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1- Introduction: 

In 1966 by Y .Imai and K.Iseki introduce𝔢�d the notion of BCKalgebra[24], In 1998, Y. Ɓ. Juṉ, E. H. Roǥh and H. S. Kἱm 

introduce𝔢�d the notion of a BH- 𝔞�lg𝔢�br𝔞�, and the notion of ideal of a BH- 𝔞�lg𝔢�br𝔞�[12]. In 2022, T.Bantaojai and  et. cl.  

introduce𝔢�d the notion of a BD-algebra [1-3]. In this paper, we define the concepts of intuitionistic fuzzy subalgebra in BD-

algebra and  multiplication intuitionistic fuzzy subalgebra in BD-algebra. Also, we give some theorems image (pre-image) of 

subalgebra of them are debated. 

 

Def.   2.1. ([1-3]).   

A BD-algebra (BD-A) is a non-empty set 𝜁 with a constant 𝜊 and a binary “ ⋄�” satisfying the following axioms hold ∀𝜀, 𝜂 ∈ 𝜁, if  :  
(1)�𝜀 ⋄ �𝜊 = 𝜀�, ∀𝜀 ∈ 𝜁, 

(2)(𝜀 ⋄ �𝜂) = 𝜊�𝑎𝑛𝑑�𝜂 ⋄ �𝜀 = 𝜊�, 𝑡ℎ𝑒𝑛�𝜀 = 𝜂�. 
Remark 2.2[1-3]. 

A BD-A can be (partially) order  by 𝜀 ≤ 𝜂 if and only if (𝜀 ⋄ �𝜂) = 0�, ∀𝜀, 𝜂 ∈ 𝜁. 

Prop. 2.3[1-3]. 

In any BD-A (𝜁;⋄, 𝜊), the following hold: ∀𝜀, 𝜂�, 𝜄, 𝜅 ∈ 𝜁 

(1)�𝜀 ⋄ 𝜀 = 𝜊 ,  

(2)�𝜀 ⋄ 𝜊 = 𝜀�, 
(3)(𝜀 ⋄ 𝜂) ⋄ 𝜄 = (𝜀 ⋄ 𝜄) ⋄ 𝜂�, 
(4)(𝜀 ⋄ 𝜂) ⋄ (𝜄 ⋄ 𝑢) = (𝜀 ⋄ 𝜄) ⋄ (𝜂 ⋄ 𝜅)�, 
(5) (𝜀 ⋄ (𝜀 ⋄ 𝜂)) ⋄ 𝜂 = 𝜊, 
(6)�(𝜀 ⋄ � (𝜀 ⋄ 𝜄) ⋄ 𝜂) � ⋄ 𝜂 = 𝜊, 
Remark 2.4[1-3]. 

Let (𝜁;⋄, 𝜊)  be a BD-A, then 

(1) If 𝜀 ≤ 𝜊, ∀𝜀 ∈ 𝜁, then 𝜁 contains only  . 

(2) If 𝜀 ≤ 𝜂, then 𝜀 ∗ (𝜀 ∗ (𝜀 ∗ 𝜂)) = 𝜊, ∀𝜀, 𝜂 ∈ 𝜁. 

(3) If 𝜀 ≤ 𝜂� such that 𝜀 ∗ 𝜄 ≤ 𝜂,� then 𝜊 ≤ 𝜄, ∀𝜀, 𝜂, 𝜄 ∈ 𝜁. 
Def.   2.5. ([1-3]). 

     A subset 𝑆 of a BD-A (𝜁;⋄, 𝜖) is Name subalgebra of 𝜻 (SA) if 𝜀 ⋄ 𝜄 ∈ �𝑆 whenever 𝜀, 𝜄� ∈ �𝑆.  

Prop.  2.7. ([1-3]).  

    Let {  i  i} be a family of SAs of BD-A (𝜁;⋄, 𝜖). The intersection of them of 𝑆𝐴s of 𝜁 is an 𝑆𝐴 of 𝜁. 

Def.   2.8. ([25]).  

    Let (𝜁;⋄, 𝜖) be a nonempty set, a map. 𝜉:�𝜁� → � [0,1].is name a fuzzy set  𝜉  of  𝜁  . 

Def.   2.9. ([25]). 

    Let 𝜉 be a fuzzy subset (FS) of a set  . For t ∈ [0, 1], the set  

𝜉𝑡�� = �𝑈(𝜉, 𝑡) �= � {𝜀� ∈ �𝜁�|𝜉(𝜀) ≥ �𝑡}, is name upper level of 𝝃 and the set 𝐿(𝜉, 𝑡) �= � {𝜀� ∈ �𝜁�|�𝜉(𝜀) �≤ �𝑡} is name lower level of 

𝝃. 

Def.   2.10. ([25]).   
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     Let 𝑓:�(𝜁;⋄, 𝜖) �→ (𝜁′;⋄ ′, 𝜖′)  be a map. Non-empty sets 𝜁 and 𝜁′ resp.   

    If 𝜉 is  FS of 𝜁, then FS β of 𝜁′ by:        

𝑓(𝜉)(𝜄) = {
𝑠𝑢𝑝{ 𝜉(𝜀): 𝜀 ∈ 𝑓−1(𝜄)}������𝑖𝑓����𝑓−1(𝜄) = {𝜀 ∈ 𝜁, 𝑓(𝜀) = 𝜄} ≠ ∅
0������������������������������������������������𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

is name the image of  𝜉  under  𝑓. 

