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Abstract: First lower and higher approximations of "B using incidence vertex edge systems (or, alternatively, first lower and upper
approximations of *B using non-incidece vertex edge systems are the main idea in this study. This study is in charge of creating and
examining the first lower and upper approximations of "B using admixture vertex edge systems. Furthermore, We made use of Some
of its properties are examined, along with the first accuracy of approximating a subgraph 8 < & utilizing (incidence, non-incidence,

and admixture) vertex edge systems.
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1. INTRODUCTION:

The part of graph theory known as combinatorics has
close ties to other branches of mathematics, including matrix
theory, group theory, and topology. The second is that when
graphs are used to empirically depict a variety of concepts,
they will be extremely helpful in practice. Numerous
theoretical and practical applications can be found in the field
of topological graph theory [1, 2, 3, 4, 5, 8, and 9]. We predict
that topological graph structure will play an important role in
bridging the gap between topology and applications. For all
graph theory words and nomenclature, we refer to Harary [6],
and for all topology terms and notation, we refer to Moller [7].
The following are some basic concepts in graph theory [10].
A graph is pair £ = (V(§),E(E)) where V(§) is a non-
empty set whose elements are called points or vertices (called
vertex set) and E( ) is the set of unordered pairs of elements
of V(€) (called edge set). An edge of a graph that joins a
vertex to itself is called a loop.

A subgraph of a graph & is a graph each of whose vertices
belong to V(&) and each of whose edges belong to E(E ). An
empty graph if the vertices set and edge set is empty. A degree
of avertex iinagraph & isthe number of edges of § incident
with i. Let £ = (V(&),E(¥)) be a graph then the incidence
vertex edges set of i is denoted by INVE(i) and defined
by: INVEG) = {e € E(§):e = (1,2 for some & € V(§)}.
The non-incidence vertex edges set of i is denoted by
NINVE(G) and defined by: NINVEGi) ={e € E(€):e =
(e ¥) and 2, # ifor som a,¥ € V(§)} . The incidence
vertex edges system (resp. non-incidence vertex edges
system) of a vertex i € V(&) is denoted by INVES(i) (resp.
NINVES(1)) and defined by : INVES(i) = {INVE(1)}

(resp.NINVES(i) = {NINVE(#)}) .The admixture vertex
edges system of a vertex i € V(&) is denoted by AVES({)
and defined by: AVES(i) = {INVES(i) , NINVES(1)}, such
that such that AVE(i) € AVES(i) . The A-space is the pair
(§,Y,) such that § isa graph and ¥,: V(§ ) — P(P(E(E))) is
a mapping which assigns for each i in V(&) its admixture
vertex edges system in P(P(E(%))).

2. First New Approximation Operators Using Admixture
Vertex Edges Systems

Introducing a set theoretic foundation for granular
computing with admixture vertex edges systems is the main
goal of this section. There are several varieties of arbitrary
edges systems in use. Using Admixture vertex edges
systems, we proposed new definitions for the lower and
upper approximation operators in the generalized
approximation space. We obtain the attributes of the
proposed operators. Additionally, we defined and examined
the features of accuracy for the introduced approximations.

Definition 2.1: Let I = (V(§ ), E(¥)) be a generalized
approximation space and P € &. Then :
(1) The first lower and upper approximations of 8 using
incidence vertex edges systems are denoted by L} (E(%B))
and U} (E(*B)) and defined by:

1 __ (e € E(B) there exsist i incidence on e
Li(ECP) _{ such that INVE®) € E(B) }
UL (E(B))

_ e € E(¥) — E(B); INVE(i) N E(B) # (25}
C { where 1 incidence on e '
(2) The first lower and upper approximations of P using

non incidence vertex edges systems are denoted by
LL(E(P)) and UL (E(P)) and defined by:
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1 _ (e € E(B) there exsist i incidence on e}
Ln(ECP)) = { such that NINVE@) € E(B)
UL(E(B)) '

— E(P) U {e € E(§) — E(PB); NINVER) N E(B) # (?)}
where i incidence on e '
(3) The first lower and upper approximations of  using

admixture vertex edges systems are denoted by LL (E(PB))
and UL(E($)) and defined by:

1 _ (e € E(B) there exsist i incidence on e
La(ECP) = { such that AVE(}) € E(B) }
UL(E(B)) = E(P) U

e € E(§) — E(B)where i incidence on e
{ for all AVEG) N E(PB) = @ }

Definition 2.2: Let I' = (V(§),E(£)) be an generalized
approximation space and B < & . Then :
(1) The first boundary, positive and negative regions of 8
using incidence vertex edges systems are denoted by:
Bd! (E(B)), POS! (E(B)) and NEG; (E(PB)) and defined
by:

Bd} (E(P)) = U{ (E(B)) — Li (E(B)).

