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1. Introduction

Since the foundational introduction of fuzzy sets [25], numerous extensions and refinements of the concept have emerged,
enriching various mathematical and logical frameworks. Among these, the theory of intuitionistic fuzzy sets—proposed [24]—
stands out as a significant generalization. While classical fuzzy sets associate each element with a degree of membership in the
interval [0,1], intuitionistic fuzzy sets go a step further by incorporating both degrees of membership and non-membership, with
the constraint that their combined values do not exceed unity. This dual-assessment provides a more nuanced way of handling
uncertainty and vagueness in set theory and algebraic structures.
In parallel, BCK/ BCl-algebras—introduced [20]—have played an influential role in the development of non-classical logic and
algebraic logic systems. These structures have facilitated the study of various types of fuzzy and intuitionistic fuzzy subsets,
including subalgebras and ideals. Within this framework, researchers have explored the behavior and properties of fuzzy and
intuitionistic fuzzy constructs, particularly in BCK/BCl-algebras [24]. Notably, T.Bantaojai and et. cl. introduceed the notion of a
BD-A [2]. Their work laid the groundwork for defining intuitionistic fuzzy subalgebras and BD-ideals in this setting and analyzing
their structural attributes.
Building on this foundation, the present paper introduces and investigates new types of intuitionistic fuzzy subsets in BD-algebras,
specifically focusing on multiplication-based intuitionistic fuzzy fuzzy BD-ideals. Furthermore, intuitionistic fuzzy sets is
considered, and the interrelationships among these different constructions are thoroughly analyzed. The paper delves into their
algebraic properties, including their behavior under certain operations and mappings. In addition, the study examines how these
fuzzy structures are preserved under homomorphic images and pre-images within BD-algebras, contributing to a deeper
understanding of their theoretical significance and potential applications in algebraic logic and fuzzy systems.

2. Preliminaries

Def. 2.1. ([1-3]).

A BD-algebra (BD-A) is a non-empty set ¢ with a constant o and a binary “ ¢ ” satisfying the following axioms hold Ve, n € {, if :
)ee o=¢,Ve €,

(Q)(eon)=o0andno e =o0,thene =n.

Remark 2.2[1-3].

A BD-A can be (partially) order by e <nifandonlyif (e e n) =0,Ve,n € (.
Prop. 2.3[1-3].

In any BD-A ({;°, 0), the following hold: Ve, 1,1,k € {

Deoe=o0,

(2 eco=c¢,

@)eomor=(e00) o,

@Eomo(ew)=(e0e (oK),

(B)(ee(eom)en=o,

(6) (o (eo)om) on=o,

Remark 2.4[1-3].

Let ({;0,0) be a BD-A, then

(1) If e < 0,Ve € (, then ¢ contains only .

() Ife<n,thenex(ex(e*xn)) =o0,Ven €.

(3) If e <7 suchthate xt <7, theno <, Ve, n,L € (.
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Def. 2.5. ([1-3]).

A subset S of a BD-A ({;9,€) is Name subalgebra of { (SA) if e o 1t € S whenever ,1 € S.
Def. 2.6. ([1-3]).

A non-empty subset y of a BD-A ({;9, €) is Name BD-ideal of { (BD -I) iffore,i,w €¢
(I-11) eey
(I-22) (eo)ow e yand E y=>ecow € y.
Prop. 2.7. ([1-3]).

Every BD-1 of BD-A ({;¢,€) is BD -SA of {.
Prop. 2.8. ([1-3]).

Let { i| ie A} be a family of BD-Is of BD-A ({;, €). The intersection of them of BD-Is of { isan BD-I of ¢.
Def. 2.9.([25)).

Let ({;0, €) be a nonempty set, a map. &: ¢ — [0,1].is name a fuzzy set & of ¢ .
Def. 2.10. ([25]).

Let & be a fuzzy subset (FS) of a set . For t € [0, 1], the set
&t = U, t) = {e € {|&(e) = t}, isname upper level of Eand the set L(,t) = {e € (| &(e) < t}is name lower level of
é.
Def. 2.11. ([25]).

Let f: (¢;0,€) > ({';0',€") be amap. Non-empty sets { and ' resp.

