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Abstract— In this paper, we define the notion of cubic fuzzy Bd-subalgebras and cubic fuzzy Bd-ideals of Bd-algebra and prove
their generalizations. Further, we display the relation between them their level cuts, several theorems, properties are studied and
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1. INTRODUCTION

The idea of fuzzy sets begins to be introduced by Za... in 1965 as a broader generalization of classical set theory. [8]. In 1966 Imai
and Iseki established that abstract algebras fall into two dalles Bck-algebras and BCl-algebras [4] and [5]. In 1999, J. Meggers and
H.S. Kim introduced d-algebras [2], then they introduced and investigated B-algebras in 2002 [3], In 2010, Jun and etc introduced
the notion of cubic, as a generalization of fuzzy set and interval-valued fuzzy set [6]. In 2011, Jun and Jung and Kim applied the
notion of cubic set of group and introduced the notion of cubic[9], In 2022, Thanatpora Bantaaja and authors introduced Bd-algebras
[7]

2. PRELIMINARIES

In this section, we give some elementary aspects in Bd-algebra such that we deem it necessary for these papers

Definition 2.1[3]

B-algebra is anon-empty set with a constant 0 and binary operation = satisfying the following axioms:

(B)x*x=0

(B)) x*0=x,

(B3) (x*y)*Z=x*(z*(O*y)),forallx,yEX.

Definition 2.2[2]

A nonempty set X with a constant 0 and a binary operation = is called a d-algebra, if for all x, y € X. it satisfies the following axioms:
d)xxx=0

(d))0xx=0

(d3)x+*y=0ifandonlyifxxy =10

Definition 2.3[7]

An algebra (X; = ,0) is called a Bd-algebra if it satisfies the following axioms. for every x,y € X.

(Bd)X+0=x

www.ijeais.org/ijeais
70



International Journal of Engineering and Information Systems (IJEAIS)
ISSN: 2643-640X
Vol. 9 Issue 8 August - 2025, Pages: 70-103

(Bdy) ifxxy=0andy*x=0thenx =y

Definition 2.4 [7]
A non-empty subset S of X is called a Bd-subalgebra of X if

1. 0€Ss

2. Ifvx,yeX, then(x+y)€eS
Definition 2.5[7]
A non-empty subset | of X is called an Bd-ideal of X if it satisfies
1.0€el
2. (Vx,yeX) (x+y)€l and yel, and yel, then yel
3. (Vxel and yeX, then (x+y)€l
Definition 2.6 [8]
Let X be a nonempty set. A fuzzy subset pu of x. X is mapping u: x — [0,1]
Definition 2.7
Let (X; +,0) be an Bd-algebra, a fuzzy subset u of X is called a Fuzzy
Bd-subalgebra of X if forall x,y € X, u( x + y ) = min{u(x), u(y)}
Definition 2.8
Let (X; +,0) be an Bd-algebra, fuzzy subset u of X is called a Fuzzy Bd-ideal of X if it satisfies: for all x,y € X,
(FI) u(0) = pu(x)
(FI2) p(x) = min{u(x + y),n(}
(FI3) p(x + y) = min{uC), n(»)}
Definition 2.9 [1]

Let (X; x,0) and (Y; =, 0") be B-algebra. A function y From X to Y denoted by y: X —» Y is called B-homomorphism if for every
%,y € X applies

P (x*y) = W(x) = "Y(y), where Y(x), U(y) € Y

Definition 2.10 [8]

Let (X;*,0) be a nonempty set. By a cubic subset of a BCK-algebra (X;*,0), we mean a structure Q =
{< x, fiy(x), A(x) > |x € X} in which iy = (x) is an interval valued fuzzy set on X and 4 is a fuzzy set in X. A cubic set Wl =

{x, iy (), A(x) |x € X} is simply denoted by W

=< fiyy(x), A(x) >. Denote by C* the collection of all cubic sets in X.
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Definition 2.11 [9]

For a family Ul; = {< x, fy, (x), > |x € X} on fuzzy subsets of a BCK-algebra (X;+*,0), where i € A and A is index set, we define
the join (V) and meet (A) operations as follows:

Viea W; = (Viea ) (%) = sup{ fiy, (%) i € A}
Niea Wi = (Aren ;) (x) = inf{ fy, (x)]i € A}
Definition 2.12

Let (X; +,0) be an Bd-algebra. A cubic subset W =< fy;(x), Ay (x) > of X is called cubic fuzzy Bd-subalgebra of X if, forall x, y €
X:

1. fiy(x +y) = rmin{fy (x), @y ()} and
2. Au(x +y) < max{Ay(x), ()}

Example 2.13
Let X = {0, a, b, c} be Bd-algebra in Example (3.1.2). It is easy to show that

I = {0, a} is an Bd-subalgebra of X Define a cubic subset W =< iy, Ay > of X of fuzzy subset u: X — [0,1] by:

z{[0.3,0.8] if x={0,a} z{o.z if x ={0,a}
[0.2,0.5] otherwise u 0.3 otherwise

The cubic set Wl =< uy, Ay > is a cubic fuzzy Bd-subalgebra of X.
Proposition 2.14

Let W =< fiy, Ay > be a cubic fuzzy Bd-subalgebra of Bd-algebra (X;+,0), then ﬁw(f)) F fyp(x) and 13 (0) < A (x), forall x €
X.

Proof:
For an x € X, we have
ﬁw(ﬁ) = iy (0 + x)

> rmin{fy ((0 + x) + 0), Ay (x)}

r min{[ﬂB((O +x)+ 0),,u§(x)], [,ug((O +x) + 0),,u§(x)]}

rmin{[uz (0), up ()], [uz (0), uz ()1}

rmin{[uz (0), ug ()], [uf (0), uz ()1}

[ug (), ug ()] = fiw (X).
Similarly, we can show that Ay (0) < max{[1;;(0), 1z ()]} = Ay(x). m
Definition 2.15

Let W; =< fy,, 4w, > be a cubic subset of Bd-algebra (X; +,0), where i € A, then
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1. The R-intersection of any set of cubic subset of X is
(n ﬂmi)(x) = rinf Iy, (x) and (v Ami)(x) = sup Ay; (x).
2. The p-intersection of any set of cubic subset of X is
(N fi,) (%) = 7 inf fiy, (x) and (A Ay, ) (x) = inf Ay, (x).
3. The P-union of any set of cubic subset of X is (Ufy,)(x) = 7 sup iy, (x) and (V Ay, ) (x) = sup Ay, (x).
4. The R-union of any set of cubic subset of X is
(u ﬂmi)(x) = 1 sup fiy, (x) and (A Ami)(x) = inf Ay, ().
Proposition 2.16
The R-intersection of any set of cubic fuzzy Bd-subalgebra of X is also cubic fuzzy Bd-subalgebra of X.
Proof:
Let Wl; =< fyy,, Ay, > Where i € A, be a set of cubic fuzzy Bd-subalgebras of X and x,y € X, them
(N fw,)(x +y) = inf(fy,) (x +¥)
z inf{r min{(ﬁmi)(x), (ﬂmi)(y)}}
= rmin {inf (ﬁwi(x)) ,inf (ﬁwi (y))}
= rmin{(N fiw,) ), (N fw,) 0}
Hence (N fiy,) is a fuzzy Bd-subalgebra of X.
(V ) (x + ) = sup(Aw,) (x + )
< sup{max{(lwi)(x), (Awi)(y)}}
= max {sup (/'lwl.(x)) , sup (/lwi(y))}
= max{(v Ami)(x), (V Awi)(y)}
Hence (V Ay,) is anti-fuzzy Bd-subalgebra of X.
Hence, R-intersection of W; =< fiy,, Ay, > is a cubic fuzzy of X. m

Remark 2.17

The P-intresection of any set of cubic fuzzy Bd-subalgebras need not be a cubic fuzzy Bd-subalgebra, for Example:

Example 2.18
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let X ={0,a,b,c,d,e} be aset with the following table

+ 0 a b c d e
0 0 a b c d e
a a 0 b d e c
b b a 0 e c d
c c d e 0 b a
d d e c a 0 b
e e c d b a 0

Then (X; +,0) is an Bd-algebra. It is easy to show S; = {0, a, b} and S, = {0, e} are Bd-subalgebras of X we deftined two cubic Sets
Wy = {X; py, (), A, (0)|x € X} and W, = {X, fiy, (x), A, () |x € X} of X by:

