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Abstract: This study introduces new forms of intuitionistic fuzzy structures within BD -algebras, focusing on multiplication-
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1- Introduction:
In 1966 by Y .Imai and K.Iseki introducee d the notion of BCKalgebra[24], In 1998, Y. B. Jun, E. H. Rogh and H. S. Kim
introducee d the notion of a BH- a lge bra , and the notion of ideal of a BH- a Ige bra [12]. In 2022, T.Bantaojai and et. cl.
introducee d the notion of a BD-algebra [1-3]. In this paper, we define the concepts of intuitionistic fuzzy subalgebra in BD-
algebra and multiplication intuitionistic fuzzy subalgebra in BD-algebra. Also, we give some theorems image (pre-image) of
subalgebra of them are debated.

Def. 2.1. ([1-3)).
A BD-algebra (BD-A) is a non-empty set ¢ with a constant o and a binary “ ¢ ” satisfying the following axioms hold Ve, n € , if :
(1)eo 0o=¢,Ve €,
(Q)(eon)=o0andno e =o0,thene =n.
Remark 2.2[1-3].
A BD-A can be (partially) order by e <nifandonlyif (¢ o n) =0,ve,n €.
Prop. 2.3[1-3].
In any BD-A ({;¢, 0), the following hold: Ve, 1,1,k €
L eoe=o0,
2 eoo=c¢,
@)eon)er=(e0)on,
@Eomo(ew)=(e0)o (oK),
(5) (eo(eem))on=o,
(6)(eo (go)om) o =o,
Remark 2.4[1-3].
Let ({;0,0) be a BD-A, then
(1) If e < 0,Ve € (, then  contains only .
() Ife<n,thenex(ex(e*xn)) =0,Ven € L.
(3)Ife <n suchthate x1 <, theno < (, Ve, n,L € .
Def. 2.5. ([1-3]).
A subset S of a BD-A ({;9, €) is Name subalgebra of { (SA) if e ot € S whenever g,1 € S.
Prop. 2.7. ([1-3]).
Let { i| ieA} be a family of SAs of BD-A ({;¢, €). The intersection of them of SAs of ¢ is an SA of .
Def. 2.8. ([25]).
Let ({;0, €) be a nonempty set, a map. &: ¢ — [0,1].is name a fuzzy set & of ¢ .
Def. 2.9. ([25]).
Let & be a fuzzy subset (FS) of a set . For t € [0, 1], the set
&t = U, t) = {e € {|é(e) = t}, isname upper level of § and the set L(¢,t) = {e€ € (| &(e) < t}isname lower level of
é.
Def. 2.10. ([25]).
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Let f: ({;0,€) = ({';0',€") be amap. Non-empty sets ¢ and ' resp.
If & is FSof ¢, then FS B of {’ by:
FO@ = [PPE@ /O i [O=(eqf() =520
0

otherwise

is name the image of & under f.
Simil., if g isFSof{',thenFS é=(Bof) of { (i.eFSby & () =B (f (¢)) Ve € ) is name the pre-image of A under

f.
Def. 2.11. ([24]).
AFS & of set ¢ has sup property if forset T of ¢,3t, €T 3&(ty) = sup {E)|t €T}
Def. 2.12. ([1-3]).
Let ({;0,€) be AB-A, aFS & of ¢ is Name a fuzzy subalgebra of { (F-SA) if Ve,t €, &(eo) = min{¢ (), (1)} .
Prop. 2.13. ([1-3]).
Let & be a FS of AB-A ({;0,€) . If £ isaF-SA of , then foranyt € [0,1], &, isa SA of { .
Prop. 2.14. ([1-3]).
Let f:({;0,€) = ({';07,€") be ahomo. from AB-As { to {' resp.
1- IfF-SA B of ', then f~1 (B) is a F-SA of {.
2- If F-SA & of ¢, then f (§)isaF-SAof {'.
Def. 2.15.([24)).
An intuitionistic fuzzy subset A ( IFS) in a non-empty set ¢ is form A = {(&,5(),Ma (&) | € € {} which
&a: ¢ —»[0,1] and na: ¢ — [0,1] and
0 <ép(e) +Ma(e) £1vVeed.

Remark 2.18.([ 24]).
If IFS A of a non-empty set , then &4(g) + va(e) = 1,ie,va(e) = 1 — () =&5 (¢) Ve € {. Now &, is fuzzy set
while n,= &5 is complement of &,.
Def. 2.16.
Let A = {(&,&a(e),ma (€)) | € € {3be an IFS of AB-A (;0,€) . Ais named intuitionistic fuzzy subalgebra of {(IF-SA) if
Ve,l€Q
(IFS1) $a(e o) = min {$a(€),$a(D)}-
(IFSz) na(e o) < max {na(e),na(V}-
That mean &4 is a F-SA and 1, is a doubt F-SA.

