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Abstract: This paper will discuss some properties of sequences in complex-valued metric spaces. Complete with several theorems
and examples and their applications. In this paper we will prove that it is possible to construct a function such that the metric space
over the real numbers is complete if and only if the metric space over the complex field is complete.
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1.

INTRODUCTION

Metric spaces were first introduced by Maurice Fréchet
in 1906. He provided the basic concept of abstract spaces
with metric properties, which were later formulated more
formally by Felix Hausdorff in 1914. Fréchet focused on
the concepts of convergence, continuity, and other
concepts important in non-geometric spaces. This paper
will develop the understanding of complex-valued metric
spaces.

Definition 1. [2]

Let X be a non-empty set. An association : X XX —
R*, fis called the metric function on X if it meets the
respective requirements x,y, € X then it applies:

a fl,y)=0 andf(x,y) =0 & x=y

b. fO,y)=f(.x)

c. f(x,2) = f,y)+f(,2)

Partner (X, f) is called a metric space.

Example 1. [5]

Let X be a non-empty set. Defining a function
0 x=y

ren={] ;27

It is easy to prove that f is a metric function.Next, real-

valued metric spaces are extended to complex-valued

metric spaces. In 2011, Azam introduced complex-

valued metric spaces.

Definition 2. [5, 7]

Suppose C is the set of complex numbers and z; z, €
C. A partial order is defined < on C which satisfies
z; < z, if and only if Re(z;) < Re(z,) and
Im(z;) <Im(z,). Next, the partial order in complex
numbers has the following properties. (Sintunavarat,
2012).

D1.0 < z; < z, © || < 2z

D2.z, < 2z, 7, < z3 maka z; < z

D3.z €C, a,b € R, a < b maka az < bz
Meanwhile (Azam 2011) defines complex valued
metrics as follows.

Definition 3. [1]

Let X beanon-empty set. Afunctionf, : X xX — C
, It is said that a metric function is complex valued if for
all x,y, € X fulfil :

fe—1.0 < fc(x;}’)-

fe—2. fx,y)=0.© x=y

fC - 3. fc(x!y) = fc(}’:x)-

fc_4" fc(x:Z) < fc(x!y) + fc(}’:z)-

Next is the couple (X,f.) called complex-valued
ministerial space

Example 2. [5]

Known X € C, defined an association f, : X XX —
C,with f.(z,,2,) = |z; — z,|, Where z; = a + bi and

z, = c+di, foreacha,b,c,d €R.

Definition 4. [2]

Sequence (x;) in metric space (X, f.) called convergent
toxifforeach0 <c € C withc= e+¢i and 0 <
€ € R, thereis K € N applies f.(x,,x) < ¢, for
each n > K.

Therem 1. [2]
For example, a sequence (x,,) in metric space (X, f,) then
the limit is single.

Definition 5. [6]

LetS < X be, S is called complete if for each sequence
(x,) Cauchy on metric spaces (X, f,) converge to x €
X.

2. MAIN RESULT

Complex-valued metric spaces are an extension of

classical metric spaces, where the value of the "distance"

between two points can be a complex number. This

concept was first introduced by Azzam et al. in 2011 with
a focus on the existence of union fixed points in this space.

Definition 6.
Let (X,f.) be is a complex-valued metric space.
Sequence (x,) on X called convergentto x € X if forall
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c €C,c >0 ada K € N sedemikian sehingga
fe(xn, x) < ¢ foreachn > K, written lim x, = x.
n-—- o

Theorem 2.

Let (X, f.) be complex valued metric spaces and (x,,) is
the sequence in X then the sequence (x,) converge to x
ifand only if |f.(x,,x)| < 0 converge to 0.

Proof.

=

Given any number ¢ € R,e> 0 choose a complex

number ¢ = % + % isoc €C. and ¢ > 0. Since the

sequence (x,) convergent to x it means that there is

K €N soforall n € N If n>K then it applies
fo(xp,x) < ¢ asaresult |f.(xy,x)| < |c|= ¢ thisis
meaningful |f.(x,,x)| = 0 for n — oo.

&=

Because |f.(x,,x)|] = 0 Forn — oothenthereisK € N,
so for each n>K applies |f.(xn,x)| < |c|. (xXn)
convergent to x. [ |

Definition 7.

Let (X,f.) be is a space of complex-valued metrics and
(x,) isasequence in X. Sequence (x,) is called a Cauchy
sequence if for each n,m € N there is K € N and every
0 < c €C,soithappens f.(x,, xm) < ¢, withn,m > K.
Theorem 3.

Let (X,f.) be isaspace of complex valued tricks and (x,,)
is a sequence X. Sequence (x,) is called the Cauchy
sequence if and only if |f.(x,, Xp4m)| — O.

Proof.

