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Abstract: This paper introduces a generalized approximation framework derived from graph structures using neighborhood and 

non-neighborhood relations of vertices. By associating each vertex with specific subsets of the vertex set, new graph-induced spaces 

are constructed which generate generalized approximation spaces. Based on these spaces, second lower and upper approximations 

are defined together with their boundary, positive, and negative regions. Several fundamental properties and theorems related to 

these approximations are established. Illustrative examples are presented to clarify the behavior of the proposed model. 
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1. Introduction and Preliminaries 

Graph theory and topology constitute two fundamental areas 

of modern mathematics that have received considerable 

attention due to their deep theoretical foundations and their 

wide spectrum of applications. In recent decades, the 

interaction between these two disciplines has led to the 

development of several powerful mathematical frameworks 

that enable the investigation of discrete structures through 

topological perspectives. Such approaches provide effective 

tools for modeling complex relationships, analyzing structural 

properties of networks, and studying uncertainty in discrete 

systems [1–7]. 

Among the mathematical approaches designed to handle 

uncertainty and incomplete information, rough set theory 

occupies a central position. Originally introduced by Pawlak 

[8], rough set theory offers a formal mathematical framework 

for representing and analyzing imprecise knowledge through 

the concepts of lower and upper approximations. These 

approximations characterize the boundary between elements 

that certainly belong to a set and those that possibly belong to 

it. Due to its conceptual simplicity and analytical power, 

rough set theory has been successfully applied in numerous 

domains including data analysis, machine learning, 

information systems, and decision-making processes [9]. 

In recent years, increasing attention has been directed toward 

integrating rough set concepts with graph structures in order 

to study uncertainty within networked systems. In such 

settings, vertices represent objects while edges describe 

relationships between them. Within this context, the 

neighborhood structure of a vertex plays a crucial role in 

capturing the local connectivity of the graph and provides a 

natural mechanism for constructing approximation operators 

[10,11]. Neighborhood systems in graphs offer a flexible 

framework for generating various approximation spaces that 

can be used to define different types of lower and upper 

approximations. These approximations facilitate the analysis 

of vertex subsets and provide quantitative insight into the 

certainty and uncertainty associated with information 

represented in graph-based models. Motivated by these 

developments, the present work introduces new 

approximation operators induced by vertex neighborhood 

systems in graphs. The proposed approach constructs 

generalized approximation spaces derived from graph 

structures and investigates the corresponding lower and upper 

approximation operators. Several fundamental properties of 

these operators are established, and the notion of 

approximation accuracy is examined within the proposed 

framework. The obtained results contribute to strengthening 

the connection between graph theory, topology, and rough set 

theory, while providing new mathematical tools for the 

analysis of uncertainty in graph-based systems. Moreover, the 

proposed framework opens promising directions for further 

research in rough graph models and topological structures 

associated with graphs. Let Ѥ = (𝒜(Ѥ), ℬ(Ѥ)) be a graph, 

where 𝒜(Ѥ) denotes the set of vertices and ℬ(Ѥ) denotes the 

set of edges. An edge is an unordered pair of vertices 

representing a connection between them.[1] The 

neighborhood of 𝒪 ∈ ℬ(Ѥ) is defined by  𝑵𝒃𝒉(𝓞) = {𝖒 ∈
𝓑(Ѥ); (𝓞, 𝖒) ∈ 𝓑(Ѥ)}.[2].         Rough set theory can be 

thought of as a new mathematical tool for analyzing flawed 

data. The hypothesis has been used in a variety of fields, 

including engineering, medicine, and others. The lower and 

upper approximations are a pair of precise sets that can be 

used with any rough set. The approximation of lower and 

upper bounds of a set is the formal classification of knowledge 

in the interest domain, and the approximation of spaces is the 

formal classification of knowledge in the interest domain. The 

partition characterizes a topological space, called 

approximation space 𝒢 = (𝑋, 𝑅), where 𝑋 is a set called the 

universe and 𝑅 ⊆ 𝑋 × 𝑋 is  an indiscernibility equivalence 

relation[11,12]. The equivalence classes of 𝑅 are also known 
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granules, elementary sets or blocks. we will use 𝑅𝑥 ⊆ 𝑋 to 

denoted the equivalence class containing 𝑥 ∈ 𝑋. 