POS{ (E(B)) = Li(E(B))-

NEG{ (E()) = E(§) — U} (E(B)).
(2) The first boundary, positive and negative regions of 8
using non incidence vertex edges systems are denoted by
BdL(E(B)), POSL(E(P)) and NEGL(E(P)) and defined
by:

Bd; (E(B)) = U3 (E(B)) — LL(E(B)).

POS; (E(B)) = Ly (E(B)).

NEGH(E(B)) = E(§) — U3 (E(B)).
(3) The first boundary, positive and negative regions of
using admixture vertex edges systems are denoted by:
BdL(E(B)), POSL(E(P)) and NEGL(E(P)) and defined
by:

Bd;(E(B)) = U3 (E(B)) — LL(E(B)).

POS; (E()) = LL(E(B)).

NEG;(E()) = E(§) — UL (E(B)).
Definition 2.3: Let I = (V(§ ), E(§)) be a generalized
approximation space. The first accuracy of the
approximation of P < & using (incidence, non-incidence
and admixture ) vertex edges systems are denoted by

(fi (E(P)), fa (E(B)) and f2(E(%B))) and defined
respectively by:

LBy = 1 - PHE®)]|
TEB) =1- gy
. _, _ [B&(E®)]
TH(ECR) = 1= g2,
. _, _ [BA(EE)]
BEE) = 1- g

It is obvious that 0 < fF(E(B)) <1, 0 < fL(E(P)) < 1
and 0 < fL(E(B)) < 1. Moreover, if {1 (E(P)) = 1 or
fL(E(P)) = 1 or f3(E(P)) = 1 then P is called P-definable
("B-exact) graph otherwise, it is called $B-rough."

Proposition 2.4: Let I = (V(§ ), E(§)) be a generalized
approximation space LL(E(B)) € E(B) < UL(E(PB)).
Proof: Obvious direct from definition (2.1).

Proposition 2.5: Let I = (V(§), E(§)) be a generalized
approximation space and B < & . Then:

(i) B is exact graph if and only if L,(E(PB)) = U,(E(B)) =
E(P).

(ii) P is rough graph if and only if L,(E(B)) # U,(E(B)).
Example 2.6: Let I = (V(§), E(¥)) be a generalized
approximation space, I' induced of figure(2.1) such that
VE) = {il:iz,is,i4}! E®) ={e; = (1,11),e; =

(i, 14), ¢35 = (i, 13), 64 = (iz,14), €5 = (i3, 1)}

e .
! Iz,

€3

iy ..
' ez 13,

=1
Figure 2.1: graph & given in example (2.6).

Then INVE(i,) = {e,, ¢,}, INVE(i,) = {es, ¢,}, INVE(i5) =
{es,e5}, INVE(i,) = {e,, e4,¢5}. And

NINVE(i;) = {es, €4, e5}, NINVE(i,) = {e,, ¢,, e5),
NINVE(i3) = {e,, e, ¢,}, NINVE(i,) = {e,, 5} . And
AVE(i) = {{91' ey}, {e3 e, 05}}' AVE(i,) =

{{93. e}, {eg, ey, 95}}' AVE(i;) = {{93' e}, {eg, ey, 94}}'
AVE(i,) = {{32: es e}, {eg, e3}} .

Accordingly, can be obtain the following tables

Table 2.1: L}(E(B)), LL(E(P)) and LL(E(P)) forall P €

E(B) Li(E(P) | Lh(E(B) | LL(EP))
{e.} ¢ ¢ ¢
{e2} ¢ ¢ ¢
{es} ¢ ¢ ¢
{e4} ¢ ¢ ¢
{es} ¢ ¢ ¢