      Simil., if   β  is FS of 𝜁′ , then FS   𝜉= (β о 𝑓)  of 𝜁     ( i.e FS by  𝜉 (𝜀) = β (𝑓 (𝜀)) ∀𝜀� ∈ �𝜁) is name the pre-image of   β  under  

𝑓 . 

Def.   2.11. ([24]).  

      A FS 𝜉 of set 𝜁 has sup property if for set 𝑇 of  𝜁, ∃𝑡0 � ∈ 𝑇  ∋ 𝜉(𝑡0) �= �𝑠𝑢𝑝�{𝜉(𝑡)�𝑡 ∈ 𝑇}. 
Def.   2.12. ([1-3]).  

   Let (𝜁;⋄, 𝜖) be 𝐴𝐵-A, a FS  𝜉 of 𝜁 is Name a fuzzy subalgebra of 𝜻 ( F-SA) if ∀𝜀, 𝜄� ∈ 𝜁,   𝜉(𝜀 ⋄ 𝜄) �≥ ��𝑚𝑖𝑛�{𝜉�(𝜀), 𝜉�(𝜄)} . 
Prop.  2.13. ([1-3]).  

     Let 𝜉 be a FS of 𝐴𝐵-A (𝜁;⋄, 𝜖) . If 𝜉 is a F-SA of  , then for any t  [0,1], 𝜉𝑡 is a SA of 𝜁 . 

Prop.  2.14. ([1-3]).  

     Let 𝑓: (𝜁;⋄, 𝜖) �→ (𝜁′;⋄ ′, 𝜖′) be a homo. from 𝐴𝐵-As 𝜁 to 𝜁′ resp. 

1-   If F-SA 𝛽 of  𝜁′, then 𝑓−1�(𝛽) is a F-SA of 𝜁. 

2-   If F-SA 𝜉 of  𝜁 , then 𝑓�(𝜉) is a F-SA of 𝜁′.  
Def.   2.15.( [24]).  

    An intuitionistic�fuzzy�subset A ( IFS) in a non-empty set  𝜁  is form                    A� = � {(𝜀, 𝜁A(𝜀), ηA�(𝜀))�|�𝜀 ∈ 𝜁} which 

𝜉A:�𝜁� → [0,1] and  ηA:�𝜁� → [0,1] and 

  0� ≤ � 𝜉A�(𝜀) �+�ηA�(𝜀) �≤ �1 ∀𝜀 ∈ 𝜁. 

 

Remark 2.18.([ 24]).   

    If IFS A of a non-empty set  , then  𝜉A(𝜀) +�νA(𝜀) �= �1 , i.e., νA�(𝜀) ��= �1� − �𝜉A(𝜀) = 𝜉A
c  (𝜀) ∀𝜀 ∈ 𝜁.   Now�𝜉A is fuzzy�set 

while�ηA=  𝜉A
c   is  complement of 𝜉A.     

Def.   2.16.  

    Let  A� = � {(𝜀, 𝜉A(𝜀), ηA�(𝜀))�|�𝜀 ∈ 𝜁}be an IFS of 𝐴𝐵-A (𝜁;⋄, 𝜖) .  A is named intuitionistic fuzzy subalgebra of 𝜻(IF-SA)  if 

∀𝜀, 𝜄 ∈ 𝜁 

(IFS1) 𝜉A(𝜀 ⋄ 𝜄) �≥ �min�{�𝜉A(𝜀), 𝜉A(𝜄)}. 
(IFS2) ηA(𝜀 ⋄ 𝜄) �≤ �max�{�ηA(𝜀), ηA(𝜄)}. 
That mean 𝜉A is a F-SA and ηA is a doubt F-SA. 

 

Prop.  2.17.  

    If IFS A� = � {(𝜀, 𝜉A(𝜀), ηA�(𝜀))�|�𝜀 ∈ 𝜁} of 𝐴𝐵-A (𝜁;⋄, 𝜖)�satisfies the inequalities���𝜉A(𝜖) �≥ � 𝜉A(𝜀)�and�ηA(𝜖) �≤ �ηA(𝜀), ∀𝜀 ∈ 𝜁.�  
 

Theorem 2.18.   

     An IFS  A� = � {(𝜀, 𝜉A(𝜀), ηA�(𝜀))�|�𝜀 ∈ 𝜁} is an IF-SA of 𝐴𝐵-A (𝜁;⋄, 𝜖) ⇔ ∀�t� ∈ [0,1], U(𝜉A, t)�&  L(ηA, s) are SAs in 𝜁. 

 

3.   𝑴ultiplication Intuitionistic of Fuzzy Subalgebra. 

 

Def.   3.1.  

      Let 𝜉 be a FS of a set 𝜁 and 𝛽  (0, 1). A multiplication of 𝜉, by 𝜉𝛽
M  is define map.   𝜉𝛽

M׃ 𝜁 →[0,1] by  𝜉𝛽
M(𝜀) = �𝛽�. 𝜉(𝜀)�, ∀𝜀 ∈

𝜁. 

 

Def.   3.2.  