[0.508] ,ifx€s; 02 ,ifx€es;
f, (x) ={[0.4,0.7] ,if x € {c,e}, Ay, (x) = {0.4 Jif x € {c, e}

[0.3,0.4] ,otherwise 0.6 ,otherwise
N _([04,09] ,ifxE€S, B {0.1 JifX€ES,
Frur, () = {[0.3,0.7] ,otherwise’ Aw, () = 0.3 ,otherwise

Thin W, and UI, are cubic fuzzy Bd-subalgebra of X, but P-intersection of
W, and W, are not cubic fuzzy Bd-subalgebra of X, Since
(fiw, N Ay, )(c + @) = min[0.3,0.4],[0.3,0.7] = [0.3,0.4] £
min{(fy, N fiu, ) (), (Aw, N fiw,)(@)} = min{min{[0.4,0.7],{0.3,0.7], [0.5,0.8],[0.3,0.71}}
= min{[0.3,0.7],[0.3,0.7]}
=10.3,0.7]
And (Ay, V Ay, )(c + a) = max[0.6,0.3] = 0.6
= max{(/lw1 Y% /lmz)(c), (/1Lu1 Y% Amz)(a)}
= max{max{0.4,0.3}, max{0.2,0.3} = 0.4
Proposition 2.19

Let W; =< fIy,, Ay, > be a cubic fuzzy Bd-subalgebra of Bd-algebra (X; +,0), where i € A,such that inf{max{2y, (x), 4, (»)}} =
max{inf/lwi(x), inflwi(y)}, for all x € X, then the P-intersection of W; is also a cubic fuzzy Bd-subalgebras of X.

Proof:
Let W; =< fy,, Aw, > Where i € A, be a set of cubic fuzzy

Bd-subalgebra of X , and x,y € X, then
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(N fiy,)(x +y) = rinf iy, (x + )
T inf{r min{ﬁmi(x), fu, (y)}}.
=r min{r inf gy, (), 7 inf pyy, (y)}
> rmin{(n 1) 0, (N g, )9}
Hence (N fiy,) is a fuzzy Bd-subalgebra of X.
and
(/\ Awi)(x +y) = inf Ay, (x +y)
< inf{max{Ay, (x), 2y, ) }}.
= max{inf Ay, (), inf Ay, (y)}
= max{(A Ami)(x), (A Ami)(y)}
Hence (A Ay,) is a anti-fuzzy Bd-subalgebra of X.
Hence, P-intersection of Ul; is a cubic fuzzy Bd-subalgebra of X. m

Proposition 2.20

Let W; =< fiy,, Aw,(x) > be a cubic fuzzy Bd-subalgebra of Bd-algebra (X; +,0), where i € A r sup{r min{fiy, (x), i, »)}} =

r min{r sup fy, (x) , 7 sup Iy, (¥)} for all x € X thin the P-union of W, is also a cubic fuzzy Bd-subalgebra of X.

Proof:

Let W; =< dy,, Aw, > Where i € A, be a set of cubic fuzzy
Bd-subalgebra of X and x,y € X
(U i, )G + ) = 7 sup iy, (x + )
T sup{r min{ﬂmi (x), ﬂwi(y)}}.
= r min{sup( g, (x)), sup (uw, )}
= r min{(V fy,) (), (U fiy,) 0}
Hence (U fiy,) is a fuzzy Bd-subalgebra of X.
and (V Ami)(x +y) =sup Ay, (x +y)

< sup{max{Ay, (x), Ay, M)}}.
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= max{sup A, (%), sup Ay, (y)}
= max{(v lwi)(x), (V Ami)(y)}
Hence (V Ay,) is a anti-fuzzy Bd-subalgebra of X.
Hence, P-union of Ul; is a cubic fuzzy Bd-subalgebras of X.m
Remark 2.21
The R-union of any sets of cubic fuzzy Bd-subalgebra need not be a cubic
Bd-subalgebra, for Example :
Example 2.22

let X ={0,a,b,c,d,e} be aset with the following table

+ 0 a b c d e
0 0 a b c d e
a a 0 b d e c
b b a 0 e c d
C c d e 0 b
d d e c a 0 b
e e c d b a 0

Then (X; +,0) is an Bd-algebra. It is easy to show S; = {0,a, b} and S, = {0, e} are Bd-subalgebras of X we deftined two cubic Set

U.I1 =<< ﬂwl,/’{ml > and
U.IZ =< ﬂwz,/’{mz > OfX by

f, (x) ={[0.4,0.7] ,if x € {c,e}, Ay, (x) =104 ,if x € {c,e}

[0.508] ,ifx€S; {0.2 Jif x €S,
[0.3,0.4] ,otherwise 0.6 ,otherwise

. ([0409] ,ifx€S, ~ {0.1 fXES,
P, () = {[0.3,0.7] ,otherwise’ Aw, () = 0.3 ,otherwise

Thin Ul,; and W, are cubic fuzzy Bd-subalgebras of X, but P-union of

W, U U, are not cubic fuzzy Bd-subalgebra of X, Since

(fiw, Y fiw, ) (c + @) = max[0.3,0.4],[0.3,0.7] = [0.3,0.7] &

max{(fw, Y fu,)(©), (fiw, Y f, ) (@)} = max{max{[0.4,0.7],[0.3,0.7],
[0.5,0.8],[0.3,0.7]}}

= max{[0.4,0.7],[0.5,0.8]}
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=[0.5,0.8]
And
(Awl A/lwz)(c + a) = min[0.6,0.3] = 0.3 £
= min{(/lul1 A Amz)(c), (Aml A Amz)(a)}
= min{min{0.4,0.3}, min{0.2,0.3}
=0.2

Proposition 2.23

Let W; =< fIy, Ay, > be a cubic fuzzy Bd-subalgebras of Bd-algebra (X;+,0) where i € A r sup{r min{fy, (x), &y, ()}} =
r min{r sup fiy, (x) 7 sup ﬁwi(y)} and inf{max{/lu]i(x), Awi(y)}} = max{inflwi(x) , inflmi(y)} for all x € X then the R-union of

W; is also a cubic fuzzy Bd-subalgebra of X.

Proof:

Let W; = {< x, fyy, (), A, (x) > |x € X} where i € A, be a W, set of cubic fuzzy Bd-subalgebra of X such that

7 sup{r min{fy, (x), &y, ()}} = r min{r sup fiy;, (), 7 sup Ay, ()}
max{inf/luli(x) , inflwi(y)}, for all x € X then

x,y€X,
(U A, ) (x +¥) = 7 sup iy, (x +¥)
» rsup{r min{ﬂmi (), ﬂuji()’)}}-
= r min{r sup gy, (x), 7 sup , ()}
= rmin{(U fy,) (x), (U f,) )}
Hence (U fiy,) is a fuzzy Bd-subalgebra of X.
and (A Ay, )(x +y) = inf Ay, (x + y)
< inf{max{/lmi(x), Ami()’)}}-
= max{inf A, (x), inf Ay, ()}
= max{(A Ay, ) (%), (A du,) )}
< max{(A Ay, ) (), (A A, ) )}
Hence (A Ay, ) is a anti- fuzzy Bd-subalgebra of X.

Hence, R-union of W; is a cubic fuzzy Bd-subalgebra of X.m

and

inf{max{Ay, (), Ay, M }} =
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Definition 2.24

Let (X; +,0), be an Bd-algebra. A cubic fuzzy subset W =< fiy, Ay > of X for all £ € D[0,1] and y € [0,1], the set T(W; £,y) =
{x € X|fy(x) =&, Ag(x) <y}isan level set of X.

Proposition 2.25

Let (X; +,0) be an Bd-algebra. A cubic subset Wl =< iy, Ay > of X. If Ul is a cubic Bd-subalgebra of X, then. for any £ € D[0,1]
and y € [0,1] th set U (W; £,y) is an Bd-subalgebra of X.