{e), e;} {e), e;} ¢ {e), e,}
{e,, ¢35} ¢ ¢ ¢
{e1, €4} ¢ ¢ ¢
{e), es} ¢ ¢ ¢
{e,, €3} ¢ ¢ ¢
{ez, ¢4} ¢ ¢ ¢
{ez, e} ¢ ¢ ¢
{es, ¢4} {es, ¢4} ¢ {es, e}
{es, €5} {es, €5} ¢ {es, €5}
{eq, €5} ¢ ¢ ¢
{e), e, €5} {e1, e;} {e,} {e), e,}
{e1,e5, ¢4} {e1, e;} ¢ {e1, e}
{e, e, €5} {e1, e5} ¢ {e1, e}
{es, e3,¢,} {es, ¢4} ¢ {es, ¢4}
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{e2, 3, ¢5} {es, €5} ¢ {es, 5} {er, e,¢4 €5} E®) E) E)
{es, e, ¢} {es, ¢4} {e,} {es, 4} E®) E®) E) E®)
{es, 4, €5} {es, 4, €5} ¢ {es, 4, €5} ¢ ¢ ¢ ¢
{es e5,¢.} ¢ ¢ ¢
{eses,€,) | {eses€,) ® {es €5,¢,) ;ableEZ-& Bd; (E(B)), Bdy(E()) and Bd;(E(B)) for all
{e1, e3¢5} {es, €5} {es} {es, €5} <5 T T
e, e5,e5,¢.} | {e,e5,e3,e,} | {ey,e5,¢,} | {eg,e;,¢5,¢,} ECH) Bd; (ECP)) Bda(ECH)) Bda (ECH))
{e1,ez,e5,e5} | {eg,e5,e5,e5} | {ey,e5,e5} | {eg, 5, €5, 5} te) teu) tey, &, & e} te,)
{es, e3,e4,e5) | {ey,€3,¢4, €5} {e.} {e,, e3,¢4, €5} Ezzi {e{: e}z} {e{eze' ege} } gzi
{e1, e3¢5, €5} {es, 4, €5} {e1,eq,e5} | {eg,e5,¢4 €5} 2 2 S 2
{er, e, e5,e5}) | {eg,e;5,¢4 €5} {es €5} {e1, e3¢5, €5} tea) {ea) ey, &) tea)
EQ) EE) E) E®) tes) L fon e el
: : : . e e 5 feves)
€y, €3 €1, €3 €, €3
Table 2.2: UL (E(B)), UL(E(B)) and UL(E(P)) for all B < {e), e,} {e1, 4,5} E®) {e1, 4}
§. {e, e5} {es, e5, e} E) {es, e5, e}
E(B) U{ (E(P)) Un(E(B)) | UI(E(B) {e,, ez} IE(; ) E(Z) ]E(z )
{e1} {e ) {e), e3,¢4, €5} {e,} {ey, e4} {e1,e5,¢4} {ei,e5,e5,¢,} {e1,e5,¢4}
{e2} {e,, e;} {e2, ¢35} {e2} {e,, e5) (e ese5) | {eg, e, 5 05} {e,, e, 5}
{es} {es} {e, e, €3} {es} {es,¢,) {es) E(%) {es)
{ed} {es} {e1, €4} {es} {e5, es} {ej} E(%) {ej}
{es} {es} {e1, e} {es} {e,, e5) {es,eh,es) | {eg, es e, 05} {es,e,4, €5}
{e), e} {ey, e} EE? {e, e} e, ese5) | {eseses) | f{er, es e, e5) {es,e,4, €5}
{es, e} {e1, €3} E(§ {e1, €3} (e, e, ¢,) {es} E(%) {es}
{e1, ¢4} {e1, ey, 5} E(§) {e1, €4, ¢,} {es, ez, es} {es} E(¥) {es}
{e), e5} {e, e5, ¢} E() {e, e, €5} {es, e3¢} | {en e, es) E() {e,, e, 5}
{e2, ¢35} E() E() E(E) {es, 65,65} | {e1, e, €4} E(¥) {e1, €5, ¢4}
{e2 ¢4} {een 64} | {e 66560} | {eg, 05,4} {es,e,¢.) | {en ey el | {er e, e5 05} {e,, e, 5}
{ez, e5} {e, e 65} | {e,epe5e5) | {eg e85} {es, ey, €5} ) E®) (0]
{es, e.} {es, ey, €5} E() {es e, 5} {eq, e5,¢1) E(%) E(¢) E(¢)
{e3 €5} {e3, ¢4, 05} E(E) {e3, €4, €5} {es, e5,¢,) {e,, e3} E(¥) {e, e}
{eq, e5} {es, e 65} | {eg,e3,e4e5} | {es,e4,€5) e, es,e5) | {enes e} | {er e, 504} {e1,e5,¢4)
{e1, 5, €3} E(§) E(§) E(§) {e1,e,,¢5,¢4) {es} {ey, 5} {es}
{e1, €5, ¢4} {e1 ez ¢4} E() {e1 e, 4} {e, e, €5, ¢5) {e,} (e, ¢4} ™
{e1, e, €5} {e1, e 5} E(E) {e1 ¢5 5} {ez,e3,¢4, €5} {e1} {e1, e3,¢4 €5} {e}
{e), e3¢} E() E() E(E) {er,e5,e4,65)|  {eg, e} {e,,e5} {e,}
{ea, €3, €5} E() E() E() {e1, ¢, 4,05} {es) (e, e, 3} ™)
{e3, €4, 81} E(§) E(E) E) E(%) ¢ ¢ ¢
{es ¢4, €5} {e3, €4, €5} E(§) {e3, €4, €5} ¢ () ) )
{es €5,¢1} E(§) E() E()
{es e5, €} E) E() E() 1]?2";9 2-% NEG{ (E(B)), NEG, (E(B)) and NEG, (E(B)) for
{e1, €3, €5} E(§) E(§) E(§) alPcs
(e, e2,3e3,5e4} EEZ) E®) E®) [i@‘}) I{\IEGll (IE(“B); NEG%(E}(‘—B)) {NEG; (]E(‘—B);
