) ((x1,y1) — (x2,¥2)) & rmin{( fiq, X fq,)(*1, Y1), (fa, X fa,) (X2, ¥2)} And (Aq, X Ag,)((x1, ¥1)+
(x2,¥2)) = (g, X A0, )(x1+x2), (1 + ¥2))
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= max{Aq, (x1+x), vg (y1 + ¥2)}
< max{max{Aq, (x1), Aq, (xz)} max{dq, (y1), 1o, (v2)}}
= max{max{Aq, (x1), g, (y1)}max{dq, (x2), 1o, (v2)}}
= max{(dq, X Ag,)(%1,¥1), (Ao, X Aa,) (X2, ¥2)},
Similarly, (1q, X 10,)((x1,¥1) — (x2,¥2)) < max{(dg, X Aq,)(¥1,¥1), (Ao, X Aq,) (X2, ¥2)}-
Hence Q, X Q, is a cubic fuzzy SA -subalgebra of XxY. O
Theorem 6.3.

Let Q =<fig, , 1q,> be a cubic fuzzy SA -subset of X and Q, =<fig, , 4q,> be a cubic fuzzy SA -subset of Y. If Q; X Q,is a cubic
fuzzy SA -subalgebra of XxY , then Q, is a cubic fuzzy SA -subalgebra of X and Q, is a cubic fuzzy SA -subalgebra of Y.

Proof:

Assume that Q, X Q,is a cubic fuzzy SA -subalgebra of XxY, then

((Aa, X A, ))((x1, y1)+ (x2,¥2)) 2 rmind{( g, X fa,)(x1,¥1), (Ao, X fa,)(X2,¥2)} vvveeennnn. (1)
Putting x; = x, = 0in (1) we get,

(fg, X fig,) ((0,y1)+ (0,y2)) = rmin{( fig, X fia,)(0,y1), (fg, X fig,) (0,y2)},

(fa, X f0,)(0,y1 + ¥5) = rmin{( g, X fig,) (0,¥1), (fqa, X fa,)(0,¥,)}, then we have
fa,(v1 +y2) 7 min{fig,(y1), fa, ()}, and

(fg, X fig,) ((0,y1) = (0,y2)) > rmin{( fig, X fin,)(0,y1), (fa, X fa,)(0,y2)}

(fg, X fig,) (0,y1 = y2) » rmin{( fg, X fg,)(0,¥1), (fa, X fa,)(0,¥,)}, then we have

fa, (1 — ¥2) 7 min{fig,(y1), fa,(¥2)}-

Hence [, is a fuzzy SA -subalgebra of Y.  Also,

(Ao, X A0,)((x1, y1)+ (x2,¥2)) < max{(Aq, X Aq,)(x1,¥1), (Ao, X A, ) (X2, ¥2)} evvnnnnnn. 2)
Putting x; = x, = 0in (2) we get,

(Ra, X 20,)((0,y)+ (0,7,)) < max{(Aq, X 40,)(0,¥1), (Aa, X 40,)(0,¥2)}

(A, X 20,)(0,y1 + y,) < max{(Aq, X 49,)(0,¥1), (A, X 4q,)(0, y,)}, then we have

Aq, 1 + ¥2) < max{lq, (1), 1a,(2)},

(A, X 20,)((0,y1) = (0,¥,)) < max{(dq, X 40,)(0,¥1), (Ao, X 40,)(0,y2)},

(Aa, X 20,)(0,y1 — ¥2) < max{(dq, X 2q,)(0,¥1), (Aa, X 2q,)(0,¥2)}, then we have
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Ao,(1 — ¥2) < max{Aq, (1), Aq,(¥2)}. Then Hence Aq, is anti-fuzzy SA -subalgebra of Y.

Hence Q, is a cubic fuzzy SA -subalgebra of Y.
SimilarLy, Q, is a cubic fuzzy SA -subalgebraof X. o
Theorem 6.4.

Let Q; =<fig, , Aq,> be a cubic fuzzy SA -subset of X and Q, =<{i,, , Aq,> be a cubic fuzzy SA -subset of Y. If Q; x Q,is a cubic
fuzzy SA -ideal of XxY , then Q, is a cubic fuzzy SA -ideal of X and Q, is a cubic fuzzy SA -ideal of Y.