Definition 1.1. [8] Let 𝒢 = (𝑋, 𝑅) be an approximation space 

and 𝐴 ⊆ 𝑋 , then the lower approximation ( resp . upper 

approximation ) of 𝐴 is denoted by 𝐿(𝐴) ( resp . 𝑈(𝐴)) and is 

defined by : 

𝐿(𝐴) = {𝑥 ∈ 𝑋; 𝑅𝑥 ⊆ 𝑋} 

( resp . 𝑈(𝐴) = {𝑥 ∈ 𝑋; 𝑅𝑥 ∩ 𝐴 ≠ ∅}) 

Based on the lower and upper approximations of a set 𝐴 ⊆ 𝑋 

, the universe 𝑋 can be divided into three disjoint regions , the 

positive region ( briefly 𝑃𝑂𝑆𝑅(𝐴) ) , negative region ( briefly 

𝑁𝐸𝐺𝑅(𝐴) ) and boundary region ( briefly 𝐵𝑑𝑅(𝐴)) . Boundary 

, positive and negative regions are defined by :  

𝐵𝑑𝑅(𝐴) = 𝑈(𝐴) − 𝐿(𝐴), 

𝑃𝑂𝑆𝑅(𝐴) = 𝐿(𝐴) and 

𝑁𝐸𝐺𝑅(𝐴) = 𝑋 − 𝐿(𝐴). 

The difference between the upper and lower approximations 

defines the set's boundary region. The definitions of the upper 

and lower approximations are shown in Figuree 1.1 [9].  

  

 

 

          

  

 

 

 

An approximation space 𝒢 = (𝑋, 𝑅) , if 𝐴 and 𝐵 are two 

subsets of 𝑋 , then directly from the definitions of upper and 

lower and approximations , we can get the following 

properties of lower and upper approximations [8] :  

( 1 ) 𝐿(𝐴) ⊆ 𝐴 ⊆ 𝑈(𝐴) ,  

( 2 ) 𝐿(∅) = ∅, 𝐿(𝑋) = 𝑋 and 𝑈(∅) = ∅, 𝑈(𝑋) = 𝑋 ,  

( 3 ) U( A ∪  B ) =  U( A ) ∪ U( B ),  

( 4 ) L(A ∩ B )  =  L( A )  ∩ L( B ) ,  

( 5 ) If A ⊆ B , then   L ( A ) ⊆ L ( B ) ,  

( 6 ) If A ⊆ B , then  U( A ) ⊆ U( B )  ,  

( 7 ) L(A ∪ B )  ⊇  L( A )  ∪ L( B )  ,  

( 8 ) U( A ∩  B ) ⊆  U( A ) ∩ U( B ), 

(9) 𝐿(𝐴𝑐) = [U( A )]𝑐, 

(10) 𝑈(𝐴𝑐) = [L( A )]𝑐, 

(11) 𝐿(𝐿(𝐴) = 𝑈(𝐿(𝐴)) = 𝐿(𝐴) and 

(12) 𝑈(𝑈(𝐴)) = 𝐿(𝑈(𝐴)) = 𝑈(𝐴). 

2. Main Results 

Definition 2.1. Let Ѥ = (𝒜(Ѥ), ℬ(Ѥ)) be a graph and a 

vertex 𝒪 ∈ 𝒜(Ѥ). 

A)The neighborhood set of 𝒪 is denoted by 𝒩𝒽𝒮(𝒪) and 

defined by: 

𝒩𝒽𝒮(𝒪) = {𝒷 ∈ 𝒜(Ѥ)|  𝒪𝒷 ∈ ℬ(Ѥ)}. 
B)The non-neighborhood set of 𝒪 is denoted by 𝒩𝒽𝒮(𝒪)𝒞 

and defined by: 

(𝒩𝒽𝒮(𝒪))
𝒞

= {𝒷 ∈ 𝒜(Ѥ)|  𝒪𝒷 ∉ ℬ(Ѥ)}. 

Definition 2.2. Let Ѥ = (𝒜(Ѥ), ℬ(Ѥ)) be a graph and let 

𝒫(𝒜(Ѥ)) denote the power set of 𝒜(Ѥ). Assume that with 

each vertex 𝒪 ∈ 𝒜(Ѥ) there are associated two subsets 

𝓝𝓱𝓢(𝓞) ⊆ 𝒜(Ѥ) and (𝓝𝓱𝓢(𝓞))
𝓒

⊆ 𝒜(Ѥ). Define a 

mapping: 

 ѱ∗𝑇: 𝒜(Ѥ) ⟶ 𝒫 (𝒫(𝒜(Ѥ))) by: ѱ∗𝑇(𝒪) =

{𝒩𝒽𝒮(𝒪), (𝓝𝓱𝓢(𝓞))
𝓒

 }  , ∀𝒪 ∈ 𝒜(Ѥ).  