{e1, €2, €3, €5} E(§) E(§) E() et €2, €3 €4 €5 % €2, €3 €4 €5
{ey, e3¢, ez} E(¥) E(¥) E(¥) {e,} {es, 4, €5} {e1, 4, €5} {e), e3¢, 5}
{e1,€35,¢,, €5} E(¥) E(¥) E(¥) {es} {e1, €5, ¢4, €5} {eq, €5} {e1, e, ¢4, €5}
{es} {e1, 5, ¢35, 5} {ez, e3¢5} {e1, 5, ¢35, €5}
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{es} {e1,e5,e5,e,) | {eye5,e,) | {eg,¢5,e3,¢,) {e, 5, ¢35} 2/5 1/5 2/5
{e1, e,} {es,e4, 5} [} {e5, €4, €5} {el, e, ¢4} 4/5 0 4/5
{ey, e} {e;, ¢4, €5} ? {e;, ¢4, €5} {e1, e, 5} 4/5 0 4/5
{er, €4} {es, e} ? {es, e} {es, €5, ¢4} 2/5 0 2/5
{e1, es} {es, ¢4} ) {es, €4} {es, €5, €5} 2/5 0 2/5
{ez, 33} @ @ @ {93, €y, e]_} 2/5 1/5 2/5
{ez, €4} {es, e} {es} {es, e} {es, e, €5} 1 0 1
{ez e} {es, ¢4} {es} {es, €4} {es, e5,¢4} 0 0 0
{es, €4} {e1 ey} ) e ey} {es e5,e,} 3/5 0 3/5
{es, e} {e), e} 9 {e), e} {e1, e3¢5} 2/5 1/5 215
{e4, €5} {e), e} {e} {e), e} {e), e, e3,¢,} 415 3/5 415
{e1, €z, €3} Y ) 1) {e, €5, e3¢5} 4/5 3/5 4/5
{e1, e, ¢4} {es, e} 1) {e3, e} {e,,€3,84, €5} 4/5 1/5 4/5
{e1, e, 5} {es, ¢4} ) {es, €4} {er, 63,4, €5} 3/5 3/5 4/5
{e;,e5,¢,} ] ) ) {e1, 65,8465} 4/5 2/5 4/5
{02,23,65} @ @ @ IE(E) 1 1 1
{es eq, 1} ¢ ¢ 1) ¢ 1 1 1
{es, ey, €5} {e1, e} ) {e1, e} )
(e, €5, €} ) ) ) Theorem 2.7: Let I = (V(§ ), E(Z)) be a generalized
(6s, €5, 6,} o ) ) approximation space and P < & . Then:
{31' 93,95} 0 0 0 (€Y) Lg(IE(“B)) = L}(IE(SB)) U L%)(IE(“B))
{e), €5 €3, €4} ) ) ) (2) UZ(E(B)) = Ui (E(B)) N UL(E(P)).
{e), ¢y, €3, €5} ) ) ) (3) BAZ(E(B)) = Bd{ (E()) N Bd(E(B)).
(e3¢5, ¢4, €5} @ @ @ (4) NEG}(E(B)) = NEG] (E()) U NEG(E(%)).
(€], €3 €4, €5} @ @ @ (5) fR(E(B)) = max{f} (E(B)), fr(E(P))}.
Proof :
,€2, €4, 1) 1) 1)
L ;z(g 3 ts} 5 5 5 (1) Let e € L1 (E()) = 3 AVE(i) € E(P) such that i
incidence on e =
¢ E®) E®) E®) INVEl(i) CE(B) vV NIlNVE(i) C E(P) =
Table 2.4: £ (E(B)). 15 (E(B)) and f3(E(B)) for all < &. ¢ € LI(EMD)) v e € Ly(ECP) =
E(B) fIEMB) | fREM®) | fa(EB)) e € [Li(E()) U LL(E(B))], thus
(e,} 4/5 1/5 4/5 Ly (E(B)) < [Li(E(P)) U LL(E(PB)] — — — (D).
(e,) 3/5 3/5 4/5 Lete € [Li(E()) U LL(E(B))] = e € L(E(P)) V e€
275 25 a5 LL(E(PB)) = there exist i incidence on e such that
(e} / INVE(i) € E(B) v NINVE() € E(P) =
(&4} 4/5 3/5 4/5 there exist t incidence on e such that AVE(i) € E(*B)
{e{ese}} 445 3é 5 4{ > = e e LL(E(B)), thus
vz [LE(E(PB)) U LL(E(B))] € LL(EPB)) — - — ().
{es, e5} 3/5 0 3/5 1
o e B4 S
{e,, es} 2/5 0 2/5 (2) let e € UL(E(P)), then there are two cases :
(e, €3} 205 1?5 2?5 Casel: e € E(B) = ¢ € UL(E(P)) A e € UL(E(P)) =
(e, ¢4} / e € UX(E()) n UL(E(B)). Case2: e € E(E) — E(B).
{e5, €5} 2/5 15 215 Since e € UL(E()) = V AVE(i); where i incidence on e
{es, 4} 4/5 0 415 = AVE(i) N E(B) # ® = (INVEG) N E(B) = 0) A
{es, €5} 415 0 415 (NINVE®) NE(B) # @) = e € U(E(P)) Ae€
{e4, €5} 2/5 1/5 2/5
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UL(E(B)) = e € U{(E(B)) N UL(E(P)). So in casel and
case2 L (E(B)) € Li(E(B)) ULL(E(B)) — —— (D).
Conversely, e € (L}(E(P)) N UL(E(P))), then there are
two cases: Casel: e € E(B) = e € UL(E(P)).