If ¢ is FS of ¢, then FS B of {’ by:

FEOO = {ZUP{f(S): e€fTTW} if frO={e€lf(e)=u3=*0

otherwise

is name the image of & under f.

Simil., if g isFSof{',thenFS é=(Bof) of{ (i.eFSby & (¢) =8 (f (¢)) Ve € () is name the pre-image of S under
f.
Def. 2.12. ([25)).

AFS & of set { has sup property if forset T of ¢,3t, €T 3 &(ty) = sup {E()|t €T}
Def. 2.13. ([1-3]).

Let ({;0,€) be BD-A, aFS & of ¢ is Name a fuzzy subalgebra of { (F-SA) if Ve,t € {, &(eot) = min{ (¢),& (V)}.
Prop. 2.14. ([1-3]).

Let ¢ be a FS of BD-A ({;0,€) . If £isaF-SA of , then foranyt € [0,1], &, isaSAof .
Def. 2.15.[1-3].

Let ({;o,€) bean BD-A. AFS & of ¢ is Name a fuzzy BD -ideal of { (F- BD -1) if Ve,1 € (,
(1) &) =¢ ).
2) E(eow)2min{&((go0)°w)E (O}
Prop. 2.16. [1-3].

Every F- BD -l of BD-Ais F-SA.
Prop. 2.17. ([1-3]).

Let f: ({;0,€) = ({';0',€") be ahomo. from BD-As { to {' resp.
1- IfF-BD -1 B of ¢’ then f~1 (B)isaF- BD -l of .
2- IfF- BD -l & of ¢ with sup property, then f (¢) isa F- BD -l of {’, where f is onto.
Def. 2.18.([24]).

An intuitionistic fuzzy subset A ( IFS) in a non-empty set ¢ is form A = {(g,¢a(€e),ma () | € € {} Which
&a:¢ = [0,1]and mu: ¢ — [0,1] and

0 <& (e) +mae) < 1Veeld.

Remark 2.19.([ 24]).

If IFS A of a non-empty set , then &5(g) + va(e) = 1,ie,va(e) = 1 — () =&5 (¢) Ve € {. Now &, is fuzzy set
whilen,= &5 is complement of &,.
Prop. 2.20.

IfIFSA = {(&,¢éa(e),na () | € € {} of BD-A ({;0, €) satisfies the inequalities &p(e) = éx(e) and na(€) < Ma(e), Ve €
{.
Def. 2.21.

Let A = {(&,&a(e),ma (€)) | € € {3 bean IFS of BD-A ({;0,€). Ais named an intuitionistic fuzzy BD -ideal of { (IF- BD -
Nifve,,w €,
(IFl1) &a(e) = &a(e) and na(e) < male).
(IF12) &a(e o ) = min{§4((e 0 1) © w),$a (0} and
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Na(€ o w) <max{na ((€ 1) o w),Ma(}-
= &yisaF-BD -l &ny isadoubt F- BD -I.

Theorem 2.22.
AnlIFS A = {(g,¢&x(e),na (€)) | e € }isan IF- BD -1 of BD-A ({;0,€) & V
t €[0,1], U(&s, 1) & L(ma,s) are BD -lin .

Prop. 2.23.
LetA = {(g,&r(e),Mma (€)) | € € {} be an IF- BD -l of BD-A ({;9,€), then A is an IF-SA of .

Theorem 2.24.
AnIFS A = {(g,¢&x(e),na (€)) | € € {}isIF- BD -l of BD-A ({;¢,€) < the fuzzy sets &, isa F- BD -l of { and 1, is a doubt
F- BD -l of ¢.

3. B-multiplication intuitionistic of fuzzy BD -ideals.

Def. 3.1.

Let A% = {(e, (§a). (Ma)'8)] € €} be MI of FS of BD-A (;e,€). A" is multiplication intuitionistic of fuzzy BD -ideal
of { (MI-F-BD -1) if Ve, i, w €,
(IFAB1) (§a)'3 (€) = B.€ale) = (§a) (e) = B.&a(e) and

(M) (€) = B-na(e) < M)} (&) = B.na(e).
(IFAB2) (§4)"% (£ © @) = B.&a(e 0 w)=min{B. ps((e 0 1) © w), B.4(1)} and
(1) (£ 0 @) = B.1na(e 0 @) <max{ B.n ((£01) o W), B.na (D}
That mean (¢,)"; isaF- BD -1 of { and (1,)"; is a doubt F- BD -1 of ¢.