Proof:
Assume that W =< fiy, Ay > is a cubic fuzzy Bd-subalgebra of X and let
t € D[0,1] and y € [0,1], be such that T (W; £,¥) # @, and let x, y € X Such that
x,y € U(W; £,y), then fiy(x) = £, iy (y) > tand Ay (x) <y, Au(y) < y since W is a cubic fuzzy Bd-subalgebra of X, we get
i (x + y) = r min{fiy (x), fuy(¥)} = € and
Au(x +¥) < max{Ay (), Ay} < v .
Hence the set U(W; £,y) is an Bd-subalgebra of X. m
Proposition 2.26
Let (X; +,0) be an Bd-algebra. A cubic subset Ul =< iy, Ay > of X. If for all
t € D[0,1] and y € [0,1], the set T (W; £,y) is an Bd- subalgebra of X, then w is a cubic fuzzy Bd-subalgebra of X.
Proof:
Suppose that T (W; £, s) is an Bd-subalgebra of X and let x,y € X be such that fiy (x + ¥) < r min{fiy (x), iy (¥)}, and
Au(x +¥) > max{Ay (), Ay ()}
Consider § = 1/2 {jig(x + ) + r min{fiy (%), fiy(»)}} and

B =1/2 {Ay(x + y) + max{Ay (x), Ay ()}
We have § € D[0,1] and § € [0,1] and
fu(x +y) < B < rmin{fiy (), fuw ()}, and
Au(x +y) > B > max{Ay (x), Au ()}
It follows that x,y € U(W; £, s), and (x + y) ¢ U(W; £, s). This is a contradiction
Hence fiy (x + ) = rmin{iy (x), iy(y)} = £, and

Au(x +y) < max{Ay(x), Au()} < v

and therefore Wl =< fiy;, Ay > is a cubic fuzzy Bd-ideal of X.
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Proposition 2.27

Cubic set Wl =< iy, 4y > is a cubic fuzzy Bd-subalgebra of Bd-algebra X if and only if, uy; and uf; are fuzzy Bd-subalgebras of X
and Ay are anti fuzzy

Bd- subalgebra of X.
Proof
Assume that W is a cubic fuzzy Bd-subalgebra of X, for any x,y € X.
[ Ce + ), pig Ce + )1 = Aw(x + )
» rmin{fiy (x), Zu ()}
= rmin{[ugy (), ui O], [ku (), wi ()1}
= [min{uy (), (O} min{ug (), i ()31
Thus pug (x + ) = minfug (), pu()},  wiCe+y) = min{uf (), pf ()}
and Ay (x +y) < max{2y (), Au(M)},
Conversely, let uy; and pif are fuzzy Bd-subalgebra of X and Ay, are anti-fuzzy
Bd-subalgebra of X and x, y € X, then
pu(x +y) = min{uy (0, ug O} uh (x +y) = min{ud; (), ui ()}
and Ay (x + y) < max{Ay(x), Au(»)}.
Now, fy(x + y) = [u (e + ), uin (x + )]
> [min{ug GO, pu ), ui (0, wi 003
=rmin{[ug (), ki GOl mu @), k()]
=rmin{, fy(x),, fw(y)}, therefore

Hence W is a cubic fuzzy Bd-subalgebra of X. m

Theorem 2.28

if a cubic set W =< fiy, Ay > is a cubic subalgebra of X, then the upper [y4,v-]. Level and Lower t-Level of W are subalgebras of
X.

Proof:
Letx,y € U(@yllys, v2D), then fiy(x) > [y1,v2] and @y (y) = [y1, 2] It follows that
ﬁlll(x + y) > r min{ﬁlﬂ(x)! ﬁw(Y)} > [Vp Vz], SO that

x +y € U(fyllys, v2D)
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Hence U (fiy|[y1, v2]) is Bd-subalgebra of X.

Let x,y € L(Ay|t), then A (x) < t and Ay (y) < t. It follows that Ay (x + y) < max{Ay(x), Au(¥)} < ¢, so that x+y € L(Aylt).

Hence L(Ay|t) is Bd-subalgebra of X. m
Corollary 2.29

let W =< fiy, Ay > be a cubic fuzzy Bd-subalgebra of Y, then

Wy, v2l; ©) = Uwllys, v21) 0 L(Aglt) = {x € X|@w(x) > [S1,S,], Aw(x) < t}is a cubic fuzzy Bd-subalgebra of X.

The following example shows that the converse of corollary () is not valid
Example 2.30

let X ={0,a,b,c,d,e} be Bd-algebra in example () and cubic set W = (fiy, Ay)

of X by
[0.6,0.8] ,ifx=0 0.1 yif x=0
fu(x) =4[0.50.6] ,if x €{c,d,e}, Ay, (x) =403 ,if x €{a,,b,c,d}
[0.3,04] ,if x € {a,b} 0.8 Jif x € {a, e}

W(ly1, vzl t) = Ul [y, v2D) N L(Awlt)
= {x € Xmm(x) ? [Y1: y2]'AHI(x) S t}

={0,¢c,d,e}n{0,,b,c,d,} ={0,c,d}

Bd-subalgebra of X, but Wl =< fiy, Ay > is not a cubic fuzzy Bd-subalgebra since iy (d + ¢) ¥ r min{fy(d), fiy(c)} and Ay (d +

¢) * max{Ay(d), Ay(c)}

Theorem 2.31

let W =< iy, Ay > be a cubic fuzzy subset of X Such that the sets (fiy|[y,1, v2]) and Bd-subalgebras of X, for every [y,,y,] and

L(Aylt),t € [0,1], then

W =< fiy, Ay > is a cubic fuzzy Bd-subalgebra of X.

Proof:

Let U(iiylly., v2]) and L(Ay|t) are Bd-subalgebras of X, for every

[v1,72] € D[0,1] and t € [0,1] on the contrary. let x,, v, € X be such that
fu(xo +¥o) < rmin{fiy (xo), i (Vo)}-

Let fy (xo) = [11,m.] and A (¥o) = [11,m2] and iy (X0 + o) = [¥1,¥-]. Than

[v1,v2] < rmin{[ny,n,], [n3,14]} = {min[n,, n5], min[n,, ns]}.

So y1 < min{[ny,7,] - [13,14]} = {min{ny, 73} and y, < min{n,,n,}. Let us considers,
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[y1,¥2] = (o + ¥0) + 7 min{fiy (<o), fw (o))
=~ [[y1,v2] + [min{yy, 15}, minn, 7,3]]
= 2 (1 + min{n;, 73}, 5 (2 + min{n, 1))
Therefore min{ny, 75} > py = 5 (1 + min{ny,715}) > 72

and min{nz, 1} > pz = 5 (v + min{nz,14}) > v

Hence [min{ny, 15}, min{n,, 1431 > [py1, p2] > [y1, 721, so that

(xo + Vo) € U(iiy!ly1, v2]) which is a contradiction, since iy (x,) = [11,12] > min{n,,ns}, min{n,,n,} > [p, p.] this implies
(%o *+ ¥0) € U(fiwlly1, v2D)- Thus

dulx+y) =r min{ ﬂm(x),ﬂm(y)} forall x,y € X.

and, Let x,, y, € X such that

Aw(xo + ¥o) > max{Ay (xo, Aw(¥o)}

Let Ay (xo) = vi, Au(o) = vz and Ay (xo + yo) =t

Then t > max{v,, v,}. let us consider

tr = 5 [Au G0 + o) + max{Au (xo), 2u(vo))]

we get that t; = i(t + max{v,,v,}), therefore v; < t; = i(t + max{v,,v,}) < tandv, < t, = %(t + max{v;,v,}) < t, hence,

max{vy, v,} < t; = Ay (xo + ¥o)

3. CuBIC Fuzzy BD-IDEALS OF BD-ALGEBRA

In this section, the researcher introduces a new notion called cubic fuzzy Bd-ideal of Bd-algebras and studies several properties.
Definition 3.1

Let (X; +,0) be an Bd-algebra. A cubic set Wl =< fiy;(x), Ay (x) > of X is called cubic fuzzy Bd-ideal of X if, forall x,y € X.
(1) fw(0) = iy (x), and 2y (0) < Ay (%),

(2) A (x) > r min{fy Cx + ¥), Ay ()}, and

A(x) < rmax{Ay(x + ), Ay}
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(3) fiu(x +¥) > r min{iy (), iy ()}, and

A (x + y) < max{Ay (x), Ay(y)}-

Example 3.2

Let X = {0, a, b, c} be Bd-algebra in Example (3.2.2), It is easy to show that

I = {0, c} is Bd-ideal of X. Define a cubic set Wl =< iy, Ay > of X of such that : X — [0,1] by:

[0.3,09] if x € [0,c]
[0.2,0.7] otherwise

03 ifx€e[0,c]

and Ay =
u {0.4 otherwise

Aux) = { . The cubic set. Wl =< iy, Ay > is a cubic fuzzy Bd-ideal of X.

Proposition 3.3

The R-intersection of any set of cubic fuzzy Bd- ideal of X is also cubic fuzzy
Bd-ideal of X.