Moreover, consider the following two mappings: 

ѱ1𝑇: 𝒜(Ѥ) ⟶ 𝒫(𝒜(Ѥ)), ѱ1𝑇(𝒪) = 𝒩𝒽𝒮(𝒪), 

ѱ2𝑇: 𝒜(Ѥ) ⟶ 𝒫(𝒜(Ѥ)),ѱ2𝑇(𝒪) = (𝒩𝒽𝒮(𝒪))
𝒞
 

Accordingly, the following graph spaces are induced: 

1) The pair (Ѥ, ѱ∗𝑇) is called ∗ 𝑇 −space, 

2) The pair (Ѥ, ѱ1𝑇) is called 1𝑇 −space, 

3) The pair (Ѥ, ѱ2𝑇) is called 2𝑇 −space. 

Definition 2.3. Let Ѥ = (𝒜(Ѥ), ℬ(Ѥ)) be a graph, and for 

each 𝒪 ∈ 𝒜(Ѥ), and let ѱ∗𝑇 ⊆ 𝒫 (𝒫(𝒜(Ѥ))). Define a 

binary relation ℛ∗𝑇 ⊆ 𝒜(Ѥ) × 𝒜(Ѥ) by: (𝒪1, 𝒪2) ∈ ℛ∗𝑇 ⟺
𝒪1 ∈ Қ where Қ ∈ ѱ∗𝑇(𝒪2). Then the ordered pair 𝒮∗𝑇 =
(𝒜(Ѥ), ℛ∗𝑇) is called the generalized approximation space 

induced by the ∗ 𝑇 −space.  

Definition 2.4. Let Ѥ = (𝒜(Ѥ), ℬ(Ѥ)) be a graph, and for 

each 𝒪 ∈ 𝒜(Ѥ), and let ѱ1𝑇 ⊆ 𝒫(𝒜(Ѥ)). Define a binary 

relation ℛ1𝑇 ⊆ 𝒜(Ѥ) × 𝒜(Ѥ) by: (𝒪1, 𝒪2) ∈ ℛ1𝑇 ⟺ 𝒪1 ∈
ѱ1𝑇(𝒪2). Then the ordered pair 𝒮1𝑇 = (𝒜(Ѥ), ℛ1𝑇) is called 

the generalized approximation space induced by the 

1𝑇 −space.  

Definition 2.4. Let Ѥ = (𝒜(Ѥ), ℬ(Ѥ)) be a graph, and for 

each 𝒪 ∈ 𝒜(Ѥ), and let ѱ2𝑇 ⊆ 𝒫(𝒜(Ѥ)). Define a binary 

relation ℛ2𝑇 ⊆ 𝒜(Ѥ) × 𝒜(Ѥ) by: (𝒪1, 𝒪2) ∈ ℛ2𝑇 ⟺ 𝒪1 ∈
ѱ2𝑇(𝒪2). Then the ordered pair 𝒮2𝑇 = (𝒜(Ѥ), ℛ2𝑇) is called 

the generalized approximation space induced by the 

2𝑇 −space. 

  

Definition 2.5. Let 𝒮𝑗𝑇 , where 𝑗 ∈ {1,2,∗} be a generalized 

approximation space. For any 𝒥 ⊆ Ѥ, then:  

1) The second 𝑗𝑇-lower and 𝑗𝑇-upper approximations of 𝒥 

where 𝑗 ∈ {1,2,∗} are defined respectively by: 

𝐿𝑗𝑇
2 (𝒜(𝒥))  = {𝒪 ∈ 𝒜(𝒥) ∶ ѱ𝑗𝑇(𝒪) ⊆ 𝒜(𝒥)}, 

Figure 1.1: upper and  lower approximations 
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𝑈𝑗𝑇
2 (𝒜(𝒥)) = 𝒜(𝒥) ∪ {𝒪 ∈ 𝒜(Ѥ) ∖ 𝒜(𝒥)

∶ ѱ𝑗𝑇(𝒪) ∩ 𝒜(𝒥) ≠ ∅}, 
 

2) The second 𝑗𝑇- boundary, 𝑗𝑇- positive  and 𝑗𝑇- negative 

regions of 𝒥 where 𝑗 ∈ {1,2,∗} are defined respectively by: 

𝐵𝑛𝑑𝑗𝑇
2 (𝒜(𝒥)) = 𝑈𝑗𝑇

2 (𝒜(𝒥)) ∖ 𝐿𝑗𝑇
2 (𝒜(𝒥)), 

𝑃𝑂𝑆𝑗𝑇
2 (𝒜(𝒥)) = 𝐿𝑗𝑇

2 (𝒜(𝒥)), 

𝑁𝐸𝑔𝑗𝑇
2 (𝒜(𝒥)) = 𝒜(Ѥ) − 𝑈𝑗𝑇

2 (𝒜(𝒥)). 