Prop. 2.17.
IfIFSA = {(&,&x(€),Mma (€)) | € € {} Oof AB-A ((;0, €) satisfies the inequalities éx(e) = &x(e) and pa(e) < Ma(e), Ve € (.

Theorem 2.18.
AnIFS A = {(g,é,(e),ma (€)) | € € (Yisan IF-SA of AB-A ({;9,€) © V't € [0,1], U(é4,t) & L(M,,s) are SAsin {.

3. Multiplication Intuitionistic of Fuzzy Subalgebra.

Def. 3.1.
Let € bea FSofaset  and B e (0, 1). A multiplication of &, by &' is define map. &3': { —[0,1]by &4'(e) = B.&(e), Ve €
d.

Def. 3.2.
LetA = {(g,&4(€),m4 (€)) | € € {3 bean IFS of BD-A ({;0,€) and let § € (0,1) an object having the form Al‘f; =
{(e,(€a)'5, Ma)'3)| € €7} is Name a B-multiplication intuitionistic of fuzzy subset of A (MI-FS) if (£4)'s (&) = B.&4(e)

and () () = B.ma(e), Ve €T

Def. 3.3.
Let A% ={(s,(€a)'%, a))| € €} bea (MI-FS) of Aand B € (0,1), A" issaidtobe F-SAof ¢ if Vet €7
(IFS1) B .éa(e o) = min{B.$a(e), B.5a (D},

(IFS2) B.male o) < max{B.nale), B.na(O}
EpisaFSing &myisadoubt FSin {.
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Theorem 3.4.
IfA = {(g&4(),m4 (€)) | € € {}isan IF-SA of BD-A ({;, €), then the M1 A"g ={(¢, ({A)"g,(nA)"gN e e} of AisaF-SA
of {, VB € (0,1).

Proof:
LetA = {(g,¢,(€),n4 (€)) | € €} beanIF-SAof and B € (0,1), then Ve, 1 €,
()G (o )= B.&aleo 1) = B.minfEx(e),Ea( D}
=min{ 5 .£x(e), B-§a(V)}
= min{(£x)’s (¢), (§a)s (U}
and (14)'5 (e 0 ) = B.1ale 0 1) < B.max{na(e), na( D}
= max{ f.na(), B .na( D)}
= max{(1a)'s (&), M) (O}
Hence, the Ml of Aisa F-SAof (.

Prop. 3.5.
Every MI A%, = {(e,(§2)'%, m4)8)| € €(} of Ais F-SA of BD-A ({;0, €) satisfies the inequalities  B.&a(€) = B .84 (8)

and B .na(e) < B.na(x), Vet €.
Proof.

B.éa(e) = B.éalee &) = p.min{{x(x),8a(e) }
min{ f.§5(e), B.6a(e) }

B .&a(e) and

B .na(eo &)< B.max{na(e),nale)}
max{ B .na(e), B.na(e)}
= f.nale). W
Theorem 3.6.

Let A = {(&,¢4(€).,ma (€)) | € € (Y be an IFS of BD-A (o, €) Sthe MI A% = {(&,(§2)"5, (n4)'3)| € €} of Alisa F-SA of
¢, forsome B € (0,1),then A = {(g,&,4(€),n4 (€)) | € € {}isan IF-SA of {.
Proof:
Assume that A% = {(¢, (§2)"s, 1a)"8)| € €} of Alis an MI of F-SA of {, for some B € (0,1). Lete, €,
B.éalee ) = (£a)' (€0 ) =2 min{(§4)'; (£), (§a)3 (O}
=min{ 8 .§a(e), B.6a (D}
= B .min{g,(¢),¢a (0} and
B.nalee )= )% (0 0) < max{(na)'g (), ma)' O}
= max{ f.na(), B 720}

= B .max{na(e),na(V}
which implies that &,(e ¢ ) = min{é, (), (1) }and

na(e o 1) < max{na(e),na(0}
Hence, A = {(&,&,(e),na(e)) | €€ {}isIF-SAof (. 1

B .male)

Def. 3.7.[8].
Lette [0,1], B € (0,1) & FS & inanon-empty set ¢, Ug (§,t) = {e € {| f.£(e) = t} is Name multiplication of upper
level of &, and Lg (§,t) = {e € { | .¢(e) < t}is Name multiplication of lower level of &.