Proof:

Let {U;|i € A} be a family of cubic fuzzy Bd-ideals of X, then for any x,y € X.
(N 1) (0) = rinf (i, (0)) > 7 inf (i, (1)) = (N fi,) (x) and
(V ;) (0) = sup Ay, (0) < sup Ay, ) = (V A ) ).
(i) () = 7 inf (1, () = - inf {r min (i, Cx + ), A, ) )}
— 7 min {r inf (ﬁwi(x + y)) ,rinf (ﬁwi(y))}
= rmin{(N fiy,) (x + ), (0 fi,) )}
(V 2u,)G0) = sup (A, ()
< sup{max{Ay, (x + ), Ay, ) }}
= max{sup (A, (x +)), sup (4w, )}

= max{(v Awi)(x +y), sup(lwi)(y)}
Hence, R-intersection of W; is a cubic fuzzy Bd-ideal of X.
Remark 3.4
The P-intersection of any sets of cubic fuzzy Bd-ideal need not be a cubic fuzzy Bd-ideal, for Example
Example 3.5

let X = {0,a,b,c,d,e} be a set with the following table
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+ 0 a b c d e
0 0 a b c d e
a a 0 a a a a
b b b 0 a a a
c c c c 0 c c
d d d d d 0 a
e e e e e e 0

Then (X; +,0) is an Bd-algebra. It is easy to show I; = {0,a, b} and I,
< My, Aw, > and

u.lz =< HUJZ'AIHZ > OfX by

fw, (x) ={[0.4,0.7] ,if x € {c,e}, Ay, (x) =104 ,if x € {c,e}

[0.5,08] ,ifx€el [0.2 Jifx el
[0.3,0.4] ,otherwise 0.6 ,otherwise

. ([0409] Lifxel ~ {0.1 Jifx €l
P, () = {[0.3,0.7] ,otherwise’ Aw, () = 0.3 ,otherwise

Then Ul; and U, are cubic fuzzy Bd-ideal of X, but P-intersection

are not cubic fuzzy Bd-ideals of X.Since

(fw, N fw,)(d) = [0.3,0.4] < [0.3,0.7]

= {0, e} are Bd-ideals of X we deftined two cubic Set Ul;, =

min{(fw, N fw,)(c + @), (Fuw, N fw,) (@]

And

(Aw, A Aw,)(d) = min[0.6,0.3] = 0.3 £ 0.2
= mln{(lwl N sz)(c), (Awl A Aulz)(a)}
= min{min{0.4,0.3}, min{0.2,0.3}

Proposition 3.6
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Let W =< fiyy,, Ay, > be a cubic fuzzy Bd-ideal of Bd-algebra (X; +,0), where

i €A inf{max{/luli(x),lmi(y)} = max{inflmi(x),lwi(y)},
for all x € X, then the P-intersection of Ul; is also a cubic fuzzy Bd-ideal of X.
Proof:

Let W; =< fiyy,, Aw, > Where i € A, be a set of cubic fuzzy
Bd-ideals of X, forall x € X, then x,y € X,
(N i, ) (0) = 7 inf(fig, (0) > 7 inf (g, () = (N fig,) (x)
((A A, ) (0) = inf Ay, (0) < inf A, () < (AAw) ()
(N fiy,) (%) = rinf ug;, (x)

> rinf{r min{fiy, (x + ¥), fiw, )}}

= rmin{r inf Ty, (x + ¥), 7 inf @y, ()}

= r min{(N fy,) ¢ + ), (N fiw,) )}
And (A Ay, ) (x) = inf Ay, (x)

< inf{max{Ay, (x + ), 2, ) }}

= max{inf Ay, (x + y), inf 2y, ()}

= max{(A Ay, ) (x + ), (A Ay, ) )

< min{(A Ay, ) G + ), (A ) )}

And
(N ) (x +y) = rinf fiy, (x +¥)
> rinf{r min{fzy, (), Gy, )}
= r min{r inf iy, (x), 7 inf Ty, (¥)}
= rmin{(n iy, ) (0, (0 fiw, ) )}
And (A Ay,)(x + y) = inf Ay, (x + y)
< inf{max{Ay, (%), Ay, 0)}}

= max{infﬂmi (), inf Ay, (y)}
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= max{(/\ Ami)(x), (/\ lwi)(y)}
< min{(/\ lwi)(x), (/\ lmi)(y)}
Hence, P-intersection of U, is a cubic fuzzy Bd-ideal of X. m
Remark 3.7
The R-union of any sets of cubic fuzzy Bd-ideal need not be a cubic Bd-ideal, for Example
Example 3.8

let X ={0,a,b,c,d,e} be aset with the following table

+ 0 a b c d e
0 0 a b c d e
a a 0 a a a a
b b b 0 a a a
C c c c 0 c c
d d d d d 0 a
e e e e e e 0

Then (X; +,0) is an Bd-algebra. It is easy to show I, = {0, a, b} and I, = {0, e} are Bd-ideals of X we deftined two cubic Set I, =

< py,, Aw, > and
U.IZ =< ﬂwz,/’{mz > OfX by

fg, (x) =4[0.4,0.7] ,if x € {c,e}, Ay, (x) =104 ,if x € {c, e}

[0.5,08] ,ifx€el [0.2 Jifx el
[0.3,0.4] ,otherwise 0.6 ,otherwise

. ([0409] Lifxel ~ {0.1 Jifx €l
P, () = {[0.3,0.7] ,otherwise’ Aw, () = 0.3 ,otherwise

Then Ul; and U, are cubic fuzzy Bd-ideal of X, but R-union are not cubic fuzzy Bd-ideals of X.Since
(A, Y fiw,)(d) = [0.3,0.7] <
min{(fy, U i, )(c + @), (Fu, U i, ) (@)}
= [0.5,0.8]
And

(Aw, A Aw,)(d) = min[0.6,0.3] = 0.3 <

= min{(Au, A Aw,)(©), (A, A A, ) (@)}

www.ijeais.org/ijeais

85



International Journal of Engineering and Information Systems (IJEAIS)
ISSN: 2643-640X
Vol. 9 Issue 8 August - 2025, Pages: 70-103

= min{min{0.4,0.3}, min{0.2,0.3}
=0.2
Proposition 3.9

Let W =< .u‘LUl-')lLUi > be a cubic fuzzy Bd-ideal of Bd-algebra (X; +,0), where

i € A, rsup{r min{ﬁwi(x),ﬁuli(y)} =r min{r sup fiy, (x) ,ﬁwi(y)}, for all x € X, then the P-union of W is also a cubic fuzzy Bd-

ideal of X.
Proof:
Let W; = {< x, fiyy, (x), Ay, (x) > |x € X} where i € A, be a set of cubic fuzzy
Bd-ideal of X ,thenV x,y € X,
(U i, )(©) = sup(iiyy, (0) > 7 sup (fi, (0)) = (U fig, ) )
(VAw,)(0) = sup(Ay,(0) < sup (2,3 = (Vi) )
(U fig, ) (%) = 7 sup fiy, (x)

> 7 sup{r min iy, (x + ¥), i, 0}

r min{r sup fy, (¢ + ), 7 sup fiy, ()}

rmin(U fy,)(x + ), (U fiyy,) (¥) and
(V 2, ) () = sup A, ()

< sup{max{Ay, (x + ¥), Ay, )}

= max{sup Ay, (x + ), sup Ay, )}

= max{(V Ay, )(x + ), (V Ay, ) 0}

And
(U )& +3) =7 sup fiy, (x +)
> 7 sup{r min iy, (), iy, 0}
= r min{r sup fiy, (), 7 sup fiy, )}
= rmin{(U fy, (), (U fiw,) ()} and
(V A,) (x +¥) = sup Ay, (x + )

< sup{max{Ay, (x), 2y, ) }}
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= max{sup Ay, (x), sup Ay, (")}
= max{(v )luli)(x): (V )lull)()’)}
Hence, P-union of W, is a cubic fuzzy Bd-ideal of X. m

Proposition 3.10

Let W; =< fiy, Ay, > be a cubic fuzzy Bd-ideal of Bd-algebra Where i€ A7 sup{rmin{fiy,(x), fy,(»)} =

r min{r sup fiy, (x) 7 sup ﬁmi(y)}, and inf{max{lmi(x),lwi(y)} = max{inflwi(x) , Awi(y)} for all x € X then the

R-union of W; is also a cubic fuzzy Bd-ideal of X.