     Let 𝐴� = � {(𝜀, 𝜉𝐴(𝜀), 𝜂𝐴�(𝜀))�|�𝜀 ∈ 𝜁} be an IFS of BD-A (𝜁;⋄, 𝜖) and let �𝛽� ∈ (0,1) an object having the form �A�𝛽�
M =

{(𝜀, (𝜉A)�𝛽�
M , (ηA)�𝛽�

M )|�𝜀�𝜁}� is Name a 𝜷-multiplication intuitionistic of  fuzzy subset of A (MI-FS) if  (𝜉A)�𝛽�
M (𝜀) = �𝛽�. 𝜉A(𝜀) 

and  (ηA)�𝛽�
M (𝜀) = �𝛽�. ηA(𝜀),�  ∀𝜀 ∈ 𝜁. 

 

Def.   3.3. 

     Let   �𝐴�𝛽�
𝑀 = {(𝜀, (𝜉𝐴)�𝛽�

𝑀 , (𝜂𝐴)�𝛽�
𝑀 )|�𝜀�𝜁}�be a (MI-FS) of A and 𝛽 ∈ (0,1),  A�𝛽�

M  is said to be F-SA of 𝜻  if ∀ 𝜀, 𝜄� ∈ 𝜁  

(IFS1)�𝛽�. 𝜉A(𝜀 ⋄ 𝜄) �≥ �min�{𝛽�. 𝜉A(𝜀), �𝛽�. 𝜉A(𝜄)}, 
(IFS2)��𝛽�. ηA(𝜀 ⋄ 𝜄) ≤ �max�{�𝛽�. ηA(𝜀), �𝛽�. ηA(𝜄)}. 
     𝜉A is a FS in 𝜁 & ηA is a doubt FS in 𝜁. 

 



International Journal of Engineering and Information Systems (IJEAIS) 

ISSN: 2643-640X 

Vol. 9 Issue 9 September - 2025, Pages: 258-264 

www.ijeais.org/ijeais 

260 

Theorem 3.4.  

     If 𝐴� = � {(𝜀, 𝜉𝐴(𝜀), 𝜂𝐴�(𝜀))�|�𝜀 ∈ 𝜁} is an IF-SA of BD-A (𝜁;⋄, 𝜖), then the 𝑀𝐼 �𝐴�𝛽�
𝑀 = {(𝜀, (𝜉𝐴)�𝛽�

𝑀 , (𝜂𝐴)�𝛽�
𝑀 )|�𝜀�𝜁}�of A is a F-SA 

of 𝜁,  ∀�𝛽� ∈ (0,1). 
 

Proof:  

    Let 𝐴� = � {(𝜀, 𝜉𝐴(𝜀), 𝜂𝐴�(𝜀))�|�𝜀 ∈ 𝜁}  be an IF-SA of 𝜁 and �𝛽� ∈ (0,1), then ∀𝜀, 𝜄� ∈ 𝜁, 

�������(𝜉A)�𝛽�
M (𝜀 ⋄ �𝜄) = �𝛽�. 𝜉A(𝜀 ⋄ �𝜄) ≥ �𝛽�. min{𝜉A(𝜀), 𝜉A(�𝜄)}�    

�������������������������������= min{�𝛽�. 𝜉A(𝜀), 𝛽�. 𝜉A(�𝜄)}  

                            = min{(𝜉A)�𝛽�
M (𝜀), (𝜉A)�𝛽�

M (�𝜄)} 

and�(𝜂A)�𝛽�
M (𝜀 ⋄ �𝜄) = �𝛽�. 𝜂A(𝜀 ⋄ �𝜄) ≤ �𝛽�. max{𝜂A(𝜀), 𝜂A(�𝜄)}� 

                       ������= max{�𝛽�. 𝜂A(𝜀), 𝛽�. 𝜂A(�𝜄)} 

                           ��= max{(𝜂A)�𝛽�
M (𝜀), (𝜂A)�𝛽�

M (�𝜄)}. 

    Hence,�the MI of A is a F-SA of 𝜁.�■ 

 

Prop.  3.5.   

    Every  MI  𝐴�𝛽�
𝑀 = {(𝜀, (𝜉𝐴)�𝛽�

𝑀 , (𝜂𝐴)�𝛽�
𝑀 )|�𝜀�𝜁}�of A is F-SA of BD-A (𝜁;⋄, 𝜖) satisfies the inequalities   ��𝛽�. 𝜉A(𝜖) ≥ � �𝛽�. 𝜉A(𝜉)   

and �𝛽�. 𝜂A(𝜖) �≤ � �𝛽�. 𝜂A(x),  ∀𝜀, 𝜄� ∈ 𝜁.  

Proof. 

 �𝛽�. 𝜉A(𝜖) �= � �𝛽�. 𝜉A(𝜀 ⋄ �𝜀)  ≥ �𝛽�. min{�𝜉A(x)�, 𝜉A(𝜀)�} 
                 = min{�𝛽�. 𝜉A(𝜀)�, �𝛽�. 𝜉A(𝜀)�} 
                 = ��𝛽�. 𝜉A(𝜀) and  

�𝛽�. 𝜂A(𝜖) = � �𝛽�. 𝜂A(𝜀 ⋄ �𝜀)≤ �𝛽�. max{𝜂A(𝜀), 𝜂A(𝜀)} 
               = max{�𝛽�. 𝜂A(𝜀), 𝛽�. 𝜂A(𝜀)}�  
               = ��𝛽�. 𝜂A(𝜀).  ■ 

Theorem 3.6. 