Definition 2.6. Let 𝒮𝑗𝑇 , where 𝑗 ∈ {1,2,∗} be a generalized 

approximation space. For any 𝒥 ⊆ Ѥ, then  the second 

accuracy of the approximation of 𝒥 is defined by: 

𝜂𝑗𝑇
2 (𝒜(𝒥)) =

|𝒜(Ѥ) − 𝐵𝑛𝑑𝑗𝑇
2 (𝒜(𝒥))|

|𝒜(Ѥ)|
 

It is obvious that 0 ≤ 𝜂𝑗𝑇
2 (𝒜(𝒥)) ≤ 1 , Moreover, if 

𝜂𝑗𝑇
2 (𝒜(𝒥)) = 1 then 𝒥 is called 𝒥-definable (𝒥-exact) graph 

otherwise, it is called 𝒥-rough. 

Example 2.7. Let Ѥ = (𝒜(Ѥ), 𝐸(Ѥ)) such that 𝒜(Ѥ) =
{𝒪1, 𝒪2, 𝒪3, 𝒪4, 𝒪5}  and 

 ℬ(Ѥ) = {(𝒪1, 𝒪2), (𝒪1, 𝒪4), (𝒪2, 𝒪2), (𝒪2, 𝒪3), 

(𝒪2, 𝒪4), (𝒪2, 𝒪5), (𝒪3, 𝒪4), (𝒪4, 𝒪5), (𝒪5, 𝒪5)}. 

 

 

 

 

 

 

 

 

 

 

 

We get: 

ѱ1𝑇(𝒪1) = {𝒪2, 𝒪4}, 
ѱ1𝑇(𝒪2) = 𝒜(Ѥ), 

 ѱ1𝑇(𝒪3) = {𝒪2, 𝒪4},  
ѱ1𝑇(𝒪4) = {𝒪1, 𝒪2, 𝒪3, 𝒪5}, 

ѱ1𝑇(𝒪5) = {𝒪2, 𝒪4, 𝒪5}. 

Also we have: 

ѱ2𝑇(𝒪1) = {𝒪3, 𝒪5}, 
ѱ2𝑇(𝒪2) = ∅, 

ѱ2𝑇(𝒪3) = {𝒪1, 𝒪5}, 
ѱ2𝑇(𝒪4) = ∅, 

ѱ2𝑇(𝒪5) = {𝒪1, 𝒪3}. 

 Then we obtain: 

      ѱ∗𝑇(𝒪1) = {{𝒪2, 𝒪4}, {𝒪3, 𝒪5}},  

ѱ∗𝑇(𝒪2) = {𝒜(Ѥ), ∅},  

ѱ∗𝑇(𝒪3) = {{𝒪2, 𝒪4}, {𝒪1, 𝒪5}},  

ѱ∗𝑇(𝒪4) = {{𝒪1, 𝒪2, 𝒪3, 𝒪5}, ∅},  

ѱ∗𝑇(𝒪5) = {{𝒪2, 𝒪4, 𝒪5}, {𝒪1, 𝒪3}}. 

Accordingly, can be obtain the following  table 

 

Table 2.1 𝜂𝑗𝑇
2 (𝒜(𝒥)), where 𝑗 ∈ {1,2,∗} for all 𝒥 ⊆ Ѥ. 

𝓐(𝓙) 𝛈𝐣𝐓
𝟐 (𝓐(𝓙)) 𝛈𝐣𝐓

𝟐 (𝓐(𝓙)) 𝛈𝐣𝐓
𝟐 (𝓐(𝓙)) 