Proof:

Let W; = {< fiy, (x), Ay, (x) > |x € X} where i € A, be a set of cubic fuzzy Bd-ideal of X, then for x,y € X,

(U A, ) (0) = 7 sup (1, (0)) > 7 sup (i, (®)) = (U ) () and

(A ) (0) = inf Ay, (0) < inf Ay, (¥) < (AAw) ()

(U i, ) (0) = 7 sup iy, (x)
> r sup{r min{fiy, Cx + ), fu, 1) }}
= 7 min{r sup fiy, (¢ + ), 7 sup fiyg, ()}
= rmin{(U fiy,) (x + ), (U g, ) )}
And (A Ay,)(x) = inf Ay, (x)
< inf{max{Ay, (x + ), Au, )}
= max{inf Ay, (x + ¥), inf Ay, ()}
= max{(A Ay, ) Cx + ), (A Ay, ) )
And
(U fiy,) (x + y) = 7 sup fiy, (x + )
> v sup{r min{fiy, (), Gy, ()}}
= rmin{r sup i, (x), 7 sup fiy, (¥)}
= rmin{(U fi,) (%), (U fiw,) )}
And (A Ay,)(x +y) = inf Ay, (x + )

< inf{max {2y, (x), 2y, @) }}
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= max{inf/lmi (), inf Ay, (y)}

< max{(/\ Ami)(x), (/\ lwi)(y)}
Hence, R-union of W; is a cubic fuzzy Bd-ideal of X. m
Proposition 3.11

Let (X; +,0) be an Br-algebra. If a cubic subset W =< [y, Ay, > of X, then Ul is a cubic fuzzy Bd-ideal of X, then for any te
D[0,1] and y € [0,1], the set T (W; £, s) is an Bd-ideal of X.

Proof:

Assume that W =< fiy, Ay > is a cubic fuzzy Bd-ideal of X and let £ € D[0,1] and y € [0,1], such that TU(W;£,y) # @, and let
x,y € X suchthat x + y,y € U(UL; £,y), then iy (x + ) = t, dy(y) =t and Ay(x +y) <y, Ag(y) <.

Since W is a cubic fuzzy Bd-ideal of X, we get

fw(x) Z rmin{iy(x +y), fu(¥)} = t and

Aw(x) < max{Ay(x +y), Au(} <s

Also

x,y € U(UL £,5), then fiyy(x) = t, fig(y) = t and Ay (x) <y, Ay (y) < y. Since W is a cubic fuzzy Bd-ideal of X, W get
fu(x +y) Z min{fy(x), Aw ()} =t and

Au(x +y) < max{Ay(x), Ag(¥)} < s.

Hence the set U (U; £, s) is an Bd-ideal of X. m

Proposition 3.12

Let (X; +,0) be an Bd-algebra. If for all # € D[0,1] and y € [0,1], the set U(UI; £, y) is an Bd-ideal of X. then Ul =< fiy, Ay > is a
cubic fuzzy Bd ideal of X.

Proof:
Suppose that U (U; £,y) is an Bd-ideal of X and let x, y € X such that
fu(x) < rmin{dy(x +¥), fu ()}, and
Aw () > max{Ay (x + y), Au ()}
Consider
B =1/2 {fiy () + rmin{fiy (e + ), A ()}

And

B =1/2 {Ay(x) + max{Ay (x + y), Aw(¥)}}
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We have € D[0,1] and B € [0,1] and

ﬁlll(x) < E < Tmin{[lm(x + }’);ﬁul(y')} ,and
Aw(x) > B > max{Ay(x + y), 4w ()}

Also

fig (x + y) < 7 min{fiy (), Zw()}, and Ay (x + y) > max{dy (%), Au(¥)}

Consider

B =1/2 {fiy(x +y) + rmin{fiy (x), Au ()}
And
B =1/2 {Au(x +y) + max{Ay(x), 2u ()3}
We have € D[0,1] and B € [0,1] and
fu(x+y) < B < rmin{iy(x), iy} and

Au(x +y) > B > max{Ay (), Au()}

It follow s that x +y,x,y € U(W;£,y), and X ¢ U(W;E,5),x +y & U(W; £ s). This is a contradiction and therefore W =<

[, Aw > 1s a cubic fuzzy Bd-ideal of X.

Theorem 3.13

Cubic set W =< fiy;,, Ay > is a cubic fuzzy Bd-ideal of X if and only if, uy; and uil; be fuzzy Bd-ideal of X and Ay be anti-fuzzy

Bd-ideals of X.

Proof:

Let ug and pgibe fuzzy Bd-ideals of X and Ay be anti-fuzzy Bd-ideals of X and x, y € X, then

i (0) = p (o), uii (0) = pfy(x) and Ay (0) < Ay (x)

pip (6) = minfuy Ce + ¥), k0N, i (0) = min{pfi(x + ), wi ()} and

Ay (x) < max{Ay(x +¥), Au()}. Now

A () = [pw ), k()] Z [minfuy (x + ), k)] [k (x + ¥), w1}
=min{uy (x + ), uii (¢ + 1 [kw @), wi 01}

= rmin{fy(x + v), iy (y)}, therefore

fw () = rmin{iy(x + y), fw (@)} And 1y (x) < max{Ay(x +¥),, Au(y)}. Now,

f(x+y) = [+ y), ui (e + )] = [minfug (o), )], g ), ui ()13

=rmin{[{uy (0, piy (O], 1w ), win ()]
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= r min{jiy (x), fiy ()}, therefore

Fu(x +y) > rmin{fy (), Zw ()} And Ay (x + ) < max{Ay (x),, Au()}
Hence W is a cubic fuzzy Bd-ideal of X.
Conversely, assume that W is a cubic fuzzy Bd-ideal of X, for any x,y € X, fiyy(0) = fy(0) and Ay (0) < Ay (x), and
[ (), piy O] = A (x) = r min{fy (x + y), Au ()}

rmin{[py e + ), uia G + M1, ka3, kiGN

= rmin{[uy (x + ), kO], [l & + ¥), w1}

Thus
tn () = {pn G + ¥), b0} pu () = {u G + ¥), pip ()} and
A () < max{Ay (x +y), Ag(¥)}
[ Ce + 2, pin (e + )1 = Aw(x + )
7 r min{dy (%), Aw ()}
= rminfuy (), i (O}, ), ki (00}
Thus
ru(x +3) = {ug GO, a0} uh(x + ¥) = {ufh (), pi ()} and
Au(x +¥) < max{Ay (), Ay},
Therefore g and ug; be fuzzy Bd-ideal of X and Ay be anti fuzzy Bd-ideal of X m
Theorem 3.14
Every cubic fuzzy Bd-ideal of Bd-algebra (X; +,0) is a cubic fuzzy Bd-subalgebra of X.
Proof:

let (X; +,0) be an Bd-algebra and W =< fiy (x), Ay (x) > is a cubic fuzzy Bd-ideal of X. since W is an cubic fazzy Bd-ideal of X,
then by proposition (), for every y € [0,1],f € D[0,1],

U(W; Ey) = {x € X|iy(x) = tAy(x) < 1, is ideal of X. By proposition ( ), for every § € (0,1],f € D[0,1] and 6 €
[0,1], U(W; £, s) is Bd-subalgebra of X. Hence W is a cubic fuzzy Bd-subalgebra of X by Proposition ( ). m

Remark 3.15
The converse of Theorem () is not true as the following Example:

Example 3.16

let X = {0, a, b, c} be a set with the following table:
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+ 0 a b c
0 0 0 0 0
a a 0 0 0
b b b 0 b
c c c c 0

hen (X; +,0) is an Bd-algebra. Define a cubic set W =< iy, Ay > of X is fuzzy subset u: X — [0,1] by

_ .~ ([03,09] ,if x ={0,c} _ (0.1 if x={0,c}
fi (x) = {[0.1,0.6] ,otherwise and Au = {0.6 otherwise

The cubic set W =< iy (x), Ay (x) > is a cubic fuzzy Bd-subalgebra of X.
Note that Ay is not an anti-fuzzy Bd-ideal of X since
Au(3) = 0.6 > 0.1 = max{Ay (b + a), 1y (a)}
= max{Ay(b), Au(b)}.
Hence Ul is not cubic fuzzy Bd-ideal of X.

Theorem 3.17

If a cubic fuzzy subset W =< iy, Ay > is a cubic fuzzy Bd-ideal of X, then the upper [y,, y,]-level and Lower t-level of W are Bd-

ideals of X.