Theorem 3.2.

IfA = {(e,¢4(2),ma (¢)) | € € {}isan IF- BD -1 of BD-A ({;0,€), then the MI A} = {(e,(§2)"s, na)3)| € €} of Alisan
IF- BD -1 of , V3 € (0,1).
Proof:

Let A = {(&,€4(¢),ma (€)) | € € {3 bean IF- BD -1 of C and B € (0,1), then (£4)'; () = B.&a(€) = B.E4(e) = (€4)'; (¢) and

(a3 (€) = B.1al€) < B.na(e)=(ma)'g (¢) , Ve €C.
(€)' (€ 0 @) = B.Ex(e ° ) = B.-min{E4((e 0 1) o W), Ea (D)}
= min{B.{x((e 0 1) ¢ ), B.£a (1)}
= min{(£4)" (£ 2 1) ° w), (€2 (D} and
(UA)% (eow) =B.nu(eow) <p. maX{’?A((X *y) * Z):’?A(l)}
= max{f.na((e * 1) ° ), B. 12 ()}
= max{(na)s (€ ° 1) o @), Ma)'g (O}, Ve, L, 0 €.

Hence, theMI A'; of Aisan IF- BD -1 of (. W
Theorem 3.3.

LetA = {(5,€(e),n4 (£)) | £ € ¢} be an IFS of BD-A ({0, €) Sthe MI A% = {(s, (E)"%, (n2)"5)] & ¢} of Alis IF- BD -1 of
7. BE(0,1),= A isIF-BD-lin¢.
Proof:

Let A’g = {(s, (fA)’Z,(nA)’ZN e el}isanIF-BD -l10of {, letg,,w €,
B-Eale) = (Ea)'5 (€) = (€4)3 () = B.éae)
B-na(€) = ma) () < A (&) = B.1ale).
which implies &,(e) = &4(e) and na(e) < nale).

Now, we have
B-éale 0 ) = (§4)% (¢ o w) = min{(£4)'3 ((e 0 1) 0 w), (€)'} (D}
= min{f.&x((g 0 1) o w), B.{a (D}
= B.min{{s((e 0 1) o w), 4 (D}
and B.na(e o @) = (1a)' (e o w) < max{(na)'g (e 0 ) o w), (1a)'5 (O}
= max{f.7na((e ¢ 1) o w), B.na (D}
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= B.max{nx((e o 1) e w), N (1)},
which implies that ,(e ¢ w) = min{é,(( o) o w), &4 (D) }

and Nale o w) < max{na((ee ) ow),na(®} , Ve, ,w €.
Hence, A = {(g,éa(e),Ma (e)) | €€ {Yisan IF- BD -l of . W

Theorem 3.4
IftheMl A%, = {(e, (€)%, 1)'§)| € €C} of Alisan IF- BD -1 of AB-A ({;0,€), VB € (0,1), then A% must be an IF-SA of ¢.
Proof:
Letthe MI A%, = {(, (€)%, 14)3)| € €(} of Abe IF- BD -l of .
We have Ve, i, w € ¢,
(€a)% (¢ o ) = min { (£ ((€ 0 ) ° W), (£4)'3 (U} and
(1a)'g (¢ 0 @) < max{(ma)' (€ 0 ) o ), (Ma)"§ (M}, then
(€a)"% (¢ o @) = min{(£4)'3 ((€ 0 1) ° w), (€)' (V}
= min{(§x)" (€ ¢ €), (Ea)'5 (V3
= min{(fA)“E (e), (fA)“E (l)} and
(1a)'§ (& 0 @) < max{(na)'g (g 0 V) 0 w), (Va)'§ (O}
= max{(n4)"§ (¢ o €), M) (O}
= max{(n4)"g (), Ma)'s
Hence, A" is of IF-SA of {. W