Theorem 3.8.
IfaMl A" = {(c, (€)%, a)'8)| € €7} of Alis F-SAin BD-A ({;0,€), then for t,s € [0,1], Ug (£4,)& Lg (17a,5) are SAsiin
Igroof.
Let A% ={(e,(§2)"s, )] € €(} be F-SAof {and Uy (§5,1) # @ # Ly (14,s) and follow for every &,1 € {such as
€€ Ug (a ), t€Ug (§a 1), then B.Ea(e) = tand B.&x (1) = t, so therefore
B.éx(eo ) = min{B.&,(e), B.é4(1) } = t,s0as S0
(g0 1) € Ug (€a, D). thusUp (4, 0) isSAIN .
In a similar way, Lg (15,5) isSAin¢. &
Theorem 3.9.
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AMI A% ={(e, €)%, D) € €} of Aof BD-A ({;0,€). If Vs € [0,1], the set Ug (a,t)and Lg (a,s) are SAs of ,
then A" is F-SA of ¢.
Proof.

Assume that for each ,t,s € [0,1], Ug (€a,t) & Lg (174, 5) are SAsiin {.

| found &',¢' € ¢ be such that
B.éx(e" o) < min{ B.& (), B.&x (')}, then by taking
to =5 {B-(da (€0 D) + min{ f.Ex (¢, B.Ea(1)}}, we get
B.éa(e 0 l) <tg < min{ B.& (¢'), B.&A(')} and hence
(' ) €Up (Garto) X' € Ug (arto) !’ € Up (Ento),

i.e., Ug (¢a, o), is nota SA of ¢, which make a C!.

Hence Ug (€a,to)is aSAof ¢.

Finally, assume B .na (€' ¢ ') > max{ B.na (¢"), B.na (')} then by taking
so =5 {( B.ma(e'e ) + max{ f.na (), B.1a ()}} we get
max { B .14 (), B.na (D} >so > B.(Mma (€ o 1")) and hence
(g' M ll) € Lﬁ (nA'SO)1 ¢’ € Lﬁ (nA'SO)l /€ LB (77A: SO):

i.e., Lg (Ma,So), is not a doute SA of ¢, which make a C!.
Therefore, Lg (4, o) is a doute SA of {.
Hence A% = {(e, €)%, n)'3) € €7} isF-SAof {. W

Theorem 3.10.
LetMI A% = {(&, (€05, )8 )| € 0} of A. If there exists as sequence {x,} in ¢ 3 B.&a(x,) =1 and .7, (x) = 0, then

B.éa(e)=1land B.n,(e)=0.

Proof.
By Prop. (3.6), éx(€) = é5(x) VXE , therefore, B.&4(e) = B.&4(x,), forn € N.
Itis considered, 1> .85 (%) =1= B. &4 (e)=1.
By Prop. (3.6), na(e) < na(x), thus x€ ¢, thus
B.nale) < B.na(xy), forn € N.
= 0= B.1na(€) < B.Nalxn) =0=B.7x(e) =0. W

Prop. 3.11.

Ifthe MI A" = {(e, (€)%, M4)8)| € €} of A is F-SA, then Ve €,
B.éa(€0 €) = B.Sa(e) and B.na(e0e) < B.7a(e).
Proof.

Ve €l

B.§a(e o &) =min{B.$a(€), B.§a()}
=min{B.$a(e 0 &), B-$a(€)}
= min{min{B.§a(€), B-$a(e), B.-§a(E)}
=B.&,(e) and

B-na(e o &) <max{B.na(€), f.-na(e)}
=max{f.na(e ¢ &), B.na(e)}
< max{max{f.na(e), B.na(e), B.-na()}
=B.nale). A

Def. 3.12.

Let A% = {(e,(6)'%, ma)'s)| € (3 of A and B = {(&,(¢3)"%, (3)"3 )| € €{} of B Be two M1 of FSs of AB-A ({;,€), then
the intersection of A} & B' by A} n By' as
AR n B = {min{(§2)}, (€p)j}, max{(na)y, (e 13-

The complement of Aby A} by A} = {(x, 1)}, (Ea)) | € (3.

Theorem 3.13.
Let A and B be two MSs of F-SAs of BD-A ({;9, €), then A n B is MI of F-SA of ¢.
Proof.
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Lete, t€ ANB,thene,t € A and B, then

(Ep)f (e 0 ) =min{(Ea)j (e 0 1, Ep)f (e 0 1}
> min{min{(£a)}' (£), (€ (0}, min{(£p)}' (), (Ep)jp (O}
= min{min{ (&)} (£), (§a) (O}, min{(£a)} (€), ) (O}
=min{($anp)j (€), (Sane)f (O} and

(ManB)j (€ o ) =max {(ma) (e o O, ) (e o 1}
<max{max{(na) (£), M) (03}, max{(ns)} (¢), )y O}
= max {max {(na) (&), 1s)y (O}, max{(na)} (), (M) (D}}