Proof:

Let (x + ¥); () € Ufwlly1, v2D), then fiy(x +¥) > [y1,v.] and
Au®) = [v1,v2]. It follows that

fu(x) = rmin{dy (x +¥), fw ()} = [y1, 2] so that

(x) € U(fyllys, v2)). Hence U(fiylly1, v2]) is an Bd-ideal of X.

Let (x +y)(y) € L(Aylt), then Ay(x +y) < tand Ay (y) < t.

It follows that Ay (x) < max{Ay(x +¥), Ag(¥)} < t, so that (x) € L(Aylt).

And

(x), (v) € UCfyllys, v2D), then fiy (x) = [v1,v2] and iy (y) = [v1,v2l,

It follows, that

fu(x +y) = rmin{fiy (x), Ay ()} = [v1,v2], so that x € U(fwl[y1, v2])-

Hence U (fiy| [y, v2]) is an Bd-ideal of X.
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Let (x), (¥) € L(Ayt), then Ay (x) < t and Ay (y) < t. It follows that Ay (x + y) < max{Ay(x), Agy(y)} <t, sothat (x +y) €
L(Ay|t). Hence L(Ay|t) is an Bd-ideal of X. m

Corollary 3.18

let W =< fiy, Ay > be a cubic fuzzy Bd-ideal of Y, then

W(lys, v21 ) = UQAwllys, v2D) N LQAglt) = {x € X|fu(x) = [y, 2],
Aw(x) < t}isacubic fuzzy Bd-ideal of X.

The following example shows that the converse of corollary () is not valid
Example 3.19

let X ={0,a,b,c,d,e} be Bd-algebra in example () and cubic set W = (fiy, Ay) of X by

[0.6,0.8] ,ifx=0 0.1 Jifx=0
fu(x) =1[0.50.6] ,if x €{c,d,e}, Ay, (x) =403 ,if x € {b,c,d}
[0.3,04] ,if x € {a,b} 08 ,ifx€{ae}

W(ly1, vzl t) = U@y, v2D 0 L(Ay[)
= {x € X|fiw(x) > [y1,v2] Au(x) < t}
={0,c,d, e} n{0,,b,c,d,} ={0,c,d}
Bd-ideal of X, but Wl =< fiy;, Ay > is not a cubic fuzzy Bd-ideal since
fu(a) # r min{y (d + b), fw(b)} and Ay (a) £ max{Ay(d + b), Au(b)}
Theorem 3.20
Let Ul = (fiy, Ay) be a cubic fuzzy subset of X such that the sets
U(yllys v2)) and L(Ay|t) are Bd-ideals of X for every [y4,v-] € D[0,1] and
t € [0,1], then W =< iy, Ay > is a cubic fuzzy Bd-ideal of X.
Proof:

Let U(fiylly., v2]) and L(Ay|t) are ideals of X, for every [y, y,] € D[0,1] and t € [0,1] on the contrary, let x,, y, € X such that
A (xo) < rmin{fiy (X + o), Au(¥)}-

Let fiw (xo + o) = [171,m2] and fiy(vo) = [n15,m4] and
fu(x0) = [y1,72]. Then
[v1, v2] < v min{[ny, n2], (73, 141}

= {min[ny, n,], min[ns, 1,41}.

So y; < min{n,,n3} and y, < min{n,, n,}. Let u, considen
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[p1, P21 = 5 [{iiw (o) + T min{fi (o + o), i (vo)}}]
= % [[y1,v2] + [min{n;, ns}, min{n,, n,}].

Therefore min{n, 15} > py = = (y1 + min{y,,75}) >y, and

min{nz, 04} > p2 = 3 (1 + min{ny,n:)) > 1y
Hence [min{n,, 73}, min{nz, n43] > [p1, p2] > [11, 721, s0 that
(x0) € U(fiy!ly1,v2]) which is a contradiction, since
fu(xo) = [n1,m2] > [min{ny, 03}, min{n,, 14} > [p1, p2]
and fiy (¥o) = [13,m4] > [min{ny, 73}, min{n,, 1431 > [p1, p2] this implies
(x0) € U(@wllys, v2D.
Thus iy (x) == r min{fy(x + y), Gy ()} forall x,y € X. And, Let x4, v, € X such that Ay (xo) > max{Ay(xe + Vo), Au o).
Let Ay (xo + ¥o) = vi L Au(y) = v, and Ay (x,) = t, then
t > max{vy,v,}
Let Wl is consider, t; = % [Au(x0) + max{vy, v, } + max{Ay (xe + Vo), Au(Vo)}
we got that t; = %(t + max{ v;,v,}), therefore,

<t = i(t + max{v,,v,} <t and v, <t, = i(t + max{v;,v,}) <t
Hence, max{ vy, v,} < t; <t = Ay(xy).

So that xy + y, € L(Ay|t) which is a contradiction since

Au(xo) = vi <max{ v;,v, } <ty and Ay (yo) = v, < max{ vy, v, } < tq, this implies (xy) € L(Ay|t) this implies Ay (x) <
max{Ay(x +y),Au(y)} for all

x,y € X.
fu(xo + ¥o) < rmin{iy (xo) , Zw(¥)}-
Let iy (xo) = [n1,m2] and fw(¥o) = [n3,m4] and
fu(xo +¥0) = [y1,72]. Then
[y, v2] < v min{[ny, 721, (73, n41}
= {min[ny, n,], min[n;, 1,41}

So y; < min{n,,n3} and y, < min{n,, n,}. Let u, considen

(o1, p2] = 5 [l Cxo + yo) + 7 min{fiy (o), fu (o)}}]
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= % [[V1,v2] + [min{n;, ns}, min{n,, n,}].

Therefore min{n,, 75} > py = (1 + min{ny,715}) >y, and

. 1 .
min{n,, 04} > p, = E(V1 + min{n,,15}) > v,

Hence [min{n,, 73}, min{nz, n43] > [p1, p2] > [11, 721, s0 that

(x0) € U(fylly1, v2]) which is a contradiction, since

fw(xo) = [n1,m2] > [min{ny, 03}, min{n,, 14} > [py, p2]

and Ay (¥o) = [13,M4] > [min{ny, 03}, min{n,, 1431 > [p1, p2] this implies (xo) € U(@wlly1, v2D-

Thus iy (x + y) = rmin{fy(x), dy(y)} forall x,y € X. And, Let x4, v, € X such that Ay (xg + Vo) > max{Ay (%), lu (o)}
Let Ay (x0) = vi Au(o) = v, and Ay (xy + yo) = ¢, then

t > max{vy,v,}
Let W is consider, t; = % [Aw(xo + yo) + max{vy, v, } + max{Ay (xo), Au (o)}
we got that t; = %(t + max{ v;, v,}), therefore,

v, <t = %(t +max{v;, v} <t and v, < t, = %(t +max{v,;,v,}) <t
Hence, max{ vy, v,} < t; <t = Ay(xo + Vo).

So that xy + y, € L(Ay|t) which is a contradiction since

Au(xo) = vy <max{ v,v, }<t; and Ay(yo) = v, < max{ vy, v, } < ty, this implies (x, + y,) € L(Ay|t) this implies
Au(x +v) < max{Ay(x), Aw()}

Hence, Wl =< fiy;, Ay > is a cubic fuzzy Bd-ideal of X. m
Homomorphism of Cubic Fuzzy Bd-ideals of Bd-algebra

In this section, the researcher presents some results on images and preimages of cubic fuzzy Bd-subalgebras and fuzzy Bd-ideals of
Bd-algebras.

Theorem 4.1

A homomorphic preimage of cubic fuzzy Bd-subalgebra is also cubic fuzzy
Bd-subalgebra.

Proof:

Let f: (X; +,0) > (Y;+',0") be homomorphis from an Bd-algebra X intoan  Bd-algebra. If g =< fig, A5 > is cubic fuzzy Bd-
subalgebra of Y and

W =< fiy, Ay > the pre-image of g under f, then
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fr-10p)(x) = /jm(f(x)), -1y (x) = Au(f (x)) forall x € X.

Letx € X, then (fi,-1(4)(0)) = Fu(£(0)) = fiw(f () = fiy-1(g(x), and
(Ar-106))(©) = A (FO)) < Au(f (X)) = -1 (0.
Now let x,y € X, then
Ap-10p)(x +y) = fu(f(x + y) = fu(f O+ f )
> rmin{fiy (£ (), Au(f ()}
= r min{fi;-1()(x), fif-1(5, ()} and
A1 + ) = A (f(x + ) = Au(F )+ f (D))
> max{Ay (f (), 2w (f ()}
= max{A;—1() (), A1) ()} - m
Theorem 4.2
Let f: (X; +,0) - (Y; +',0) be an epimorphism from an Bd-algebra X into

Bd-algebra Y. For every cubic fuzzy Bd-subalgebra W =< py;, Ay > of X With sup and inf properties, then (W) is a cubic fuzzy
Bd-subalgebra of Y.

