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Abstract: The concept of differential operators between differentiable vector bundles is discussed in detail in this work. We define a 

differential operator as a local linear mapping and analyze its fundamental properties, such as local structure and order. This paper 

explains how differential operators can be locally represented by matrices of partial differential operators and introduces the 

concept of the principal symbol as a coordinate-independent linear operator. The idea of the transposed operator and its connection 

to the principal symbol are also explained in detail 
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1. The introduction 

  

In differential geometry, differential operators are crucial instruments for analyzing the relationships between distinct vector bundle 

segments. The reference work provides a precise definition of a differential operator between two vector bundles E and F on a 

differentiable manifold X, as well as its fundamental properties that connect local and global analysis. The definition of the operator, 

its local structure, and more complicated concepts like the principle symbol and the transposed operator are all covered in this essay. 

2. Definition[8]  

Let 𝐸 and 𝐹 be vector bundles over an n-dimensional manifold 𝑋 that are differentiable. Any C-linear mapping, 𝑷: ℇ(𝑬) → ℇ(𝑭), 

that is local, meaning supp 𝑷𝒇 ⊂ 𝒔𝒖𝒑𝒑 𝒇 f for each section 𝒇 ∈ ℇ(𝑬), is a differential operator 𝑃 of type 𝐸 → 𝐹.  

The greatest integer p such that 𝑷(𝝓𝒑𝒇)(𝒙) ≠ 𝟎 for some smooth function 𝜙 that vanishes at 𝑥 and some local section 𝑓 near 𝑥 is 

the order of the operator 𝑃 at a point 𝑥 ∈ 𝑋, represented by 𝑝(𝑥). The operator P's order can be expressed as 𝒔𝒖𝒑𝒙∈𝑿𝒑(𝒙) 

 

2.1 A Differential Operator's Local Structure[2,8] 

 

A matrix of partial differential operators with differentiable coefficients can be used to represent a differential operator of type 

𝑬 → 𝑭, 𝑷, in any coordinate neighborhood 𝑼 where the bundles 𝑬 and 𝑭 are trivial. More specifically, 𝑷𝑽can be expressed as 

follows if it is the mapping on an open set 𝑽 ⊂⊂ 𝑼: 

𝑷(𝒙, 𝑫) = ∑ 𝑷𝝂(𝒙)𝑫𝝂

∣𝝂∣≤𝒑

 

where 𝑘 and 𝑙 are the ranks of the bundles 𝐸 and 𝐹, respectively, and 𝑷𝝂(𝒙) are (𝑙 × 𝑘)-matrices of differentiable functions on 𝑉. 

This theorem establishes that the analysis of partial differential operators on open subsets of 𝑅𝑛 is equivalent to the local analysis 

of differential operators between sections of vector bundles. 

3. The Differential Operator Symbol  

 

3.1 Definition [4,8] 

A linear map from 𝑬𝒙 → 𝑭𝒙defines the principle symbol of a differential operator, 𝝈(𝑷) ∈ 𝑯𝒐𝒎(𝝅∗𝑬 → 𝝅∗𝑭), at a fixed point 

(𝒙, 𝒛) ∈ 𝑻∗(𝑿) in the cotangent bundle. We select a section 𝒇 ∈ ℇ(𝑬) such that 𝒇(𝒙) = 𝒆 and a function 𝜙 ∈ ℇ(𝑋) such that 

𝜙(𝑥) = 0 and 𝒅𝝓(𝒙) = 𝒛 in order to define this symbol. The definition of the symbol is then as follows: 

𝝈(𝑷)(𝒙, 𝒛)𝒆 = (√−𝟏)𝑝𝒑! 𝑷(𝝓𝒑𝒇)(𝒙) ∈ 𝑭𝒙 
 

The selection of ϕ and f has no bearing on this definition. The symbol is provided by the following formula if the operator P is 

locally represented by the matrix 𝑷(𝒙, 𝑫) = ∑ 𝑷𝝂(𝒙)𝑫𝝂
∣𝝂∣≤𝒑 and 𝒛 = ∑ 𝒛𝒋𝒅𝒙𝒋

𝒏
𝒋=𝟏 : 

                                                                  

𝝈(𝑷)(𝒙, 𝒛) = ∑ 𝑷𝝂(𝒙) 𝒛𝝂

∣𝝂∣=𝒑

 

3.2 The Operator Transposed[8]  
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A transposed operator 𝑷𝑻of type 𝑭′ → 𝑬′ exists for each differential operator 𝑷 of type 𝑬 → 𝑭, where 𝑬′ and 𝑭′ are the dual 

bundles. The formula for the transposed operator's local representation is 

𝑷𝑻(𝒙, 𝑫) = ∑ (−𝟏)∣𝝂∣𝑫𝝂(𝑷𝝂(𝒙)𝑻 ⋅)

∣𝝂∣≤𝒑

 

 

With the following connection, it is simple to confirm that the symbol of the transposed operator is related to the symbol of the 

original operator:  

𝝈(𝑷𝑻) = (−𝟏)𝑝𝝈(𝑷)𝑻. 

 

4. Summary and Conclusion 

  

The reference material demonstrates that matrices of partial differential operators can be used to represent the precise local structure 

of differential operators between differentiable vector bundles. In order to reduce the global analysis of operators to local analysis, 

this characteristic is essential. While the transposed operator makes the connection between the original operator and operators on 

dual bundles clear, the principle symbol concept offers a strong tool for researching the geometric properties of the operator, such 

as ellipticity. The theory of differential operators and its applications in differential geometry and analysis are based on these ideas. 
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