= max {(nAnB),I(\?/[ (e), (nAnB),I(\?/[(L)}
Hence AnB isMI of F-SAof . &

Theorem 3.14.
The MI A%, = {(&, (€)'}, 14)"§ )| € ¢} is M1 of F-SA of BD-A ({;0,€) & the FSs (§4)'3  and (74); are F-SAsof {.
Proof.
Let A% = {(&, €)%, )3 )| € €7} be M1 of F-SA of .
CIeary(EA)l‘f; is a F-SA of ¢, for everye,t € ¢, we have
(2% (o D=1 - (0 0)
> 1 —max{(na)'s (&), ) (O}
=min{1 — (1) (), 1 — ()5 O}
=min{(7a)'s (&), (7a)"s (O}.
Hence (7,)% isaF-SAof{.
Conversely, assume that (£,)";  and (77,)"s are two MIof F-SAs of ¢.
For every &,1 € {,(774)'s (¢ © ©) = min{(772)'; (¢), (7)"§ (0} and
1-m)% o )= @)% 00D
= min{(ﬁA)“E (), (ﬁA)“E 0,
= min{1 — (va)'s (¢), 1 — ma)'s O}
=1 —max{(na)'s (&), M) O}
Thatis, (774)' (¢ o ©) < max{(7a)'§ (¢), (7a)'§ (V}.
Hence A%, = {(&, (§4)%, 14)"3 )| € €} be MI of F-SAof {. W
Re. 3.15.
I, ={e € 7|(€a)"5 (¢) = (€4)"5 (€)} is subset of { and the set I,,, ={e € |(na)"; (¢) = (1a)'g (€)} is subset of ¢.

Theorem 3.16.
Let A% = {(e,(§a)%, ma)})| € €0} be MI of F-SA of {, then the sets I, and I,,, are SAs of ¢.

Proof.
Lete, i € I¢,, then

(€a)3 () = B-a(e) = B-Sa(€) = (§a)3 () = B-$a(®) = (§4)'5 (1) and s0,
(€)' (0 )=B.8a(e 0 ) = min{B.Ex(€).B. € (1) 3=B.€a(€), by Prop. (3.6), we know that (£4)'§ (€ 0 1)=(§4)'s (€) or
equivalently e o ¢ € I¢,.
Again, let ¢, €1,,, then
(UA)% (e)= B-nae) = B.nale) = (TIA)% (€)=F-na() = (UA)DZI? (0 and SO:(nA)DZI? (o) = B.nalee

1) smax{B.14(€) , B-na(t) }= B.1a(€)-
Again by Prop. (3.5), we know that (nA)% (g0 z):(nA)% (€) orequivalently e o t € 1,,,. Hence, I, and I, are SAin{. W

4- Homomorphism of Multiplication intuitionistic of BD-algebra.
Def. 4.1.[11].

Let ({;0,€) & ({';0',€") be two non-empty sets. A map. f:{ — ¢’ is homomorphism (homo.)if f(e o) = f(e) *' (),
Ve, i€ &f(e) =€
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Def. 4.2
Letf: ({;0,€) —» ({';¢',€") beahomo. of BD -As for any
A = {(L GO, M) () 1€ Yind and B € (0,1) we define
(AF) ={(&, (GaE) (&), (ma)g) (&) € € GYin ¢ by
() () = GaF (f(&) and (madg)/ (e) = ma)g (f(e)) Ve€EQ .

Theorem4.3. Letf : ({;o,€) = ({;o',€') beahomo.of BD -A {into AB-A . If A", = {(&, (£, ma)'8)| € €0} is MIof
F-SA in ¢, = the image of A is MI of F-SAin {'.
Proof.
The image of A} is MI of F-SAiin ', since A} is MI of F-SAiin {and foranya,b € { 3¢, € (' 3
f(@ = ¢€,f(b) ==
(Ea)p (00 = (€D (f (@) o' f(b))
>min{ (50 (f @), Ea)f (f 1))}
=min{(§a)} (€), (a)§ (0}, and
(Mg (€0 0= ma)p (f @) o f(b))
<max{(va)§ (f (@), ma)§ (f )}
= max{ (na)g (&), Ma)g (V.
= the image of A} is F-SAin . B

Theorem 4.4. Letf : ({;0,€) = ({;0',€") beahomo.of BD-Ainto BD-A . If A" = {(e,(§4)%, ma)'})| € €0} is MI of
F-SA in {', = the pre-image of A'E;’I is MI of F-SAin {.
Proof.
Let (AR)”is MIof F-SA in {, since A} is M1 of F-SAin I’ and let ¢,1 € {,
(G (e = EDE(fle00)
=GR (fE o f)
> min {(€2)F (f(£)), G (f D)}
=min {(a)p) (©), ((Ea)p) (©} , and
(@) (o) = M) (fleoD)
=R (& ¢ FO)
< {(UA)EA(f(f)), (m)ﬁ“(f(t))}
= {()E) ®), ()P O}
Hence (Af)/ is F-SAin¢. |
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