Proof:
Since f (fiy)(y)" = rsup fiy(x) and

fAw @) = inf Ay(x)forally’ €Y and
xef~1(y")

rsup(@) = [0,0] and inf(@) = 1, we have prove that
fEw " +y") = rmin{f (@) ("), @y ()}, and
fAuw " +y") < rmax{f (A ("), fAw) ()}, forall x',y" € X.

fa)x'+'y) =r  sup fig(t) = fu(x + yo)

tef~1(x’+y")
= rmin{fy(x), fu (o)}

=rmin{r sup f[y®),r sup [y}
tef~1(x") tef~1(y")

= r min{f (Zy) (x"), f (Aw) (¥} and

fAw) ' +y') = Au(t) = Ay (xo + Yo)

inf
tef~1(x"+y")

< max{Ay (x0), 2w (Vo) }
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=max{ inf Ay(), inf Ay}
tef~1(x") tef~1(y"

= max{f (Aw) ("), f (Au) (¥)}

Hence, f (W) is a cubic fuzzy Bd-subalgebra of X. m

Theorem 4.3

A homomorphism Pre-image of cubic fuzzy Bd-ideal is also cubic fuzzy Bd-ideal.
Proof:

Let f = (X;+,0) » (Y;+,0") be homomorphism from an Bd- algebra X into an Bd-algebra Y if 8 =< fig, Az > is a cubic ideal of
Y and W =< iy, Ay > the pre-image of B under f. then iy (x) = fp(f (%)), Aw(x) = A5(f (x)) for all x € X, then

Au(0) = Ag(f(0)) = Ap(f (1) = Au(x)
And 24 (0) = 25 (£ (0)) < Zp(f () = A ().
Now, let x,y € X then
fu(x) = g (f(0)

> rmin{fig(f (x + y), is(F )}

> r min{ (f (x + ), Zu(f (»))} and
Au(x) = 25(f ()

< max{A;(f (x + ¥)), )}

= max{Ay(x + y), Aw ()}
And

fux +y) = @g(fx + )

> rmin{g (£ (X)), A (F (1))}

= r min{fiy (x), fy(y)} and
AwCx +y) = A(f (x +))

< max{lﬁ (Flx + ¥)) g Fm)}

= max{Ay (x), Ay()}. m
Theorem 4.4
let f: (X;+,0) = (Y;+',0") be an epimorphism from an Bd-algebra X into an

Bd-algebra Y. For every cubic fuzzy Bd-ideal W =< uy;, Ay > of X with sup and inf properties, then £ (W) cubic fuzzy Bd-ideal of
Y.

Proof:

www.ijeais.org/ijeais
96



International Journal of Engineering and Information Systems (IJEAIS)
ISSN: 2643-640X
Vol. 9 Issue 8 August - 2025, Pages: 70-103

Since fig(x'+'y") = f(Aw)(x'+'y") = rsup fiu (x +y) and

x+yef~t(x'+'y")

And A5 (x"+'y") = f(Aw) (x'+'y") = inf Au(x +y) and

x+yef~t(x'+'y")
Apy") = fEw) (') = rsup dy(y)
yef~1(y")
@) =AW = fl_r}( . Au(y) forall x',y’ € Y and
rsup(@) = [0,0] and inf(@) = 0 . we have prove that

fig(x") = rmin{fig(x' +y"), @iz (y")}, and

Ap(x") < max{/lﬁ(x’ + y’),/lﬁ(y’)}, forallx',y' €Y.

Let f: (X;+,0) = (Y; +',0") be epimorphism of Bd-algebras, W =< fy, Ay >

is a cubic fuzzy Bd-ideal of X has sup and inf properties and f =< fig, Az > the image of W =< iy, Ay > under f. Since W =<

fu A > 18 a cubic fuzzy

Bd -ideal of X, we have (fiy;)(0) > fy(x) and (Ay)(0) < Ay (x), for all x € X. Note that, 0 € f(0") where 0,0" are the Zero of x

and Y, respectively. Thus

#3(0)—7” sur) um(t)—uw(O) fAu(x) = rsup um(t)—uﬁ(x)

! = 1 = < = 1
2500 = _inf, du(®) = 2(0) < du(@) = _inf Ay, forall x € X.

Which implies that iz (0) > fig(x'), and 43(0") < Az(x"), forall x" € Y.
Forany x',y' €Y, letxy € f~1(x"),y, € f~1(y") be such that

Au(xo +y0) =71 sup @), fu(yo) =71 sup and
tef "1 (x"+'y") tef~Hx'+'y")

fu(xo) = Ag(x) = rsup  and

tef1(x"
= inf = inf
Au(%o + o) tef‘ll(ralf’+’y’) Aw(®), Au (o) tefl‘q(y’) Au(®) and

Au(xp) =  inf Aw(t) Also, fig(x") = rsup
tEf_l(x tef (JC’)

A (t) = fiyg(xo) > r min{fiy (xo + yo), fiu(o)}

=rmin{r sup  fy(t),r sup uw(t)}
tef~1(x"+y") tef~1(y

=r min{ﬁﬁ(x'+'y'), fp (y’)} and

Aw(x) = inf  Ay(xe) < max{Ay(xo + o), Au(¥o)}
xo€f~1(x")

=max{ inf Ag(), inf Ag(®)}
tef~1(x'+y") tef~1(y")
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= max{Ay(x'+'y"), Au(¥)}

And
Auxo) = rsup [y (t), fw(yo) = rsup [dy(t)
tef~1(x") tef~1(y")
And iy (xo + o) = dg(x'+'y") =  rsup
tef~1(x'+'y")
Au(xo) = te}r_llf(x,)/lw(t).llu(J/o) = tefl_f}{y,) Aw(t)
Au(xo + o) = tef_11&f+,y,) A (®)
Also fig(x"+y') = rsup  fy(t) = fulx + ¥o)
tef~1(x'+y")
F rmin{fiy (xo), fw (Vo)
=rmin{ sup [gy(t),r sup [Gy()}
tef~1(x") tef~1y"
> rmin{ig (¢, fig (")) and
Au(x" +y") = inf Aw(xo +
w( vy Cotyo)ef1(x +y7) w0 + ¥o)

< max{Ay (xo), 2w (o)},

=max{ inf Agy), inf Ag(®)}
tef~i(x") tef~1y"

= max{Ay (x"), Au (¥}
Henece, B is a cubic fuzzy Bd-ideal of Y. m
4. CARTESIAN PRODUCT CUBIC OF BD - ALGEBRA
In the Section, we will introduce the notions of cartesian product of cubic
Bd-subalgebras and cubic fuzzy ideals in a Bd-algebra.
Definition 5.1

Let Wy =< fly,, Aw, > be a cubic fuzzy subset of X and W, =< fiy,, Ay, > be a cubic fuzzy subset of Y. The cartesian product of
W, and W, is defined as Wy X W, = (X XY, @y, X @y, Aw, X Au,) Where,

fw, X fy,: X XY - [0,1] and
Aw, X Ay, =X XY - [0,1] Vx € X,y € Y, such that
(i, X fw,) e, y) = rmin{iy, (x), fy, (v)} and

(Aw, X A,) (2 ¥) = max{Ay, (1), Aw, )}
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Theorem 5.2

Let W; =< fy,, Ay, > be a cubic fuzzy Bd-subalgebra of X and
W, =< fiy,, Aw, > be a cubic fuzzy Bd-subalgebra of Y then W; X U, is a cubic fuzzy Bd-subalgebra of X x Y.
Proof:
Let (x1,y1) € X XY and (x,,y,) € X X Y, then
(ﬁwl X ﬁwz)((xp)ﬁ) + (xz,yz)) = (ﬁul1 X .aujz)((x1 +x), O + }’2))
= min{,ﬁml(x1 + x2), fw, 1 + yz)}
> min{r min{fiy, (x,), fu, (¢2) 7 min (i, (32), fiw, (72))
= r min{min{gy, (x,), fiw, (v1) , min (G, (), fiw, (v2)})
= rmin{(u, X fiu, ), y1), (A, X ) 0z, ¥2)}
And
(A, % A, ) (Cer, v1) + G2, ¥2)) = (A, X Aus, ) (G + 2%2), (01 + ¥2))
= max{/lml(x1 + x2), Aw, 01 + yz)}
< max{max{/lm L), Ay, (xz)},
= max{max{Au, (1), 2w, 1)}, max{Au, (), Aw, ()3}
= max{(/lwl X Amz)(xp)ﬁ). (/11111 X Amz)(xz;)h)}
Hence W, x U, is a cubic fuzzy Bd-subalgebraof X X Y. m
Theorem 5.3
Let W; =< fy,, Ay, > be a cubic fuzzy Bd-subset of X and

W, =< fiy,, Aw, > be a cubic fuzzy Bd-subset of Y. If W, X U, is a cubic fuzzy Bd-subalgebra of X X Y, then U, is a cubic
fuzzy Bd-subalgebra of Y.