{𝒪1} 3/5 3/5 1 

{𝒪2} 0 1 1 

{𝒪3} 3/5 3/5 1 

{𝒪4} 1/5 1 1 

{𝒪5} 2/5 3/5 1 

{𝒪1, 𝒪2} 0 3/5 3/5 

{𝒪1, 𝒪3} 3/5 3/5 1 

{𝒪1, 𝒪4} 0 3/5 3/5 

{𝒪1, 𝒪5} 2/5 3/5 4/5 

{𝒪2, 𝒪3} 0 3/5 3/5 

{𝒪2, 𝒪4} 2/5 1 1 

{𝒪2, 𝒪5} 0 3/5 3/5 

{𝒪3, 𝒪4} 0 3 /5 3/5 

{𝒪3, 𝒪5} 2/5 3/5 4/5 

{𝒪4, 𝒪5} 0 3/5 3/5 

{𝒪1, 𝒪2, 𝒪3} 0 3/5 3/5 

{𝒪1, 𝒪2, 𝒪4} 2/5 3/5 4/5 

{𝒪1, 𝒪2, 𝒪5} 0 3/5 3/5 

{𝒪1, 𝒪3, 𝒪4} 0 3/5 3/5 

{𝒪1, 𝒪3, 𝒪5} 2/5 1 1 

{𝒪1, 𝒪4, 𝒪5} 0 3/5 3/5 

{𝒪2, 𝒪3, 𝒪4} 2/3 3/5 4/5 

{𝒪2, 𝒪3, 𝒪5} 0 3/5 3/5 

{𝒪2, 𝒪4, 𝒪5} 3/5 3/5 1 

{𝒪3, 𝒪4, 𝒪5} 0 3/5 3/5 

{𝒪1, 𝒪2, 𝒪3, 𝒪4} 2/5 3/5 1 

{𝒪1, 𝒪2, 𝒪3𝒪5} 1/5 1 1 

{𝒪1, 𝒪2, 𝒪4𝒪5} 3/5 3/5 1 

{𝒪1, 𝒪3, 𝒪4𝒪5} 0 1 1 

{𝒪2, 𝒪, 𝒪4𝒪5} 3/5 3/5 1 

𝒜(Ѥ) 1    1 1 

∅ 1 1 1 

Theorem 2.8. Let 𝒮𝑗𝑇 , where 𝑗 ∈ {1,2,∗} be a generalized 

approximation space. For any 𝒥 ⊆ Ѥ,. Then: 

𝒪1 

𝒪2 

𝒪5 

𝒪3 

𝒪4 

Figure 2.1: graph Ѥ given in Example (2.7). 
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(a) 𝐿∗𝑇
2 (𝒜(𝒥)) = 𝐿1𝑇

2 (𝒜(𝒥)) ⋃ 𝐿2𝑇
2 (𝒜(𝒥)) 

(b) 𝑈∗𝑇
2 (𝒜(𝒥)) = 𝑈1𝑇

2 (𝒜(𝒥)) ⋂ 𝑈2𝑇
2 (𝒜(𝒥)) 

(c) 𝑩𝒏𝒅∗𝑻
𝟐 (𝓐(𝓙)) =

𝑩𝒏𝒅𝟏𝑻
𝟐 (𝓐(𝓙)) ⋂𝑩𝒏𝒅𝟐𝑻

𝟐 (𝓐(𝓙)) 

(d) 𝜼∗𝑻
𝟐 (𝓐(𝓙)) ≥  𝒎𝒂𝒙{𝜼𝟐𝑻

𝟐 (𝓐(𝓙)), 𝜼𝟏𝑻
𝟐 (𝓐(𝓙))}. 

Theorem 2.9. Let 𝒮𝑗𝑇 , where 𝑗 ∈ {1,2,∗} be a generalized 

approximation spaces. For any 𝒥, ℳ ⊆ Ѥ. Then: 

(𝐿1) 𝐿𝑗
2(𝒜(Ѥ)) = 𝒜(Ѥ), 

 (𝐿2) if 𝒜(𝒥) ⊆ 𝒜(ℳ) ,then  𝐿𝑗
2(𝒜(𝒥)) ⊆ 𝐿𝑗

2(𝒜(ℳ)) 

 (𝐿3) 𝐿𝑗
2(𝒜(𝒥) ∩ 𝒜(ℳ)) ⊆ 𝐿𝑗

2(𝒜(𝒥))  ∩  𝐿𝑗
2(𝒜(ℳ)) , 

(𝐿4) 𝐿𝑗
2(𝒜(𝒥) ∪ 𝒜(ℳ)) ⊇ 𝐿𝑗

2(𝒜(𝒥)) ⋃ 𝐿𝑗
2(𝒜(ℳ)) , 

(𝐿5) 𝐿𝑗
2(𝒜(𝒥)) = 𝒜(Ѥ) − [𝑈𝑗

2(𝒜(Ѥ) − 𝒜(𝒥))] , 

 (𝑈6) 𝑈𝑗
2(∅) = ∅ , 

(𝑈7) if 𝒜(𝒥) ⊆ 𝒜(ℳ) ,then  𝑈𝑗
2(𝒜(𝒥)) ⊆ 𝑈𝑗

2(𝒜(ℳ)) , 

(𝑈8) 𝑈𝑗
2(𝒜(𝒥) ∩ 𝒜(ℳ)) ⊆ 𝑈𝑗

2(𝒜(𝒥))  ∩  𝑈𝑗
2(𝒜(ℳ)) , 

 (𝑈9) 𝑈𝑗
2(𝒜(𝒥) ∪ 𝒜(ℳ)) ⊇ 𝑈𝑗

2(𝒜(𝒥)) ⋃ 𝑈𝑗
2(𝒜(ℳ)) , 

 (𝑈10) 𝑈𝑗
2(𝒜(𝒥)) = 𝒜(Ѥ) − [𝐿𝑗

2(𝒜(Ѥ) − 𝒜(𝒥))]  