Case2: € E(§ ) — E(B). Since e € (L(E(B)) n

U,ll(IE(iB))) = (INVEG@) N E(B) # @) A (NINVE(®) N
E(B) # ©) where i incidence on e = for all AVE(i) ,
AVE(i) NE(B) # @ = e € UL(E(P)). So in casel and
case2 L} (E()) ULL(E(B)) S LL(E(B) — — — (2).
Consequently, U3(E()) = U{(E(B)) N U5 (E(P)).

(3) Lete € BAL(E(P)) = e € UL(E(P)) A e ¢
LL(E(B)) since e € UL(E(P)) by (2) above we get e €
(VLEEB)) N UL(EEP))) = ¢ € UL(E(P)) and e €
UL(E($P)).Since e ¢ LL(E(P)) by (1) above we get e &
(Li(ECB)) U LL(ECB))) = e € LI(E(P)) and e ¢
LL(E(P)) so e € U{ (E(P)) and e & Li (E(P)) Ae €
UL(E(B)) and e & LL(E()) hence e € B} (E(P)) Ae €
BdA(E()) = e € (Bd} (E(B)) N BAL(ECP))). thus
Bd;(E(B)) < Bd{ (E(B)) N Bdi (E(P)) — — — (1).
Conversely, e € (Bdil (E() N Bd}l(]E(SB))) —ec

Bd! (E(B)) A e € BdL(E(P)), since e € Bdl (E(P)) = e €

UN(E(P)) and e ¢ LI(E(P)) and since e € BAL(E(P)) =
e € UL(E(B)) and e ¢ L% (E(P)) and hence

e€ (Ui1 (E(P) N U},(IE(!B))) by (2) above we get e €

UL(E()) and e ¢ (L1(E()) U LL(E(B))) by (1) above
we gete € LL(E(B)) then e € Bdi(E(P)). thus

Bd} (E()) N Bdi(E(B)) < BAL(EMB)) — — — (2).
Consequently, Bdi(E($)) = Bd} (E()) N BdL(E(P)).
(4) Let e € NEGL(E(B)) = e & UL(E(B)) by (2) above we
e & [U}(E(B)) NUL(EE))] = e ¢ UL (EMB)) Vv

e & UL(E(P)) = e € NEG} (E(P))VeE

NEGL(E(*B)) = e € NEG{ (E(B)) U NEGL(E(B)). Thus
NEG; (E()) S NEG{ (E(B)) U NEG,(E(B)) — — — (D).
Let e € [NEG{ (E(B)) U NEGy(E(B))]

= e € NEG{ (E(B)) v e € NEGL(E(P)) =

e UM (E(P))Vee UL(E(B))

= e & [UL(E(B)) N ULE(CP))] by (2) above we get e ¢
UL(E(P)) = e € NEGL(E(P)), thus

NEG; (E(*B)) U NEG;(E(B)) € NEG}(E(PB)) — — — ().
From (1) and (2) we get NEGL(E(B)) =

NEG] (E(B)) U NEG(E(B)).