Proof:

Assume that W, x W, is a cubic fuzzy Bd-subalgebra of X x Y, then

(g, X i) (Gea, 30) + G2, 92)) 3= min{ (i, X i, ) (Cen, 1), (B, X fiu,) Gz, 7203 - (1)
Putting x; = x, = 0 in (1) we get,

(A, X A, )(0,y1) + (0,¥2) = rmin{(fiy, X fw,)0,y1), (Fw, X fw,)0,y2)},

(ﬁwl X ﬁwz)(o')ﬁ +y,) BT min{([lwl X ﬁwz)(o' Y1) (ﬁull X ﬁwz)(o' )’2)}
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then we have

fiu, 1 + ¥2) = 7 min{fy, (1), fiw, (v2) }
Hence fiy, is a fuzzy Bd-subalgebra of X.

Also,

(()Llu1 X sz)) (G, y1) + (x2,92)) < max{(lml X Amz)(xp}ﬁ)' (}Lul1 X Amz)(xz'J’z)}
Q)

Putting x; = x, = 0 in (2) we get,
(/11111 X sz)(odﬁ)(o' y2) < max{(/lwl X /11112)(0» Vi), (/11111 X sz)(O, v2)}
(A, X A, ) (0,31 +¥2) < max{(Aw, X Aw,)(0,¥1), (Aw, X 4w, )(0,¥2)}
then we have
Aw, V1 +¥2) < max{/lmz 1), Aw, ()},
Then Hence Ay, is anti-fuzzy Bd-subalgebra of Y.
Hence UI, is a cubic fuzzy Bd-subalgebraof Y. m
Theorem 5.4

Let W; =< fy,, Aw, > he a cubic fuzzy Bd-subset of X and W, =< fiy,, Ay, > be a cubic fuzzy Bd-subset of Y. If Ul; x W, isa
cubic fuzzy Bd- Ideal of X x Y.

Proof

Forany X = (x;,x,) € X X X, we have
(Aw, % fiw,)(0) = (fw, X fw,)(0,0) = r min{dy, (0), Zw, (0)}
= rmin (fiy, (), A, (52))
= (fiw, X fiw,) (1, %2) = (fw, X fw,) ()
(A, ¥ A1, ) (0) = (A, X A, )(0,0) = max (A, (0), 2, (0) )
< max (Au, (1), A, (42) ) = (A, X Au,) (X1, X5)
= (A, X Aur,) )
Letx = (x,%2),y = (y1,2)
(g, X fu,) () = (fw, X fuw, ) Cer, %2)

> rmin{rmin fig, G + y1), fw, C v} r min{fw, O + y2), A, 372)}
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=r min{r min{ﬁwl (x1,)’1)' A, (x2, )’2)}: r min{ﬁwl 1), A, ()’2)}}

= rmin{(ﬁwl X ﬁwz)((xpxz) + ()ﬁd’z))'r (ﬁlul X .aujz)(YLYZ)}
= rmin{(fiy, X fw,)® +¥), (fu, X Aw,) )},
(lwl X sz)(x) = (/1Lu1 X sz)(xl,xz)

< max{max{/lwl(xl +¥1), A, (J’1)}' max{lmz(xz +

= max{max{lml (1 + 1), Aw, (xz + 3’2)}' max{/lllll 1), Au, (yZ)}}

= max{(lml X sz)((xpxz) + ()ﬁd’z)), (Aml X /11112)()’1,)’2)}

= max{(Auw, X Au,)(x + ), (A, X A, ) 0D},
And
(A, X fu,) Cc +¥) = (B, X fw,) Ccr, %2), (71, 2)
= (B, X fw,) (@ %), 01, 2)
= (A, X fw,) (1 +y1,%; + ¥2)
> rmin{fy, Gy +y1), fw, (062 +2))
> r min{r min{fiy, (x,), fw, O1), 7 min{f@, (x2), A, 72)}})
= r min{r min{fiy, (1), fw, C2), 7 min{fiy, 1), fur, (72)}})
= rmin{(fy, X fiw, )@ %), (Bw, X fw,) 1 ¥2))
= rmin{(fw, X fw,)®), (A, X fu,) )}
(Awy, X A, ) +9) = (A, X A, ) Oy, 25) + (71, ¥2)
= (A, X Aw,) (%1 +2x2), 1 +¥2)
= max{Ay, (¢; + ¥1), A, Oz + )}
< max{max{Au, (x:), Au, 1), max{Au, (x2), Aw, (v2)}}}
= max{max{Ay, (t;), A, (z), max{Ay, (1), Aw, 7)1}
= max{(Ay, X A, )G, %), (A, X Aw, )01, ¥2)}
= max{(Ay, X Au,) @), (A, X Au,) )}
Hence W, x Ul, is a cubic fuzzy Bd-ideal of X x Y. m

Theorem 5.6

Y2 /1u1Z (}’2)}}
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Let W; =< fy,, Ay, > be a cubic fuzzy Bd-subset of X and

W, =< fiy,, Aw, > be a cubic fuzzy Bd-subset of Y. If W, x W, is a cubic fuzzy Bd-ideal of X x Y, then U, is a cubic fuzzy Bd-

ideal of X.
Proof:
Letx = (x1,%,),y = (1, ¥2) EX XX
(A, X i, )((0,0), (0,0)) = r min{(fy, )(0,0), (fw, )(0,0)}
> rmin{(fy, ) O, y1), (Aw, ) Oz, v2)}
Putting y = (y1,y2) = (0,0), we have fy, (0,0) > fy, (x1, %),

(Aw, X A, )(€0,0), (0,0)) = max{(Ay, X Aw, )(0,0), (Au,, Aw,)(0,0)}

< max{(Aw, ) (1, %2), (A, ) 071, v2)}

Putting y = (y1,¥,) = (0,0), we have Ay, (0,0) < Ay, (x4, x3)

Assume that U, x W, is a cubic fuzzy Bd-ideal of X x Y, then

(g, * i) (Gra, %)) = 7 min{ (R, X fiu,) G, 22) + G, 72)
(B, X fw,) 1, y2)} - (1)

Putting x, = y, = 0, then we have

(Aw, ) Cx1, 0) = r min{(f, ) ((x1,0) + (1, 0)), (A, ) (1, 0)}, thus

(ﬁwl)(xﬂ FT min{(ﬁwl)(JQ +¥1), (ﬂwl)()ﬁ)}- And

(A, X A, ) (Ce1,x5)) < max{(A, X A, ) (Cer 1) + 01, 32)), (A, %

Putting x, = y, = 0, the we have
(Awl)(xl, 0) < max{(/lml)((xl, 0) + (4, 0)), (Awl)(yl, 0)}, thus

Aw, (x1) < max{lwl (x1 + y1), A, (J’1)}.

And

(ﬁwl X ﬁulz)((xpxz) +Ly2)) 2T min{(ﬁull X ﬁwz)(xpxz), (ﬂw1 X

©)
Putting x, = y, = 0, then we have
(ﬁwl)(xl' 0) + (yll O) 2r min{ﬁlﬂl (x1; 0)' ﬁwl (yl' 0)}

Thus

Au,) 31, ¥2)} - (2)

fu, ) O, J’Z)}
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A, G +y1) 2 rmin{ﬁwl (1), i, (}’1)} . And

(A, X A, ) (G 22), 01, 72)) < max { (A, X Au,) (e, %), (A, X Aa,) 01 v2))} - @)
Putting x, = y, = 0, the we have

(Awl)(xp 0) + (¥1,0) < max{(/lwl)(xl, 0), (/11111)(}’1)}

Thus

Aw, (g + 1) < max{ﬂull (x1), A, ()}
Hence W, is a cubic fuzzy Bd-ideal of X. m
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