Remark 2.10. Let 𝒮𝑗𝑇 , where 𝑗 ∈ {1,2,∗} be a generalized 

approximation space. For any 𝒥, ℳ ⊆ Ѥ. Then the following 

statements are not necessarily true: 

 (𝐿0) 𝐿𝑗
2(𝒜(𝒥)) ⊆ 𝒜(𝒥), 

 (𝐿11) 𝐿𝑗
2(∅) = ∅, 

( 𝐿12) 𝐿𝑗
2(𝒜(𝒥)) =  𝐿𝑗

2(𝐿𝑗
2(𝒜(𝒥))) , 

( 𝐿13) 𝐿𝑗
2(𝒜(𝒥)) =  𝑈𝑗

2(𝐿𝑗
2(𝒜(𝒥))) , 

( 𝐿14)  𝒜(𝒥) ⊆  𝐿𝑗
2(𝑈𝑗

2(𝒜(𝒥))) , 

( 𝐿15) 𝐿𝑗
2(𝒜(𝒥)) ⊆  𝐿𝑗

2(𝐿𝑗
2(𝒜(𝒥))) , 

( 𝐿16) 𝐿𝑗
2(𝒜(𝒥) ∪ 𝒜(ℳ)) = 𝐿𝑗

2(𝒜(𝒥)) ⋃ 𝐿𝑗
2(𝒜(ℳ)), 

(𝑈17) 𝒜(𝒥) ⊆ 𝑈𝑗
2(𝒜(𝒥)) , 

(𝑈18) 𝑈𝑗
2(𝒜(Ѥ)) = 𝒜(Ѥ) , 

( 𝑈19) 𝑈𝑗
2(𝒜(𝒥)) =  𝑈𝑗

2(𝑈𝑗
2(𝒜(𝒥))) , 

( 𝑈20) 𝑈𝑗
2(𝒜(𝒥)) =  𝐿𝑗

2(𝑈𝑗
2(𝒜(𝒥))) , 

( 𝑈21)  𝒜(𝒥) ⊇  𝑈𝑗
2(𝐿𝑗

2(𝒜(𝒥))) , 

( 𝑈22) 𝑈𝑗
2(𝒜(𝒥)) ⊇  𝑈𝑗

2(𝑈𝑗
2(𝒜(𝒥))) and 

( 𝑈23) 𝑈𝑗
2(𝒜(𝒥) ∪ 𝒜(ℳ)) = 𝑈𝑗

2(𝒜(𝒥)) ⋃ 𝑈𝑗
2(𝒜(ℳ)), 

(𝐿𝑈) 𝐿𝑗
2(𝒜(𝒥)) ⊆ 𝑈𝑗

2(𝒜(𝒥)) . 

The following example is applied to show this remark. 

Example 2.11. Let Ѥ = (𝒜(Ѥ), ℬ(Ѥ)) such that 𝒜(Ѥ) =
{𝒪1, 𝒪2, 𝒪3, 𝒪4} and 

ℬ(Ѥ) = {(𝒪2, 𝒪3), , (𝒪2, 𝒪4)}. 

We get  

ѱ1𝑇(𝒪1) = ∅, ѱ1𝑇(𝒪2) = {𝒪3, 𝒪4}, ѱ1𝑇(𝒪3) =
{𝒪2}, ѱ1𝑇(𝒪4) = {𝒪2},Also we have ѱ2𝑇(𝒪1) =
{𝒪2, 𝒪3, 𝒪4}, ѱ2𝑇(𝒪2) = {𝒪1}, ѱ2𝑇(𝒪3) =
{𝒪1, 𝒪4}, ѱ2𝑇(𝒪4) = {𝒪1, 𝒪3}. And 

ѱ∗𝑇(𝒪1) = {∅, {𝒪2, 𝒪3, 𝒪4}}, 

 ѱ∗𝑇(𝒪2) = {{𝒪3, 𝒪4}, {𝒪1}},  

ѱ∗𝑇(𝒪3) = {{𝒪2}, {𝒪1, 𝒪4}}, 

 ѱ∗𝑇(𝒪4) = {{𝒪2}, {𝒪1, 𝒪3}}. 

Accordingly ,we have when 𝑗 =∗. 

(𝐿0) Let 𝒥 = (𝒜(𝒥), ℬ(𝒥)) such that 𝒜(𝒥) = {𝒪1, 𝒪2} and 

ℬ(𝒥) = ∅. Then 𝐿𝑗
2(𝒜(𝒥)) = 𝒜(Ѥ).Therefore, 

𝐿𝑗
2(𝒜(𝒥)) ⊈ 𝒜(𝒥).  