      Let 𝐴� = � {(𝜀, 𝜉𝐴(𝜀), 𝜂𝐴�(𝜀))�|�𝜀 ∈ 𝜁} be an IFS of BD-A (𝜁;⋄, 𝜖) ∋the 𝑀𝐼 �𝐴�𝛽�
𝑀 = {(𝜀, (𝜉𝐴)�𝛽�

𝑀 , (𝜂𝐴)�𝛽�
𝑀 )|�𝜀�𝜁}�of A is a F-SA of 

𝜁,  for some �𝛽� ∈ (0,1), then  𝐴� = � {(𝜀, 𝜉𝐴(𝜀), 𝜂𝐴�(𝜀))�|�𝜀 ∈ 𝜁} is an IF-SA of 𝜁.  

Proof:  

    Assume that 𝐴�𝛽�
𝑀 = {(𝜀, (𝜉𝐴)�𝛽�

𝑀 , (𝜂𝐴)�𝛽�
𝑀 )|�𝜀�𝜁}�of A is an 𝑀𝐼 of F-SA of 𝜁, for some �𝛽� ∈ (0,1). �  Let 𝜀, 𝜄� ∈ 𝜁, 

  �𝛽�. 𝜉A(𝜀 ⋄ �𝜄) = (𝜉A)�𝛽�
M (𝜀 ⋄ �𝜄) ≥ min�{(𝜉A)�𝛽�

M (𝜀), (𝜉A)�𝛽�
M (𝜄)}                 

                       = min{�𝛽�. 𝜉A(𝜀), �𝛽�. 𝜉A(𝜄)} 
                      = �𝛽�.min{𝜉A(𝜀), 𝜉A(𝜄)}�and   

���𝛽�. 𝜂A(𝜀 ⋄ �𝜄) = (𝜂A)�𝛽�
M (𝜀 ⋄ �𝜄) ≤ max{(𝜂A)�𝛽�

M (𝜀), (𝜂A)�𝛽�
M (𝜄)} 

              �= max{�𝛽�. 𝜂A(𝜀), �𝛽�. 𝜂A(𝜄)} 
               = �𝛽�.max{�𝜂A(𝜀), 𝜂A(𝜄)} 
which implies that   𝜉A(𝜀 ⋄ �𝜄) ≥ min{𝜉A(𝜀), 𝜉A(𝜄)}and 

��𝜂A(𝜀 ⋄ �𝜄) ≤ max{𝜂A(𝜀), 𝜂A(𝜄)}  
    Hence, 𝐴� = � {(𝜀, 𝜉𝐴(𝜀), 𝜂𝐴�(𝜀))�|�𝜀 ∈ 𝜁} is IF-SA of 𝜁.�■  

 

Def.   3.7. [8].  

     Let t ∈ � [0,1], 𝛽� ∈ (0,1) & FS 𝜉 in a non-empty set 𝜁, U𝛽��(𝜉, t) = {𝜀 ∈ 𝜁�|�𝛽�. 𝜉(𝜀) ≥ t}�is Name multiplication of upper 

level of 𝝃, and L𝛽�(𝜉, t) = {𝜀 ∈ 𝜁�|�𝛽�. 𝜉(𝜀) �≤ t}�is Name multiplication of lower level of 𝝃. 

 

Theorem 3.8.   

  If a 𝑀𝐼  �𝐴�𝛽�
𝑀 = {(𝜀, (𝜉𝐴)�𝛽�

𝑀 , (𝜂𝐴)�𝛽�
𝑀 )|�𝜀�𝜁}�of A is F-SA in BD-A (𝜁;⋄, 𝜖), then for t, s ∈ � [0,1], U𝛽��(𝜉A, t)& L𝛽�(𝜂A, s) are SAs in 

𝜁. 

Proof.   

     Let �𝐴�𝛽�
𝑀 = {(𝜀, (𝜉𝐴)�𝛽�

𝑀 , (𝜂𝐴)�𝛽�
𝑀 )|�𝜀�𝜁}� be F-SA of 𝜁 and  U𝛽 ��(𝜉A, t) �≠ ∅ ≠ L𝛽��(𝜂A, s) and follow for every�𝜀, 𝜄� ∈ 𝜁such as  

𝜀 ∈ �U𝛽��(𝜉A, t) , 𝜄 ∈ U𝛽��(𝜉A, t),�then �𝛽�. 𝜉A(𝜀) ≥ �t and �𝛽�. 𝜉A�(𝜄) ≥ �t, so therefore 

�𝛽�. 𝜉A(𝜀 ⋄ �𝜄) �≥ �min�{𝛽�. 𝜉A(𝜀)�, �𝛽�. 𝜉A(𝜄)�} ≥ �t, so as so  

 (𝜀 ⋄ �𝜄) � ∈ �U𝛽 ��(𝜉A, t). thus�U𝛽 ��(𝜉A, t)�is SA in 𝜁.  

     In a similar way, L𝛽�(𝜂A, s) is SA in 𝜁. ■ 

Theorem 3.9. 
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      A 𝑀𝐼  �𝐴�𝛽�
𝑀 = {(𝜀, (𝜉𝐴)�𝛽�

𝑀 , (𝜂𝐴)�𝛽�
𝑀 )|�𝜀�𝜁}�of A of BD-A  (𝜁;⋄, 𝜖). If ∀�t, s ∈ � [0,1], the set U𝛽��(𝜉A, t)and L𝛽�(𝜂A, s) are SAs of 𝜁, 

then A�𝛽�
M  is F-SA of 𝜁. 