Theorem 3.5.
IfA = {(¢,éa(e),na (€)) | € € (Yisan IFS of BD-A ({;0,€) 3 the MI A'; = {(e, (§4);, 1a)3) € €{} of Alisan IF- BD -I
of ¢, for g € (0,1), then the sets I¢, and I,, are BD -Is of {.
Proof:
Let A% = {(e, (€)%, (1a)"§)| € €} isan IF- BD -1 of {,50(£4)"s is F- BD -1 of ¢ and (n,)' is doubt F- BD -1 of ¢.
Clearly € € I¢,,1,),, suppose &,;,w € {3
((e00) o w) €I, and 1 € I, hence (§2)'% (2 0 1) » ) = (£2)'} (€) = (§2)' (1) and
(£a)'5 (€ 0 ) = min{(§2)' ((e 0 ) 0 W), (€a) (D} = (Ea)'3 (€).
Since, (£4)'% is F- BD -1 of {, then
(€)Y (e 0 w) = () (©).
Hence, B.§a(e 0 w) = B.85(€) or §4(e 0 w) = &p(e) and (e o w) € I, then I, is BD -10f {.
Suppose u, v, w, € { 3((uxv) *w) € I, &v € I,,. Hence
)"} (0 v) xw) = @)% () = (1) (V) &
()% (u w) < max{(n)'} ((w *v) «w), (72" W}
= () (€.
Since, (nA)l\g is F- BD -l of , then (nA)l\g (uxw) = (nA)l\g (e).
Hence B.na(u*w) = B.n5(€), na(u*v) =n,(€) & (uxv)€l,,, =1, isBD-lof{.H

Prop. 3.6.
LettheMI A"; = {(e, (€)%, (ma)'3)| € €0} of Abe IF- BD -1 of BD-A (;0,€) for B € (0,1). If e < cthen (£4)' (6) =
(€)% (0 and (1) (€) < ()3 (), that is, (£4)'3 is reverse the system and (17,)"; is Maintain order.

Proof:
Lete,t E(& e< ,>¢e01= eand

(€a)'5 (&) = (€a)'§ (e 0 €) = min{(£4)'5 (g0 1) 0 €), (E)' (0}
= min{(§,)'s (e 0 ), (65 O}
= min{(§x)'; (€), (6 0} =(€a)'5 () and

M) (&) = M) (e0€) < maX{(’IA)% ((eon) o), () 0}
= max{(4)' (¢ 0 1), 1) )
= max{(na)' (€), ) O} = () (). W

www.ijeais.org/ijeais
80



International Journal of Engineering and Information Systems (IJEAIS)
ISSN: 2643-640X
Vol. 9 Issue 10 October - 2025, Pages: 77-84

Theorem 3.7.
The MI A" ={(e, (€4, a)) € €{} of A isaF- BD -1 of BD-A ({;9,€), then vt,s € [0,1] , the set Ug(&,, 1) and
Lg(Ma,s) are BD -Is of {.
Proof.
Let A%, = {(e,(§2)%, ma)3)| € €} be F- BD -1 of { and Ug(a,t) # @ # Lg(a,s).
Since B.&p () =t and B.my () < s, lete,,w EJed((eor) o w) € Up(a,t), (1) € Ug(éa,t), then
B.éx((go) e w) =tand B.&4 () = t, it follows that
B.éa(e o w) = min {B.&a((e01) o w),B.Ea(1) } = t,s0that (¢ o w) € Ug(&a, ).
Hence Ug(&a,t) is BD -lin ¢.
In a similar way, Lg(n,,s) is BD -l'in {.
Theorem 3.8.
The MI A" = {(e,(€4)'}. ma)})] € €(} of A isaFS of BD-A ({;0,€) 3Vt,s € [0,1] , the set Ug(&,,t) and Ls(1, s) are
BD -lsof , then A" isaF- BD -l of {.
Proof.
Assume that for each ,t,s € [0,1] , the sets Uz (4, t) and Lg(na,s) are BD -Is of {. Forany € , let 8.£5(e) = tand
B.na(e) =s,then & € Ug(€a,t) NLg(na,s) andso Up(a,t) # @ # Lg(na,s).
Since Ug (8, 1) and Lg(na,s) are BD -Is of ¢, therefore 0 € Ug(§a, 1) N Lg(Ma, ).
Hence B.épa(e) =t = &x(e) and B.my (€) < s = na(e) ,Ve €.
Ifax'y,z €ebe>
B-éa(x' *2z') < min{ B.Ea((x" #" y) x2), B.6a (V)3 =
to = 5{B.8a( x2") + min (B.E((x' ¥ y) x2), B.6a (Y)}}, =
B-Sa (X' *2') <to < min{B.{a(x"*'(y' x2),.8a (¥) } =
(x'x2") € Ug(§a,to), (X' *'y") *2) € Up(§a,to), (v') € Up(a,to).
i.e., Ug(éa,to), isnot BD -1 of { = CL
Finally 3 x',y',z' € {3
B-na (x"* z') > max {B.na((x"x"y) x2") ,B.na (¥)} =
So = %{ﬁ-nA(X, *2') + max {B.na (X' *'y') *2") ,B.1a (v) }} = max {B.na((x" +"y") x2)) ,B.na (¥)} > 50 > 1a (X' =
z) = (X' x 2') € Up(a, o), (X' *'y") *2") € Lg(Ma,S0), (v') € Lg(Ma,So).
i.e., Lg(Ma ,So), is not AB-l of { = Cl.
Hence A% = {(e,(§4)%, m4)'3)| € €{} isF-BD -l of (.M
Theorem 3.9.
Let A and B be two MI of F- BD -Is of BD-A ({;o,€). Then An B is MIof F- BD -1 of {.
Proof.
Lete,t € ANB, thenx,ye A & B. Now,