(5) By (3) above we get BAX(E()) < Bd} (E(B)) and
hence |BdZ(E())| < |Bd! (E(B))| = ELE®I o

E®)
B} (EC®)| _, | _ [BAA(E®)| o 4 _ [Bd{(ER)|
[EGE)] IECE)|

[EC)

L(E(B)) = i1 (E(P)).In the same way we get % (E(P)) =
fL(E(B)), thus fL(E(B)) > max{f! (E(B)), f1(E(B))}.
Proposition2.8: (Lower 1 properties)

Let I = (V(§),E(¥)) be a generalized approximation space
and B,K < &. Then:

(L1) LL(E(B)) < E(P).

(L3) La(EG)) = E®).

(L3) Ly(9) = @.

(L)) IF E(B) < E(K) ,then LL(E(P)) < LL(E(K)).

(LE) LL(E(B) N E(K)) <€ LL(E(B)) n LL(EX)).

(LY) LL(E(B)) U LL(E(K) € LA(E(P) U

E(K)).

(L) LE(E(B)) = E) — [UA(EG) — E(B))].

Proof:

The proof (L}),(L}) and (L}) from definition (2.1(3)).
(LY) Let E(B) < E(K) and e € LL(E(B)), then 3 i
incidence on e such that AVE(¥) € E(B) so e € LL(E(B)) <
E(P) € E(K). Thus we have e € E(K) and there exist t
incidence on e such that AVE(i) € E(*B) € E(K). Hence,

e € LL(E(K)) and thus LL (E(PB)) < LL(E(K)).

(L) Since (E(B) N E(K)) € E(P) by (LL) above we get
LL(E(B) N E(K)) < LL(E(B)) — — — (1). And since
(E(B) N E(K)) € E(K) by (LL) above we get LL(E(B) n
E(K)) € LL(E(K)) — — — (2). From (1) and (2) we get

LA (E(P) N E(K) € L5 (E(B)) N LL(E)).

(LL) Since E(B) < (E(P) U E(K)) by ( L}) above we get
LL(E(B)) < LL(E(B) U E(K)) — — — (1). And since

E(K) € (E(B) U E(K)) by (LL) above we get L (E(K)) <
LL(E(P) UE(K)) — — — (2). From (1) and (2) we get

L3 (E(B)) U LL(E(K)) € Lz (E(B) U E(K)).

(L) Lete € LL(E(B)) = there exist i incidence on e such
that AVE(i) € E(B) thus AVEG) N [E(€) — E(B)] = @ and
e € EE)— [E(E)— E(P)] by definition (4.1.1(3)) we get
e UL(E®E) — E(P)), thus

e € E(¥) — UL(E(E) — E(B)). Hence

= Ly(E(B)) € EG) — UZ(EG) —E(B) — — — (.
e€ E()—UL(E®E)-E(MB)) =e€E®X) ande ¢
UL(E) — E(B)) = e € E(§) — [EE) — E(B)] and
there exist i incidence on e such that AVE(#) N [E(§) —
E(B)] = @ then AVE(i) < E(B) = e € LL(E(B)) =
EE) — UI(E®) — E(P)) < Ly(E(B)) — — — (2). From
(1) and (2) we get L3 (E()) = E(§) — [U3(EE) —
E(®)]-

Proposition 2.9: (Upper 1 properties)

Let I = (V(§),E(%)) be a generalized approximation space
and B, K < €. Then:

(UD) E(B) < UZ(EB)).