Proof.   

     Assume that for each , t, s� ∈ [0,1] , U𝛽��(𝜉A, t)�& L𝛽�(𝜂A, s) are SAs in 𝜁.  

    I found�𝜀′, 𝜄′ ∈ 𝜁 be such that 

 �𝛽�. 𝜉A�(𝜀
′ ⋄ �𝜄′) �< �min�{��𝛽�. 𝜉A�(𝜀

′)�, �𝛽�. 𝜉A�(𝜄
′)}, then by taking 

��t0 �=
1

2
�{�𝛽. (�𝜉A�(𝜀′ ⋄ �𝜄′)) �+ �min�{��𝛽�. 𝜉A�(𝜀

′)�, �𝛽�. 𝜉A(𝜄
′)}}, we get 

  �𝛽�. 𝜉A�(𝜀′ ⋄ �𝜄′) �< t0 < �min�{��𝛽�. 𝜉A�(𝜀
′)�, �𝛽�. 𝜉A(𝜄

′)} and hence  

 (𝜀′ ⋄ �𝜄′) ∈ U𝛽��(𝜉A, t0), x′ ∈ U𝛽��(𝜉A, t0), 𝜄′� ∈ U𝛽��(𝜉A, t0),  

i.e., U𝛽 ��(𝜉A, t0),�is not a SA of 𝜁, which make a C!.  

     Hence U𝛽��(𝜉A, t0)is a SA of 𝜁. 

     Finally, assume �𝛽�. 𝜂A�(𝜀′ ⋄ �𝜄′) �> �max�{��𝛽�. 𝜂A�(𝜀
′), �𝛽�. 𝜂A�(𝜄

′)}. then by taking  

 s0 �=
1

2
� {(��𝛽�. 𝜂A�(𝜀′ ⋄ �𝜄′)) �+ �max�{��𝛽�. 𝜂A�(𝜀

′), �𝛽�. 𝜂A�(𝜄
′)}}, we get 

  max�{��𝛽�. 𝜂A�(𝜀
′), �𝛽�. 𝜂A�(𝜄

′)} > s0 > �𝛽�. (𝜂A�(𝜀′ ⋄ �𝜄′)) and hence  

(𝜀′ ⋄ �𝜄′) ∈ L𝛽�(𝜂A, s0), 𝜀
′ ∈ L𝛽�(𝜂A, s0),����𝜄′� ∈ L𝛽�(𝜂A, s0),  

   i.e., L𝛽�(𝜂A, s0), is not a doute SA of 𝜁, which make a C!.  

    Therefore, L𝛽�(𝜂A, s0) is a doute SA of 𝜁.   

    Hence �𝐴�𝛽�
𝑀 = {(𝜀, (𝜉𝐴)�𝛽�

𝑀 , (𝜂𝐴)�𝛽�
𝑀 )|�𝜀�𝜁}� is F-SA of 𝜁. �■� 

 

Theorem 3.10.� 
   Let MI  𝐴�𝛽�

𝑀 = {(𝜀, (𝜉𝐴)�𝛽�
𝑀 , (𝜂𝐴)�𝛽�

𝑀 )|�𝜀�𝜁}�𝑜𝑓�𝐴.  If there exists as sequence {xn} in 𝜁 ∋ 𝛽. 𝜉A(xn)�=1 and 𝛽. 𝜂A(x)�= 0, then 

𝛽. 𝜉A(𝜖)=1 and   𝛽. 𝜂A(𝜖)=0. 

 

Proof.  

    By Prop.  (3.6),��𝜉A(𝜖) ≥ 𝜉A(x)�∀x∈ 𝜁, therefore,  𝛽. 𝜉A(𝜖) ≥ 𝛽. 𝜉A(xn), for n  ∈ 𝑁.   

    It is considered, 1≥ 𝛽. 𝜉A(xn)�=1⇒ 𝛽. 𝜉A(𝜖)=1. 

      By Prop.  (3.6),   𝜂A(𝜖) ≤ 𝜂A(x) , thus x∈ 𝜁,�thus 

 𝛽. 𝜂A(𝜖) ≤ 𝛽. 𝜂A(xn), for n  ∈ 𝑁.   

   ⇒ 0�≤ 𝛽. 𝜂A(𝜖) ≤ 𝛽. 𝜂A(xn)�= 0⇒ 𝛽. 𝜂A(𝜖) = 0.  ■� 
 

Prop.  3.11.  

     If the MI �𝐴�𝛽�
𝑀 = {(𝜀, (𝜉𝐴)�𝛽�

𝑀 , (𝜂𝐴)�𝛽�
𝑀 )|�𝜀�𝜁}�of A  is F-SA, then ∀𝜀� ∈ 𝜁,  

 𝛽. 𝜉A(𝜖 ⋄ �𝜀) ≥ 𝛽. 𝜉A(𝜀)�and  𝛽. 𝜂A(𝜖 ⋄ 𝜀�) ≤ 𝛽. 𝜂A(𝜀). 
Proof.   