(fAnB)g[(E) = (fAnB)EA(S °£)
> min{(£2n) (€), (Eanp)g (€}
= (anB)p () &
(nAnB)I[\S/[(E) = (nAnB)lg[(g °¢)
< max{(nanp) g %), Mans)p (€)}
= (Mane)g ()
(EanB)f (& © @) = min{(§2)} (¢ © ), (§p)} (€ © W)}
= min{min{(§a) ((¢ © 1) © @), (§a) (O}, min{(§p) (e 0 ) 0 w), ) (D}
= min{min{(£2)} (¢ © ) o ), §p) 5 ((€ 0 1) © @)}, min{(§a)§ (1), (8D (DI}
= min{(fAnB)%[(g o) o w), (fAnB)?;/I(l)} and
(ManB)j (€ © @) = max {(na)} (¢ © W), M) (€ © w)}
< max{max {(na)j (e © 1) o ), (M) (D}, max{(ng)y ((£ 0 1) ° @), () (D}}
=max{max{(na) ((¢ 1) © @), Mp)f ((£ © ) ¢ w)}, max{(na)§ (), M) (V}}

= max {(nAnB)l(\SA((E o) o w), (nAnB)I[\S/I(l)}
Hence, AN Bis Ml of F-BD -1 of . l

www.ijeais.org/ijeais
81



International Journal of Engineering and Information Systems (IJEAIS)
ISSN: 2643-640X
Vol. 9 Issue 10 October - 2025, Pages: 77-84

Theorem 3.10.

The M1 of fuzzy A" = {(e, (€)', (Ma)'3)| € €C} of Ais F- BD -1 of BD-A ({;0,€) & the FSs (£4) and (77,) are F- BD -

Isof ¢.
Proof.
Let A% = {(e, (€)%, (na)'3)| € €} be MI of F- BD -1 of ¢.
Cleary, épisaF-BD -lof ¢,3¢e,1 €=
(A (©)=1-(a)F (€) =1-(ma)F (£)=(Ta)p (¢) and
A (e 0 @)=1-(1a)f (2 0 @) = 1 — max{(ra)f (e o 1) © @), F O}
=min{I-Ma)} ((£ © ) » @)1 = @A OI=MI{ G (e ) 0 ), ADF O
Hence, (774)§' is a F-AB-1 of ¢.
Conversely, assume that(g‘A)}}’[ and (ﬁA)'gIare two MI of F- BD -Is of {, forevery ¢, € ¢, we get
(€a)g (€)= (a)g'(e) and (71a)g'(€) = (7A)g' (€)-
= 1-ma)g (€)= 1-(a)f (€)= g (©) < (Ma)f (o).
(Ma)f (€0 w) 2min{(Ma)g (e 2 0) ¢ w) ,(MA)F (V}& 1=(MA)F (€ © @) = (T} (€ ° W)
> min{(77a) ((¢ © ) o w),({TA)F ()
=min{1 - () (g0 1) o @), 1 = (N ()}
=1-max{(na)§ ((£ © ) o ), (Ma)§ (D}, that is,
(M) (& 0 w) < max{(na)g ((e o ) e ), MA)F V.
Hence A%} = {(e, ()%, m4)'3)| € €{}isF-BD -l of (. W

4- Homomorphism of Multiplication intuitionistic of BD -algebra.