Proof:
For any X = (x;, x,) € XXX, we have
(fg, X fig,) (0) = (fig, X fg,) (0,0) = rmin(fg, (0), Ag, (0)) > rmin(fg, (x1), fa, (x2))
= (o, X fla,) (x1,X2) = (fg, X fg,) (%).
(Ao, X 20,)(0) = (Ag, X 20,)(0,0) = max(4g, (0), Aq,(0)) < max(Ag, (x1), Aq, (x2))
= (Ao, X 2,) (%1, %) = (Ag, X Ag,)(X).
Letx = (x4,%2) , ¥y = (¥1,¥2) and z = (24, z,)
(Ao, X fig,)(x +y = (fg, X fg,)((x1,X2)+ (V1,¥2))
= (o, X fa,)((x1 +y1),(x2+Y2))
= rmin{fio, (X1 + y1), fi, (X2 +y2)}
# rmin{rmin{fiq, (x:+21) fg, (1 — z1)}, rmin{ fig, (x; + 2), fla, (V2 — 22)}}
= rmin{rmin{fiq, (X, +21), flg, (X2 + 22)}, rmin{iie, (1 — 21), fa, (V2 — 22)}}
= rmin{ (g, X fig,) (X1, X2)+( 21, 22)),(fa, X fo,)((¥1,¥2) —(21,22))}
=rmin{ (fq, X flo,) (x+2), (fa, X fla,) (¥ — 2)},
(Aa, X A0, )(x +¥) = (Ao, X A0,)((*1,X2)+ (¥1,¥2))
= (A, X A0, )((x1 + y1),(x2+y2))
= max{dg, (%1 + y1), A, (X2 +¥2)}
< max{max{Aq, (X1 +21), Ao, (V1-z1)}hmax{lq, (¥, + 22), A, (v2 — 22)}}
= max{max{dq, (x;+21), Aq, (X + zx)}max{dq, (y1 — 21), Ao, (V2 — 22)}}
= max{(dq, X Ag,) (X1, %2)+( 21, 22)),(Aa, X Aa,)(¥1, ¥2) —(21,22))}

= max{(Ag, X Ag,)(*+2) (A, X 10,)(y — 2)}.
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Hence Q; X Q, is a cubic fuzzy SA -ideal of XXY. O

Theorem 6.5.

Let Q; =<flg, , Aq,> be a cubic fuzzy SA -subset of X and Q, =<{i,, , 1q,> be a cubic fuzzy SA -subset of Y. If Q; X Q,is a
cubic fuzzy SA -ideal of XxY, then Q, is a cubic fuzzy SA-ideal of X and €, is a cubic fuzzy SA -ideal of Y.

Proof:
Let x = (x1,%,), ¥y = V1, ¥2) » 2 = (21, 2;) € XXX
(g, X fq,)((0,0),(0,0)) = rmin((aq,)(0,0), (q,)(0,0))
> rmin{(fq,)(x1, ¥1), (o, ) (X2, 2)}
Putting ¥ = (y1,¥2)= (0,0), we have fiq,(0,0) > fig, (x1, X2),
(A, X 20,)((0,0),(0,0)) = max{(2q, X 20,)(0,0), (A, X 1q,)(0,0)}
<max{(4q,) (X1, ¥1), (A0, )(x2,¥2)}
Putting y = (¥1,¥2)= (0,0), we have Aq_ (0,0) < Ag, (xy, x;).
Assume that Q; x Q,is a cubic fuzzy SA-ideal of XxY, then
(fa, X fi,)((x1, %)+ (1, ¥2)) = rmin{(fa, X fia,)((x1, %) + (21, 22)),(a, X fa,)
(1, Y2) = (21, 22))evvvverrsssrrssneenon (1)
Putting x, = y, = z, = 0, then we have
(i, )((x1,0)+ (y1,0)) > rmin{ (g, ) ((x1,0) + (21, 0)),(fa, ) (31, 0) — (21, 0))}, thus
fa, (x4 ¥1) = rmin{dq, (1 + z1), Ao, (1 — 1)} And
(A, X 2,)((x1, x2)+ (y1,¥2)) <max{(dq, X 2q,)((x1,%2) + (21,22)),(Aa, X Aq,)
(1, ¥2) = (21, 22)) Fevevverrssrrssneeio 2)
Putting x, = y, = z, = 0, then we have
(A0,)((x1, 0)+ (1, 0)) <max{(Aq,)((x1,0) + (21, 0)).(Aq,) ((¥1,0) = (21,0))}, thus
A, (x1 +y1) <max{Ag, () +21), Ao, (1 — 21)}-

Hence (, is a cubic fuzzy SA -ideal of X. Similarly, Q, is a cubic fuzzy SA -ideal of Y.o
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