    ∀ 𝜀� ∈ 𝜁,   
𝛽. 𝜉A(𝜖 ⋄ �𝜀) ≥�min{𝛽. 𝜉A(𝜖), 𝛽. 𝜉A(𝜀)}� 
                     = min{𝛽. 𝜉A(𝜀 ⋄ 𝜀), 𝛽. 𝜉A(𝜀)} 
                    ≥�min{min{𝛽. 𝜉A(𝜀), 𝛽. 𝜉A(𝜀), 𝛽. 𝜉A(𝜀)} 

                    =�𝛽. 𝜉A(𝜀)  and� 
𝛽. 𝜂A(𝜖 ⋄ �𝜀) ≤�max{𝛽. 𝜂A(𝜖), 𝛽. 𝜂A(𝜀)}� 
                     = max{𝛽. 𝜂A(𝜀 ⋄ 𝜀), 𝛽. 𝜂A(𝜀)} 
                    ≤ max{max{𝛽. 𝜂A(𝜀), 𝛽. 𝜂A(𝜀), 𝛽. 𝜂A(𝜀)} 

                    = 𝛽. 𝜂A(𝜀). ■  

Def.   3.12.   

  Let 𝐴�𝛽�
𝑀 = {(𝜀, (𝜉𝐴)�𝛽�

𝑀 , (𝜂𝐴)�𝛽�
𝑀 )|�𝜀�𝜁}�of A   and 𝐵�𝛽�

𝑀 = {(𝜀, (𝜉𝐵)�𝛽�
𝑀 , (𝜂𝐵)�𝛽�

𝑀 )|�𝜀�𝜁}�of B  Be two 𝑀𝐼 of FSs of 𝐴𝐵-A (𝜁;⋄, 𝜖), then 

the�intersection of 𝐀𝜷
𝐌 & 𝐁𝜷

𝐌 by A𝛽
M ∩ B𝛽

M�as 

A𝛽
M ∩ B𝛽

M �= {𝑚𝑖𝑛{(𝜉A)𝛽
M, (𝜉B)𝛽

M},max�{(𝜂A)𝛽
M, (𝜂B)𝛽

M}}.� 

 The 𝐜𝐨𝐦𝐩𝐥𝐞𝐦𝐞𝐧𝐭 of A by A�̅𝛽
M by A�̅𝛽

M = {(x, (𝜂A)𝛽
M, (𝜉A)𝛽

M)|𝜀 ∈ 𝜁} .  

 

Theorem 3.13. 

      Let A and B be two 𝑀𝑆𝑠�of F-SAs of BD-A (𝜁;⋄, 𝜖), then 𝐴 ∩ B is 𝑀𝐼 of F-SA of 𝜁. 

Proof.   



International Journal of Engineering and Information Systems (IJEAIS) 

ISSN: 2643-640X 

Vol. 9 Issue 9 September - 2025, Pages: 258-264 

www.ijeais.org/ijeais 

262 

     Let 𝜀, 𝜄 ∈ 𝐴 ∩ B, then 𝜀�, 𝜄� ∈ A��and B, then  

(𝜉B)𝛽
M(𝜀 ⋄ �𝜄) = min{(𝜉A)𝛽

M(𝜀 ⋄ �𝜄), (𝜉B)𝛽
M(𝜀 ⋄ �𝜄)} 

           ≥�min{min{(𝜉A)𝛽
M(𝜀), (𝜉A)𝛽

M(𝜄)},min�{(𝜉B)𝛽
M(𝜀), (𝜉B)𝛽

M(𝜄)}} 

           = min{min{(𝜉A)𝛽
M(𝜀), (𝜉B)𝛽

M(𝜄)},min�{(𝜉A)𝛽
M(𝜀), (𝜉B)𝛽

M(𝜄)}}  

           = min{(𝜉𝐴∩B)𝛽
M(𝜀), (𝜉𝐴∩B)𝛽

M(𝜄)}   and 

(𝜂𝐴∩B)𝛽
M(𝜀 ⋄ �𝜄) =max {(𝜂A)𝛽

M(𝜀 ⋄ �𝜄), (𝜂B)𝛽
M(𝜀 ⋄ �𝜄)}  

           ≤max{max{(𝜂A)𝛽
M(𝜀), (𝜂A)𝛽

M(𝜄)},max�{(𝜂B)𝛽
M(𝜀), (𝜂B)𝛽

M(𝜄)}} 

           = max {max {(𝜂A)𝛽
M(𝜀), (𝜂B)𝛽

M(𝜄)},max�{(𝜂A)𝛽
M(𝜀), (𝜂B)𝛽

M(𝜄)}}   

           = max {(𝜂𝐴∩B)𝛽
M(𝜀), (𝜂𝐴∩B)𝛽

M(𝜄)} 

    Hence 𝐴 ∩ B   is𝑀𝐼�of F-SA of 𝜁. ■ 

 

Theorem 3.14.  

   The MI 𝐴�𝛽�
𝑀 = {(𝜀, (𝜉𝐴)�𝛽�

𝑀 , (𝜂𝐴)�𝛽�
𝑀 )|�𝜀�𝜁}�is MI of F-SA of BD-A  (𝜁;⋄, 𝜖) ⇔ the FSs (𝜉A)�𝛽�

M    and�(𝜂̅A)�𝛽�
M    are F-SAs of 𝜁. 

Proof. 

   Let 𝐴�𝛽�
𝑀 = {(𝜀, (𝜉𝐴)�𝛽�

𝑀 , (𝜂𝐴)�𝛽�
𝑀 )|�𝜀�𝜁}�be MI of F-SA of 𝜁.   