Def. 4.1.[11].

Let ({;0,€) & ({';¢',€") be two non-empty sets. A map. f:{ — ¢’ is homomorphism (homo.)if f(e o) = f(e) *' (1),

Ve, L €7 &f(e) =€

Def. 4.2
Letf : ({;0,€) = ({';o',€") beahomo. of BD -As for any

Af = {(L GF O, () (V) [t€}ind and B € (0,1) we define
(AR ={(e, (G (&), (ma)F) ()1 e €Y in T by
(G)E) () = G (f(e)) and ((a)E) () = AR (f()),Ve€ET .

Theorem 4.3.
Letf: ({;0,€) > ({';¢',€) beahomo. of BD -As. If
BY% ={(s, (€)', 8)"§ )| € €} is MI of F- BD -1 of ', >the pre-image
fEBEY = (e fHEEDE), f (@) (€)] & <63 of BY under £ in ¢ is M1 of F- BD -1 of €.
Proof.
Ve € {,

FHEDIE) = EY(F(E)
< (&)¥(e) = @Y ()
= ' (E)})(e) and

F () (E©) = p)g (f(©)

= (UB)I[\}/[(E) = (UB)I[\S/[ (f(f))
= 1 ().
Let,,w €, then

FH(EDE 0 w) = EF(Fe o )
> min{(&p)} ((F(&) o 'F0) o F(@)), EFFW))
> min{(a)} (F ((¢ 0 ) o ), ()Y (FD)}
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= min{(f ()P (e 0 ) 0 @), (F (G} ()} and
() 0 w) = ()} (f (€ ° )
< max{(np)} ((f(&) o (D) o 'f (), ()} (£ ()}
> max{(ne)}' (f (2 0 ) 0 @), () (F )}
= max{f ()} (e 0 ) 0 @), f ()} O}
Hence, f~1(BY) = {(&,f (G} (&), f ()} ()] & €¢}is MI of F- BD -l of {. M

Theorem 4.4.
Let f: (¢;0,€) = ({';¢',€) be anepimorphism of BD -As. If
A% ={(e, ), g € 0} is MI of F- BD -1 of {, then f(AR) = {(&, f((€a)§) (€D, F((Ma)§)(e))] € €{} of AlisF-BD -
ling'.
Progf.
Letae ¢,ayel 3 f(@) =y=>
FEDD®) = FIEDH(F @)
= 1 (f(Eap)@
= (EA)}}’[(a) < (SCA)I[;/[(E)
= (f(EDR)(E)
= f(EDN(F©) = F(EDEN &
F(MDH® = fF((a)H(f @)
= ()@
= (WA)EA(a) 2 (WA)I[;/[(G)
= (f) e
= f(@aP(f(©) = fF((maEH(E) .
Lete,,w €, =>f@)=c&fb)=t&f (c)=w>da,b,ce(,thus
R0 w) = FEDD(f@ o f(0))
= fH(f () (@0 )
= (Ea)pacc)
2 { ('SA)'&“((a ob)o C)' ('SA)E’[(b)}
= {f(FEDD)(@eb)oc), F(f((Ea)F) (B}
= (P ((F@ 2 F1)) o £ @), (FEDE) F®))}
= {f((EADR(e 2" '), f((§a)F (D} and
fF(MaR (e o 'w) = fF((a)E)(f@) o f(O))
= (f(mE)@ec) = a)f(acc)
< { (UA)I[;/[((a ob) o C), (UA)I[;d(b)}
= (S (F@F)(@eb) o c), f 7 (f () ()}
= (F(Y ((F@ o 'F 1)) 2 F©), F(a)f (FB))}
= {f((mF (g0 o 'w), F((Ma)§ O}
Hence f(45) = {(&, f(CDF) (), f((ma)F)(€))| € €(} isaF-BD -1of {'. W
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