(𝐿11) Let 𝒥 = (𝒜(𝒥), ℬ(𝒥)) such that 𝒜(𝒥) = ∅and 

ℬ(𝒥) = ∅. Then 𝐿𝑗
2(𝒜(𝒥)) = {𝒪1}.Therefore, 𝐿𝑗

2(∅) ≠ ∅. 

(𝐿12) Let 𝒥 = (𝒜(𝒥), ℬ(𝒥)) such that 𝒜(𝒥) = {𝒪2, 𝒪3} and 

ℬ(𝒥) = ∅. Then 𝐿𝑗
2(𝒜(𝒥)) = {𝒪1, 𝒪3, 𝒪4},𝐿𝑗

2(𝐿𝑗
2(𝒜(𝒥)) =

𝒜(Ѥ).Therefore, 𝐿𝑗
2(𝒜(𝒥)) ≠  𝐿𝑗

2(𝐿𝑗
2(𝒜(𝒥))).  

(𝐿13) Let 𝒥 = (𝒜(𝒥), ℬ(𝒥)) such that 𝒜(𝒥) = {𝒪2, 𝒪4} and 

ℬ(𝒥) = ∅. Then 𝐿𝑗
2(𝒜(𝒥)) = {𝒪1, 𝒪3, 𝒪4}, 𝑈𝑗

2(𝐿𝑗
2(𝒜(𝒥)) =

{𝒪2}. Therefore, 𝐿𝑗
2(𝒜(𝒥)) ≠  𝑈𝑗

2(𝐿𝑗
2(𝒜(𝒥))). 

(𝐿14) Let 𝒥 = (𝒜(𝒥), ℬ(𝒥)) such that 𝒜(𝒥) = {𝒪3, 𝒪4} and 

ℬ(𝒥) = ∅. Then 𝐿𝑗
2(𝑈𝑗

2(𝒜(𝒥))) = {𝒪1}. Therefore, 𝒜(𝒥) ⊈

𝐿𝑗
2(𝑈𝑗

2(𝒜(𝒥))). 

(𝐿15) Accordigly ,to example (2.7). Let 𝒥 = (𝒜(𝒥), ℬ(𝒥)) 

such that 𝒜(𝒥) = {𝒪2} and ℬ(𝒥) = ∅. Then 𝐿𝑗
2(𝒜(𝒥)) =

{𝒪4}, 𝐿𝑗
2(𝐿𝑗

2(𝒜(𝒥)) = {𝒪3}. Therefore, 𝐿𝑗
2(𝒜(𝒥)) ⊈

 𝐿𝑗
2(𝐿𝑗

2(𝒜(𝒥))). 

(𝐿16) Accordingly ,to example (2.7). let 𝒥 = (𝒜(𝒥), ℬ(𝒥)) 

such that 𝒜(𝒥) = {𝒪1} and ℬ(𝒥) = ∅ and ℳ =
(𝒜(ℳ), ℬ(ℳ)) such that 𝒜(ℳ) = {𝒪3} and ℬ(ℳ) =
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∅Then 𝐿𝑗
2(𝒜(𝒥)) = {𝒪2} and 𝐿𝑗

2(𝒜(ℳ)). = {𝒪1} But, 𝒥 ∪

ℳ = (𝒜(𝒥) ∪ 𝒜(ℳ), ℬ(𝒥) ∪ ℬ(ℳ)) Such that  𝒜(𝒥) ∪
𝒜(ℳ) = {𝒪1, 𝒪3} and ℬ(𝒥) ∪ ℬ(ℳ) = {(𝒪2, 𝒪3)} Then, 

𝐿𝑗
2(𝒜(𝒥) ∪ 𝒜(ℳ)) = {𝒪1, 𝒪2, 𝒪4} .Therefore,  𝐿𝑗

2(𝒜(𝒥) ∪

𝒜(ℳ)) ≠ 𝐿𝑗
2(𝒜(𝒥)) ⋃ 𝐿𝑗

2(𝒜(ℳ)). 

(𝑈17) Let 𝒥 = (𝒜(𝒥), ℬ(𝒥)) such that 𝒜(𝒥) = {𝒪3} and 

ℬ(𝒥) = ∅. Then 𝑈𝑗
2(𝒜(𝒥)) = {𝒪1}Therefore, 𝒜(𝒥) ⊈

𝑈𝑗
2(𝒜(𝒥)).  