    Cleary(𝜉A)�𝛽�
M   is a F-SA of 𝜁,  for every𝜀, 𝜄� ∈ 𝜁,  we have 

 (𝜂̅A)�𝛽�
M (𝜀 ⋄ �𝜄)�=1 − (𝜂A)�𝛽�

M (𝜀 ⋄ �𝜄) 

                        ≥ 1 −max{(𝜂A)�𝛽�
M (𝜀)�, (𝜂A)�𝛽�

M (𝜄)}  

                        = min{1 − (𝜂A)�𝛽�
M (𝜀), 1 − (𝜂A)�𝛽�

M (𝜄)} 

                        =min{(𝜂̅A)�𝛽�
M (𝜀), (𝜂̅A)�𝛽�

M (𝜄)}.  

   Hence  (𝜂̅A)�𝛽�
M   is a F-SA of 𝜁. 

   Conversely, assume that (𝜉A)�𝛽�
M     and (𝜂̅A)�𝛽�

M   are two 𝑀𝐼of F-SAs of 𝜁.  

   For every 𝜀, 𝜄 ∈ 𝜁,(𝜂̅A)�𝛽�
M (𝜀 ⋄ �𝜄) ≥ min{(𝜂̅A)�𝛽�

M (𝜀), (𝜂̅A)�𝛽�
M (𝜄)}�and� 

1 − (𝜂A)�𝛽�
M (𝜀 ⋄ �𝜄) = (𝜂̅A)�𝛽�

M (𝜀 ⋄ �𝜄) 

                    ≥ min{(𝜂̅A)�𝛽�
M (𝜀), (𝜂̅A)�𝛽�

M (𝜄) 

                    = min{1 − (νA)�𝛽�
M (𝜀), 1 − (𝜂A)�𝛽�

M (𝜄)} 

                    = 1 −max{(𝜂A)�𝛽�
M (𝜀), (𝜂A)�𝛽�

M (𝜄)}.   

   That is,  (𝜂̅A)�𝛽�
M (𝜀 ⋄ �𝜄) ≤ max{(𝜂̅A)�𝛽�

M (𝜀), (𝜂̅A)�𝛽�
M (𝜄)}.  

     Hence 𝐴�𝛽�
𝑀 = {(𝜀, (𝜉𝐴)�𝛽�

𝑀 , (𝜂𝐴)�𝛽�
𝑀 )|�𝜀�𝜁}�be 𝑀𝐼 of F-SA of 𝜁.  ■ 

Re.  3.15.� 

𝐼𝜉A ={𝜀 ∈ 𝜁|(𝜉A)�𝛽�
M (𝜀) = (𝜉A)�𝛽�

M (𝜖)} is subset of 𝜁 and the set �𝐼𝜂A ={𝜀 ∈ 𝜁|(𝜂A)�𝛽�
M (𝜀) = (𝜂A)�𝛽�

M (𝜖)} is subset of 𝜁.    

 

Theorem 3.16.� 
     Let  �𝐴�𝛽�

𝑀 = {(𝜀, (𝜉𝐴)�𝛽�
𝑀 , (𝜂𝐴)�𝛽�

𝑀 )|�𝜀�𝜁}� be 𝑀𝐼 of�F-SA of 𝜁, then the sets�𝐼𝜉A �and�𝐼𝜂A�are SAs of 𝜁. 

Proof.   

    Let 𝜀, 𝜄 ∈ 𝐼𝜉A, then 

�(𝜉A)�𝛽�
M (𝜀) = 𝛽. 𝜉A(𝜀) = 𝛽. 𝜉A(𝜖) = � (𝜉A)�𝛽�

M (𝜖) = 𝛽. 𝜉𝐴(𝜄) = (𝜉A)�𝛽�
M (𝜄) and so, 

�(𝜉A)�𝛽�
M (𝜀 ⋄ �𝜄)=𝛽. 𝜉A(𝜀 ⋄ �𝜄) �≥ min{𝛽. 𝜉A(𝜀),𝛽. 𝜉A(𝜄) }=𝛽. 𝜉A(𝜖), by Prop.  (3.6),   we know that  (𝜉A)�𝛽�

M (𝜀 ⋄ �𝜄)=(𝜉A)�𝛽�
M (𝜖) or 

equivalently 𝜀 ⋄ �𝜄 ∈ 𝐼𝜉A . 

     Again, let   𝜀, 𝜄 ∈ I𝜂A, then 

(𝜂A)�𝛽�
M (𝜀)= 𝛽. 𝜂A(𝜀) = 𝛽. 𝜂A(𝜖) = (𝜂A)�𝛽�

M (𝜖)=𝛽. 𝜂A(𝜄) = (𝜂A)�𝛽�
M (𝜄)��and so,(𝜂A)�𝛽�

M (𝜀 ⋄ �𝜄) = �𝛽. 𝜂A(𝜀 ⋄

�𝜄) ≤max{𝛽. 𝜂A(𝜀)�,�𝛽. 𝜂A(𝜄)�}= 𝛽. 𝜂A(𝜖).  

   Again by Prop.  (3.5), we know that�(𝜂A)�𝛽�
M (𝜀 ⋄ �𝜄)=(𝜂A)�𝛽�

M (𝜖) or equivalently 𝜀 ⋄ �𝜄 ∈ I𝜂A .   Hence, 𝐼𝜉A and�𝐼𝜂A ���are SA in 𝜁.   ■ 

 

4- Homomorphism of 𝑴ultiplication intuitionistic of BD-algebra. 

 

Def.   4.1.[11]. 