=
Let ¢ € R, be with ¢ > 0, if selected :
& &
c= —+ —i
V22

so ¢ €C, ¢ > 0. Since (x,) is a Cauchy sequence, it
means that there is K € N such that it is for alln € N with
n > K, applies f.(xp, Xptm) < ¢, S0 that f.(X,, Xp4m) < C
obtained |f.(xp, Xn+m)| < |c| < € the result is obtained
|fc(Xn'Xn+m)| - 0-

&=

Letc € Che withc > 0. Ife = |c| so € > 0. Because
[f.(Xp, Xnem)| — 0. That means there is K € N so that
n>K applies |f.(Xp, Xpem)| < €= |c| then it is
obtained f.(X,, Xp+m) < €, SO it's proven (x,) Cauchy
sequence. [ |

Theorem. 4.

Let (x,) be sequencein Xandh € [0,1). Ifa, =
|f,(Xpn, Xn41)| fulfila, < ha,_, foreachn €N, so
(x,) Cauchy sequence.

Proof.

Because h € [0,1) then foreachn € N appliesa, <
ha,_; <h?a,_, <h3a,_;-- <h%,, forn,m €N
with m > n obtained :

|fn(Xn' Xm)l Saptapy tagt ot agg

<h"(1+h+h*+ -+ h™ " DHa,

< % ap. Because h €[0,1) and lim h" =0, so
— n— co

[fuXmxm) =0 and so (x,) Cauchy sequence.

[

Definition 8.

Let (X, f,) be is a complex-valued metric space and (x,)
sequence on X, (X, f,) called complete on X if for each
Cauhy sequence converges to X.

Theorem 5.
Let (X, f) be metric space and (X, fc) complex valued
metric space. Defined :

fexy) = f(xy) + f(xy)i
Metric space (X,f) complete if and only if (X,f;)
complete.

Proof

=

Known (X, f) complete metric space, will be proven (X, f.)
complete. Take any Cauchy sequence (x,) on (X, f.), will
be proven (x,,) convergent sequence to (X, f.). Given any
€ €ER, €>0, choose a complex number c = &+ &i.
Because (x,) Cauchy sequence on (X, f.) then there isK €
N so for each n,m €N with n,m > K applies
fe(Xn, Xm) < 0, this is meaningful f(x,,xy) < € as a
result (x,) Cauchy sequence in (X, f) and because (X, f)
metric space is complete then (x,) convergento x € X.
It will be shown next that it will converge to the same point
at (X, fu)-

Take anything ¢ € C with ¢ > 0. For example c = ¢; +
c,i then it is obtained c;,c, € R with c;,c, > 0. Next
because (x,) Cauchy sequence in complete space (X, f)
this means there is K; € N such that for each n > K;
applies f(x,,x) < ¢; 1)
For c, > 0 and (x,) Cauchy sequence in complete space
(X, f). This means there is K, € N such that if n > K,
then it applies f(x,,x) < ¢, 2)
Choose K = max{K;,K,} If n € N and n > K then from
Equation (1) and (2) applies f(x,,x) < ¢; and f(x,,X) <
c, this is meaningful f.(x,, x) <c the result is the
Cauchy sequence (x,) covergent on (X, f.) so (X, f.)
complete.

&=

Known (X, f.) complete will be proven (X, f) complete
metric space. Take any Cauchy sequence (x,,) in metric
space (X, f) meansthereis K; € N so foreachn,m > K;
applies f(x,, x,) < € .foreach0 < e € R.fore, >0
means there is K, € N so for each n,m > K, applies
f(Xn'xm) < €2-

Choose K = max{K;,K,} for anything n € N which
fulfills n > Kapplies f (X, %) < € and f(X,, x,) <
g, as aresult f.(xp, x,) < c. Means (x,) barisan
Cauchy sequence on (X, f.) and because (X, f.) complete,
then the sequence is (x,) convergentto x € (X,f.). The
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limit of the sequence will be shown (x,) also x € (X, f).
For that take any 0 < & € R, choose a complex number
c= &+ ¢i, because (x,) convergent on (X, f.) then
there is K € N so it applies f.(x,,X) < c¢= e+ ¢i then
it can be obtained f(x,,x) < € means the Cauchy
sequence is convergent so that (X,f) complete

[

3. CONCLUSION

1. Let (X,f.) be complex valued metric spaces and
(x,,) is the sequence in X then the sequence (x,)
converge to x if and only if |f;(x,x)| < O
converge to 0.

2. Let (X, f.) be is a space of complex valued tricks
and (x,) is asequence X. Sequence (x,) is called
the  Cauchy sequence if and only if
Ife(%n, Xn+m)| — 0.

3. Let (X,f) be metric space and (X, fc) complex
valued metric space. Defined :

fC(XlY) = f(X'Y) +f(X,Y)1
Metric space (X, f) complete if and only if (X, f;)
complete..
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