(U3) UL(E®)) = E().
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(U3) U3(0) = 0.
(U}) IfE(B) € E(K), then UL(E(PB)) < UL(E(K)).
(U5) UI(E(B) NEO) € UF(E(P)) n U(EX)).
(Ug) U(E(B)) U UZ(E(K)) € UZ(E(P) U E(K)).
(UD) UZ(E(®)) = EE) — [LL(EE) — E(B))]-
Proof :
The proof (U}), (U}) and (U2) from definition (2.1(3)).
(U}) Let E(B) < E(K) and e € UL(E($)), we have:
Casel:Ifee E(P) = e € E(P) S EK) = e€
E(K) = e € UL(EK)).
Case2: If e € E(§) — E(B). Since e € UL(E(B)) =
Vv AVE(3) where 1 incidence on ¢ then AVE®) N E(‘B) # @
and since E(B) € E(K)
= V AVE(1): AVEGR) N E(K) # @ — — — (x) and hence
(i) If e e E(K) — E(B) = e € E(K) = e € U(E(K)).
(i) If e € E(§) — E(K) and by (x) we get e € UL(E(K)).
Thus
UL(E(B)) < UL(EX)).
(U2) Since (E(B) N E(K)) S E(PB) by (U}) above we get
ULE(B) N EK)) < UL(E(P)) — — — (1).And
since (E(B) N E(K)) < E(K) by (U}) above we get
UL(E(P) N E(K)) € UL(E(K)) — — — (2). From (1) and
(2) we get UZ(E(B) N E(K)) < UL(E()) n UL(E(K)).
(U3) Since E(B) < (E(B)UE(K)) by (U}) above we get
UL(E(B)) < UL(E(B)UE(K)) — — — (1). And since
E(K) < (E(B)UE(K)) by (U}) above we get UL(E(K)) <
UL(E(B)UEK)) — — — (2). From (1) and (2) we
get U3 (E()) U UL(E(K)) € U3(E(B) U E®K)).
(U}) By Lower 1 properties (L})
LL(E(B)) = EE) — [UA(EG) - E(B))] =
E(§) — LL(E(P))

=E®) - (E®) - [UA(E®) - E(®)])
= E§) — LL(E(B)) = UL(E(§) — E(B)). Now we
replace E(§ ) — E(B) for E(B) we get UL(E(B)) = E(}) —
LL(EGE) — E(B)).
Proposition2.10: Let I = (V(§ ), E(§)) be a generalized
approximation space and 8, K < €. Then:

(1) NEG3(®) = E(¥).

(2) NEGL(E(B)) n NEGL(E(K)) € NEGL(E(B) n E(K)).
(3) NEGL(E(B)UE(K)) = NEGL(E(B)) U NEGL(E(K)).
(4) Bd3(0) = @.

Proof:

(1) By definition (2.2.(3)) we get NEGL(0) = E(§) —
UL(®) and from Upper? properties (U3) we get NEGL1(0) =
E(E).

(2) Let e € [NEGL(E(B)) n NEGL(E(K))]

= ¢ € NEGL(E(B)) Ae € NEGL(E(K)) = e ¢

UI(E(B) A e & U(E()) = e ¢ [UI(E(B) N
UL(E(K))] = e & E(B), there exist i incidence on e such
that AVE(R) N E(B) = @ and e ¢ E(K), there exist i
incidence on e such that AVE(#) n E(K) = @,

since (E(B) N E(K)) < E(P) = AVEGR) n (E(P) N
E(K)) = @ also (E(B) n E(K)) < E(K) = AVEG®) n
(E(B) NE(K)) = @ since e ¢ (E(PB) N E(K)) then

e & UL(E(B) N E(K)) and hence e € NEGL(E(B) n E(K)),
thusNEGL(E($)) n NEGL(E(K)) = NEGL(E(B) n E(K)).
(3) Let e € NEGL(E(B)UE(K)) = e ¢ UL(E(B)UE(K))
=e¢ (IE(%)U[E(K)) and there exist i incidence on e such
that AVE(®) N (E(B)UE(K)) = @, s0 e & E(B) Ae & E(K)
and since E(B) < (E(B)UE(K)) = AVEG) N E(P) =

0 = e UL(E(PB)) = e € NEGL(E(B)).

Or since E(K) < (E(B)UE(K)) = AVE®) NE(K) =0 =
e ¢ UL(E(K)) = e € NEGL(E(K)) Thus e €
NEGZ(E($))U NEGL(E(K)).

So, NEGL(E(B)UE(K)) < NEGL(E($)) U NEGL(E(K)).
(4) Since Bd(@) = UX(@) — LL(@) from Lower!

properties (LL) and Upper® properties (U3) we get Bd1(@) =
@.
Proposition2.11: Let I' = (V(§),E(%)) be a generalized
approximation space, if I induced of is antisymmetric
graph & and B,K < €. Then:

(1) LL(E(B)) = E(P).

(2) LL(E(B) N E(K)) = LL(E(P)) N LL(E)).

(3) LA(E(B)) U LL(E(K)) = Li(E(B) U E(K)).

(4) U(E(B)) = E(B).

(5) US(E(B) N E(K)) = UI(E(P)) n UL(EK)).

(6) UZ(E(P)) U UZ(E(K) = UZ(E(P) U EK)).

(7) La(E(B)) = UL (E(B)).

(8) Bd3(E(B)) = 0.

(9) NEGZ(E()) = E(§) — E(B).