�����Let��(𝜁;⋄, 𝜖)�& (𝜁′;⋄ ′, 𝜖′)��be two non-empty sets. A map. 𝑓: 𝜁 → �𝜁′ is homomorphism (homo.)if 𝑓(𝜀 ⋄ 𝜄) = 𝑓(𝜀) ∗′ 𝑓(𝜄), 
∀𝜀, 𝜄 ∈ 𝜁  &𝑓(𝜖) = 𝜖′.  
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Def.   4.2. 

     Let�𝑓 ∶ � (𝜁;⋄, 𝜖) �→ (𝜁′;⋄ ′, 𝜖′)���be a homo. of BD -As for any 

 �Aβ
M �= � {(𝜄, (𝜉A)β

M(𝜄), (𝜂A)β
M�(𝜄))�|�𝜄 ∈ 𝜁′}�in 𝜁′ and�β ∈ (0,1)�we define 

 (Aβ
M)𝑓 ={(𝜀, ((𝜉A)β

M)𝑓(𝜀), ((𝜂A)β
M)𝑓(𝜀))|�𝜀 ∈ 𝜁}�in 𝜁 by 

((𝜉A)β
M)𝑓(𝜀) = (𝜉A)β

M(𝑓(𝜀))��  and ((𝜂A)β
M)𝑓(𝜀) = (𝜂A)β

M(𝑓(𝜀))�, ∀�𝜀 ∈ 𝜁  . 

 

Theorem 4.3.  Let�𝑓 ∶ � (𝜁;⋄, 𝜖) �→ (𝜁′;⋄ ′, 𝜖′)��� be a homo. of BD -A 𝜁 into AB-A 𝜁′.   If�𝐴�𝛽�
𝑀 = {(𝜀, (𝜉𝐴)�𝛽�

𝑀 , (𝜂𝐴)�𝛽�
𝑀 )|�𝜀�𝜁}� is 𝑀𝐼of  

F-SA in 𝜁, ⇒ the image of Aβ
M is 𝑀𝐼 of F-SA in 𝜁′. 

Proof. 

    The image of Aβ
M is 𝑀𝐼 of  F-SA in 𝜁′, since Aβ

M is 𝑀𝐼 of  F-SA in 𝜁 and for any a, b ∈ 𝜁 ∃𝜀, 𝜄 ∈ 𝜁′ ∋ 

𝑓(a) �= �𝜀�, 𝑓(b) �= �𝜄 ⇒ 

(𝜉A)β
M�(𝜀 ⋄ 𝜄) =�(𝜉A)β

M�(𝑓�(a) ⋄′ 𝑓(b))  

                        ≥ min{�(𝜉A)β
M�(𝑓�(a)), (𝜉A)β

M�(𝑓�(b))} 

                        = min{(𝜉A)β
M�(𝜀), (𝜉A)β

M�(𝜄)}, and 

(𝜂A)β
M�(𝜀 ⋄′ 𝜄) = (𝜂A)β

M�(𝑓�(a) ⋄′ 𝑓(b)) 

                         ≤ max{(νA)β
M(𝑓�(a)), (𝜂A)β

M�(𝑓�(b))}  

                         = max{�(𝜂A)β
M�(𝜀), (𝜂A)β

M�(𝜄)}.  

    ⇒ the image of Aβ
M is F-SA in 𝜁′. ■ 

 

Theorem 4.4.  Let�𝑓 ∶ � (𝜁;⋄, 𝜖) �→ (𝜁′;⋄ ′, 𝜖′)��� be a homo. of BD -A 𝜁 into BD -A 𝜁′.   If 𝐴�𝛽�
𝑀 = {(𝜀, (𝜉𝐴)�𝛽�

𝑀 , (𝜂𝐴)�𝛽�
𝑀 )|�𝜀�𝜁}�is 𝑀𝐼 of 

F-SA in 𝜁′, ⇒ the pre-image of Aβ
M is 𝑀𝐼 of F-SA in 𝜁. 

Proof. 

    Let (Aβ
M)𝑓is 𝑀𝐼of F-SA in 𝜁, since�Aβ

M�is 𝑀𝐼 of F-SA in 𝜁′ and let  𝜀, 𝜄 ∈ 𝜁 , 

((𝜉A)β
M)𝑓(𝜀 ⋄ 𝜄) = � (𝜉A)β

M(𝑓(𝜀 ⋄ 𝜄))  

                      = (𝜉A)β
M(𝑓(𝜀) ⋄′ 𝑓(𝜄)) 

                      ≥ min {(𝜉A)β
M(𝑓(𝜀)), (𝜉A)β

M(𝑓(𝜄))}�  

                      = min {((𝜉A)β
M)𝑓(𝜀), ((𝜉A)β

M)𝑓(𝜄)}�, and 

((𝜂A)β
M)𝑓(𝜀 ⋄ 𝜄) = � (𝜂A)β

M(𝑓(𝜀 ⋄ 𝜄))  

                            = (𝜂A)β
M(𝑓(𝜀) ⋄′ 𝑓(𝜄))  

                            ≤ {(𝜂A)β
M(𝑓(𝜀)), (𝜂A)β

M(𝑓(𝜄))}�  

                            = {((𝜂A)β
M)𝑓(x), ((𝜂A)β

M)𝑓(𝜄)}�.  

     Hence (Aβ
M)𝑓�is F-SA in 𝜁. ■ 
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