(𝑈18) Let 𝒥 = (𝒜(𝒥), ℬ(𝒥)) such that 𝒜(𝒥) = 𝒜(Ѥ)and 

ℬ(𝒥) = ℬ(Ѥ). Then 𝑈𝑗
2(𝒜(Ѥ)) = {𝒪2, 𝒪3, 𝒪4}.Therefore, 

𝑈𝑗
2(𝒜(Ѥ)) ≠ 𝒜(Ѥ). 

 (𝑈19) Let 𝒥 = (𝒜(𝒥), ℬ(𝒥)) such that 𝒜(𝒥) = {𝒪1, 𝒪2, 𝒪3} 

and ℬ(𝒥) = ∅. Then 𝑈𝑗
2(𝒜(𝒥)) = {𝒪2, 𝒪3, 𝒪4}, 

𝑈𝑗
2(𝑈𝑗

2(𝒜(𝒥)) = {𝒪3, 𝒪4} Therefore, 𝑈𝑗
2(𝒜(𝒥)) ≠

 𝑈𝑗
2(𝑈𝑗

2(𝒜(𝒥))). 

(𝑈20) Let 𝒥 = (𝒜(𝒥), ℬ(𝒥)) such that 𝒜(𝒥) = {𝒪1, 𝒪2} and 

ℬ(𝒥) = ∅. Then 𝑈𝑗
2(𝒜(𝒥)) = {𝒪3, 𝒪4}, 𝐿𝑗

2(𝑈𝑗
2(𝒜(𝒥)) = ∅. 

Therefore, 𝑈𝑗
2(𝒜(𝒥)) ≠  𝐿𝑗

2(𝑈𝑗
2(𝒜(𝒥))). 

(𝑈21) Let 𝒥 = (𝒜(𝒥), ℬ(𝒥)) such that 𝒜(𝒥) = {𝒪1, 𝒪3} and 

ℬ(𝒥) = ∅. Then 𝑈𝑗
2(𝐿𝑗

2(𝒜(𝒥))) = {𝒪3, 𝒪4}. Therefore, 

𝒜(𝒥) ⊉  𝑈𝑗
2(𝐿𝑗

2(𝒜(𝒥))). 

(𝑈22) Accordingly ,to example (2.7). Let 𝒥 = (𝒜(𝒥), ℬ(𝒥)) 

such that 𝒜(𝒥) = {𝒪1, 𝒪2, 𝒪3} and ℬ(𝒥) = ∅. Then 

𝑈𝑗
2(𝒜(𝒥)) = {𝒪1, 𝒪2, 𝒪4}, 𝑈𝑗

2(𝑈𝑗
2(𝒜(𝒥)) =

{𝒪2, 𝒪3, 𝒪4}.Therefore, 𝑈𝑗
2(𝒜(𝒥)) ⊉  𝑈𝑗

2(𝑈𝑗
2(𝒜(𝒥))). 

(𝑈23) Accordingly ,to example (2.7). let 𝒥 = (𝒜(𝒥), ℬ(𝒥)) 

such that 𝒜(𝒥) = {𝒪1} and ℬ(𝒥) = ∅ and ℳ =
(𝒜(ℳ), ℬ(ℳ)) such that 𝒜(ℳ) = {𝒪4} and ℬ(ℳ) =

∅Then 𝑈𝑗
2(𝒜(𝒥))  = ∅ and 𝑈𝑗

2(𝒜(ℳ)) = ∅ But, 𝒥 ∪ ℳ =

(𝒜(𝒥) ∪ 𝒜(ℳ), ℬ(𝒥) ∪ ℬ(ℳ)) Such that  𝒜(𝒥) ∪
𝒜(ℳ) = {𝒪1, 𝒪4} and ℬ(𝒥) ∪ ℬ(ℳ) = {(𝒪2, 𝒪4)} Then, 

𝑈𝑗
2(𝒜(𝒥) ∪ 𝒜(ℳ)) = {𝒪2, 𝒪3} .Therefore, 𝑈𝑗

2(𝒜(𝒥) ∪

𝒜(ℳ)) ≠ 𝑈𝑗
2(𝒜(𝒥)) ⋃ 𝑈𝑗

2(𝒜(ℳ)). 

(𝐿𝑈) Let 𝒥 = (𝒜(𝒥), ℬ(𝒥)) such that 𝒜(𝒥) = {𝒪1, 𝒪3} and 

ℬ(𝒥) = ∅. Then 𝐿𝑗
2(𝒜(𝒥)) = {𝒪1, 𝒪2, 𝒪4},𝑈𝑗

2(𝒜(𝒥)) =

{𝒪2}. Therefore, 𝐿𝑗
2(𝒜(𝒥)) ⊈ 𝑈𝑗

2(𝒜(𝒥)). 
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