Proof :

Let & be an antisymmetric graph and B,K € & :

(1) By Lower* properties (L) we get LL(E(B)) < E(B) —
——(1).Lete € E(P) and e & LL(E(P)) = VAVEQ®) &
E(B) where t incidence on e and this contradiction because
€ is antisymmetric [V ¢ € E() = INVE(}) <

E(B) where t incidence on ¢ ] and hence ¢ €

LL(E(P)) = E(PB) < LL(E(P)) — — — (2). From (1) and
(2) we get Li(E(B)) = E(P).

(2) By Lowerl properties (LL) we get LL(E(B) n E(K)) S
Ly(E(P)) NLL(E(K)) — — — (1). Lete € [LL(E(P)) N
LL(E(K))] = e € LL(E(P)) A e € LL(E(K)) by (1) above
weget e e E(B)A e € E(K) = e € (E(B) NEK)) by
(1) above we get e € LL(E(P) N E(K)) = LL(E(B)) n
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LL(E(K)) € LL(E(P) N E(K)) — —— (2). From (1) and
(2) we get Lz (E(P) N E(K)) = LL(E(P)) N LL(E(K)).

(3) By Lowerl properties (LL) we get

Ly (E(P)) ULL(E(K) € LL(E(B) VE)) — — — (1). Let
e € LL(E(P) UE(K)) by (1) above we get e € (E(B) U
E(K)) = e € E(B) Ve € E(K) by (1) above we gete €
LILEMP) Vee LL(EK) = e €

[LL(E(B)) ULL(E)] = Ly(E(P) VEK)) <
LL(E(B)) ULL(E(K)) — — — (2). From (1) and (2) we get
LL(E(B)) U LL(E(K) = LL(E(P) U EX)).

(4) By Upperl properties (U}) we get E(B) < UL(E(B)) —
——(1).Lete € UX(E(B)) = e € E(B) Ve € EE) —
E(B). If e € E(P) thus UL(E(B)) S E(PB).

If ee E(¥)—E(PB);VAVE®) NE(P) + @ where i
incidence on e = J ¢; € INVE(i) and ¢, € E(B), since &
is antisymmetric graph so INVE(i) = {e} and ¢ ¢ E(B) and
this mean AVE(i) N E(B) = @ when AVE(i) = INVE(?)
because e ¢ E(*B) so when & is antisymmetric graph must

e € E(B) thus UL(E(B)) < E(P) — — — (2) From (1) and
(2) we get E(PB) = U(E(P)).

(5) By Upper! properties (U%) we get

UA(E(PB) NEK)) € UL(EP)) n UZ(EEK)) ——— (D).
Lete € [UL(E(M)) n UL(EXK))] = e € UL(E(B))A e€
UL(E(K)) by (4) above we get e € E(B) A e € E(K) =
e € (E(B) N E(K)) by (4) above we get e € UZ(E(PB) N
E(K)) = UL(E(B)) n ULEXK)) c UL(EMB) nEXK)) -
— — (2). From (1) and (2) we get UL(E(B) N E(K)) =
UL(E(B)) n ULEX)).

(6) By Upper? properties (U%) we get

UA(E(®)) UUL(E(O) € UZ(E(PB) VEXK)) — — — (1),
Lete € UL(E(B) UE(K)) by (4) above we get e €

(E(B) UE(K)) = e € E(B) Ve € E(K) by (4) above we
gete € UL(E(P)) ve e UL(EK)) = e€

[UL(E(B)) U UL(E®K))] = UL(EMB) VEK)) <
UL(E(B)) UUL(EK)) — — — (2). From (1) and (2) we
get UL(E(P)) U UL(EK)) = UL(E(PB) UEK)).

(7) By (1) above we get LL(E(B)) = E(PB) — — — (1). And
by (4) above we get UZ(E(B)) = E(B) — — — (2). From
(1) and (2) we get LL(E(B)) = UL(E(B)).

(8) Since Bd;(E(B)) = UZ(E(B)) — LL(E(B)), by (7)
above we get BdL(E(PB)) = 0.

(9) Since NEG (E(B)) = E(E) — UA(E($)) and by (4)
above we get NEGL(E(B)) = E(§) — E(B).

Proposition 2.12: Let I = (V(§ ), E(€)) be a generalized
approximation space, if I induced of antisymmetric graph &
then for all E(B) < E(§) is ( P-exact).

Proof: Let & be an antisymmetric graph and < §. By
proposition(2.11(8)) we get BAL(E(B)) = ¢ =

|BAL(E(B))| = 0 and by definition (2.3) we get

1 _ 4 |BdEE®)| _ ., o _ )
fa(E(P)) =1 e = 17 ey = L thus B-exact
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